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ON A REFINED HOLDER’S INEQUALITY

E. G. KWON AND J. E. BAE

(Communicated by M. Krni¢)

Abstract. Refining Holder’s inequality, a result of S. Wu is extended to the case of multiple
sequences.

1. Statements of results

Nobody could overestimate the importance and the usefulness of Holder’s inequal-
ity. It contributes wide area of pure and applied mathematics and plays a key role in
resolving many problems in social science and cultural science as well as in natural
science. Of course the inequality has been extensively explored and tested to a new
situation by a number of scientists.

Among a lot of generalizations and extensions of the classical Holder’s inequality
(see [1-6] and references therein), there is the existence of a function g : I” x 7 — [0,1]
for which

_—=

n n % n
Yoaibi< Y af >.bl| gla,b) (L.D)
i=1 i=1 i=1

for all positive sequences a = {a;}, b= {b;}. K. Huand S. Wu ([ 1], [2], [3]) considered
this topic, and our model in this paper is the following recent result of Wu.

THEOREM A. ([3], Theorem 1) Let a; >0, b; >0, ¢, >0 (i=1,2,---,n),
Stiei=1and p>q>0. Then

1 1 1
1 1 2y L
n 1 14 n q z;_q: ape_ ;_1: bf{e /4
Y aibi<n min{ -1} Za ol 11— o - g :
i=1 i=1 i=14; i=1%i
with equalzty holdzng if and only if al = a2 =...=al and b‘f =bl=...=bl for
1 af _ay _ 1.1
p—f— <10h7—b,2,— for + =1.

Holder’s inequality for multiple sequences says

znaf{g]‘[ > aj (1.2)
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provided 2’,’»1:1/11- =1,where a;; >0,14;>0 (i=1,2,---,n; j=1,2,---,m). Extend-
ing Theorem A to the case of multiple sequences, we establish the following theorem
as our first and main result.

THEOREM 1.1. Letaj; >0, ¢; >0, p;>0 (i=1,2,---,n; j=1,2,---,m), 31 e
=1and {j1,j2} C{1,2,---,m}. Then

1

nom l-mind ¥ L 1% m 1 N\ 7
znaﬁgn {H"f }H<Za’;’> G (ji.j2: {aji}), (1.3)

1
’.1_1 apjl e }:l—l (,{pjz e; 2 max{pjl ”’jZ}
where G (j1,j2: {aji}) =4 1- | = i TR— . Equality holds
n E n
i=19ji i=19)5i
pPj __ _pj L
n (1. )lfamdonlylfal—aj2 e =dy, (j=12,---,m) for ¥/L —,<l,0r
a”j% apjé Pj
Al iz _ jn T m 1 _
apjz = rj, — A 7j, (]17]2 - 1727"'77}’1) for ijl 17_/ =1
Jal 2 Jon

Our proof of Theorem 1.1 is essentially the same as that of Theorem A. The point
is that a modification of the methods of Wu works for the case of multiple sequences.
The process will be done in Section 4 after preparing lemmas and remarks in Section 2
and Section 3. As an application of Theorem 1.1, we refine a reversed Holder inequality
in the final section.

We refer to [4] and [5] for basic inequalities in general.

2. Lemmas

Proof of Theorem 1.1 mainly depends on two variants of Holder’s inequality. The
first one is a simple extension of (1.2) to the case 2'}1: 1 7Lj # 1. The second variant is
induced by switching the ordering differently.

LEMMA 2.1. ([3], Lemma 1) Let a;; >0, A; >0 (i=1,2,--.n; j=1,2,--,m)
and A =3 | A; #0. Then

n o m 1 1 &
2 Hajt ;1 min{A,1} H (2 aji) 2.1
i=1j=1 j=1 \i=1

with equallty holdlng if and only if aj —a,z— c=aj, (j=1,2,---,m) for A<1,
or wi— = — =gl (i=1,2, )forA—l

i= 1’111 Z,l 1“21 i—19%mi

LEMMA 2.2, Let x;; >0 (i=1,2,---,n; j=1,2,---,m), 1 =Y lx />0 (j=
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1,2,---,m) and pj >0 (j=1,2,---,m). Then

1
ﬁ l—ixl?'f N —|—i - Xj
j=1 i=1 g 1 g

i=1j=

S T 2.2)
< Gl (m)) 1—<2xpu zxp,z>2 o

for {]1,]2} c {1,2,

<,m} When Pji 7 Pjy> equality holds in (2 2) ifand only if
xp1 —xfz xl;n n}rl ( j = m) for Z;f' 77 < L, orxt =xb? ==
(i=1,2,-- )forE, 1,7

3. Proof of Lemma 2.2

Let {j17j2} C {1727"'7

m} . For notational simplicity, we assume j; =1, j, =2
and p; >

p> . Simple rearrangement gives

B (5

To the last quantity, by applying Holder’s inequality of the form

ZH +Hb (n+ 1)1~ mm{Al}H(b +Zaﬂ>%

i=1
which is a variant of (2.1) (see also [3]), we can obtain

n n X %
$ 111154
i=1j i=1

1
1— mm{Z 1 1} G G Sk
< e AL (S-St
i=1 i=1

as desired.
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Assuming p; # p2, the condition of equality can be checked from Lemma 2.1:
when Z'}; 1 pi < 1 we should have
J

pL_ P _ Pl n P2
X=X ==Xy, = 1= X0 xp;

P2 P2 _ P2 1_n Dl

Xop =Xy ==X, = =3y 3.D
pPj _ Pj _ _ i n Pj =+ __
le—xj2—~~~—xjn—1—zl-:1xﬁ (j=2,3,---,m)

which is equivalent to

Pj_ Pj
X=X

: 1
_ _Pi_ s .
fm =t = (= 12,0 m):

while when 2;”21 pi =1 we should have
J

),}7'-1 xP[_Z xl?,-j . s
Yo = xo0 = xg) (=23 mi=12,n) .
VAT ST VT NN o BT, PN
Xty = xan s = xGp o U=230em)
which is equivalent to
) ===l (=120,

where we abbreviated X (s,r) = ¥/ xb* + (1= xf7) for 5,6 =1,2,---,m. The
proof is complete.

REMARK 3.1. When p; = pj,, the condition of equality in (2.2) can also be
deduced from Lemma 2.1: assuming p; =1, p;, =2, we should have (3.1) or (3.2)
only for j=3,4,--- m.

REMARK 3.2. The case m = 2 of Lemma 2.2 appeared in Lemma 3 of [3]. In
the sense of Remark 3.1, there is a slight mistake of the “if and only if condition of
equality”. Example below: Take p =g =2 and

x—L y—ﬁ (i—lz...n)
14 m7 12 m7 < ’ ’

then x” # y? but

(-0 (-3 i (6-3)

_Z _z Y2 _ 1 (2_2

3 3 V31 /3 373

which violates the equality condition “x! = y? (i=1,2,---,n) when 11—7+é =1"of
the the lemma.
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4. Proof of Theorem 1.1

Our proof consists of four steps.

First step. It is straightforward to see that

X H?:l aji
Dj
H?:l (2‘21 a;i )

H;'nzl Ak

=
~

m
n zlgigmigﬁk Hj:l aji

Dj I’Lj m n Pj PL/’ (41)
HJ 1(24 19 ) j=1 (Zr:ﬂji) '
m 1.7'./ % m p/ %
=II5t- 2 (a7 + X 11
j=1 1<i<n, ik 2?:1“?! 1<i<n ik j=1 2: 1“
fork=1,2,---,n
Second step. Let
( d") >—
Xji = D ) (1_1727 anvj:1727 ?m)
Yiliag
and fix
{jl7j2}c{1a2a"'am}'
Then, it is obvious that
x;>0 (i=12,---,n; j=1,2,---,m)
and
1— Y x>0 (j=12,m)
1<i<n, ik
for k=1,2,---,n. Thus, applying Lemma 2.2,
m apf I’L m 17] %
[Iyt- 2 (o5 + X2 H
=1 L<i<mizh \ Zr—14j; I <i<mith j= Zr 1a (4.2)
1
< n1 mm{XJ ey I}Gka
where
) 1
p. p max Do WP
afi-(x i Yo
k= n Pjy Pjy !
1<i<n7i¢k2t:1aj1t I<i<n, likzt 19



266 E.G. KWON AND J. E. BAE

But it is straightforward to see

N S
al?./'l a{’jz 2 max{pjl‘pjz}
Gk — 1— Jik _ Jok
n

7 P
ral "a?

Jui J2t

Third step. Since ¢; >0 (i=1,2,---,n) with Y ¢; =1, by (4.1) and (4.2) it
follows that

€k

n m .. n m ..
Y I aji :ﬁ i I aji gnl mm{ i 1p, }HGek

1 l
m P/ k=1 m P!

On the other hand, applying the arithmetic-geometric mean inequality and Jensen’s

inequality,
Pj Pj 2
n Cl-“ a'fz
H 1— Jik Jok
n Pj Pijy
k=1 zl lajll lajzt
" Piy Pi, 2
@ik ajzk
g 2 €k — €k n Pjy - Pjy
k=1 zz lajll 1aj21
4.3)
pj Pj 2
n a‘/l a'./z
—1_ ze Jik Jok
k n Pj n Pjy
k=1 i=1%jyi i=1%j,i
pj Pj 2
Pdalle " d e
< 1— J1 _ J2
= zn p][ n 17]2 !
i lajll 1aj21
Thus,
n m .. . m 1
zizln'zlaﬂ l—mm{ 1 l}
J - <n j=1p;" G,
m n P/
j=1( —14ji )
where
1
2 od b 1.
o i 1“5{36 27 1“2:2 medriv i}
G:G(JI7J2{all}): 1— n Pj; n Pjy :
i:lajli 1ajzl

Final step. Itis left to verify the condition of equality. First assume p;, # p;,. The
equality in (1.3) holds if and only if equalities in (4.2) and in (4.3) hold simultaneously.
It follows from Lemma 2.2 that equality in (4.2) holds if and only if

xpf—xfz’— . xﬂ:n—i—l (j=12,---,m) (4.4)
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when Z;-"Zl % <l1,or

xlfl_l:xgiz:...:xsqu[? (i:l727"',n) (4.5)
when Z;f': 1 pl = 1. It is simple to see that (4.4) and (4.5) reduce to
J
pj Pj Pi
djj =ap=--=dy, (j=1,2,m)
and i i i
J1 J1 J1
a . a. a -
Al Th2 _ “hn S
ﬁ—ap—jz—'“—apjz (J1, o =1,2,---,m)
J21 J22 Jan

respectively. These conditions obviously make equality in (4.3), so became a necessary
and sufficient condition for the equality in (1.3). When pj, = p;, , the same conclusion
can be deduced following the guidance of Remark 3.1. The proof is complete.

REMARK 4.1. Taking ey =1 and e; =0 for j # k, G reduces to Gy of the
second step. This fact makes the third step proud.

5. An application

Wu [2, 3] and Tian [6] gave various applications of refined Holder’s inequality of
type (1.1). We believe that Theorem 1.1 might have further applications.
Concerning reversed Holder inequality, J. Tian established the following:

THEOREM B. ([6], Theorem2.2) Let a; >0, b; >0 (i=1,2,---,n), 1—e;+¢; >
0 (i,j=1,2,---,n), ¢ <0 and %—l—i > 0. Then

1

1 1
S an > ol (Z) ,, (Zb)
' i=1 i=1

e (z:?lb?e,- - z?la,-b,-e,-)z
iy bf YL aibi

In the same vein, we illustrate the following as an application of Theorem 1.1.

mm{fLé}
——1

THEOREM 5.1. Let aj; >0 (i=1,2,---,n; j=1,2,---,m), ¢, 20 (i=1,2,---,n),
Yiiei=1,p;<0(j=1,2,---;m—1) and p, >0. Let k€ {1,2,---,m—1}. Then

1
iﬁaﬁ > nl_max{ a %’1} ﬁ (iaf) p]
i=1

i=1j=1 j=1

n Pk n m ..
i=1 i=1 H,/:l aji

. - " n 2 max{fl,ﬁ}
% 1_<Zi=1ak,-ei Z,-ll'[jlaﬁei>
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Proof. Letqj———>0(]—12 —l)andqm:#>0.Then
2 allpm Xaz_ipmx m 1l><Hapm

i=1
L 1
lmm{z 11} m—1 n \ 4 n o m am
Jj=14q Dj
<n SERS | ADXCA R DY § EF
j=1 \i=l1 i=1j=1
’ 1
n Pk n m . mﬂx{qmﬂk}
i—1 Ay €i Zizln,'zlajtet

x<¢1— - -
n Dk n m . ’
i=1 A Zizll_ljzla,l

by applying Theorem 1.1. That is,

1 L
Pm j m

1 _ —
Sar) " < BT (S) 7 (S

j=1 \i=1 i=1j=

=

1
2 max{l-pi}
e Z,fla,a éi Z?’—lﬂ'f—laﬁei

i akz =1 H =14ji

1
Multiplying H’;;‘ll ( " lap / ) "I on both sides, it reduces to what we want. The proof

is complete. [J
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