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SHARP BOUNDS FOR NEUMAN MEANS IN TERMS OF
GEOMETRIC, ARITHMETIC AND QUADRATIC MEANS

ZHI-JUN GUO, YAN ZHANG, YU-MING CHU AND YING-QING SONG

(Communicated by N. Elezovic)

Abstract. In this paper, we find the greatest values o, 0, 03, 04, 05, O, 07, 0g and the
least values B1, B2, B3, Bs, Bs, Be. B7, Bs such that the double inequalities

A% (a,b)G'~™ (a,b) < Ngs(a,b) < AP (a,0)G'~P1 (a,b),

[053 -0 1 B 1—-pB
Gla.b) T A(ab) " Noa(@h) " Glab)  Aab)’

A% (a,b)G' "% (a,b) < Nyg(a,b) < AP>(a,0)G' P (a,b),

oy 1—oy 1 Ba 1-PB
Gla.b) T A(b) < Ng(ah) = Glab)  Alab)’

0% (a,b)A" =% (a,b) < Ny (a,b) < 0P (a,b)A"P5 (a,b),

o 1—og 1 Bs 1—Ps
A@b) T oMb < Naglab) < Alab) T 0(ab)’

0% (a,b)A ™% (a,b) < Npa(a,b) < QP (a,b)A'P1(a,b),

og +1*068< 1 - Bs +1*ﬁ8
A(a7b) Q(ab) NQA(a7b) A(avb) Q(avb)
hold for all a,b > 0 with a # b, where G, A and Q are respectively the geometric, arithmetic
and quadratic means, and Nga, Nag, Nap and Npy are the Neuman means derived from the
Schwab-Borchardt mean.

1. Introduction

For a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b) [1-3] of a and b

is given by
\/b2—a?

cos~!(a/b)’

A a2—b?

cosh™! (a/b)’

SB(a,b) =
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where cos™!(x) and cosh™!(x) = log(x+ v/x2 — 1) are the inverse cosine and inverse
hyperbolic cosine functions, respectively. Recently, the Schwab-Borchardt mean has
been the subject of intensive research. In particular, many remarkable inequalities for
the Schwab-Borchardt mean can be found in the literature [1-7]. Very recently, the
Neuman mean N(a,b) = (a+b?/SB(a,b))/2 derived from the Schwab-Borchardt was
introduced and researched by Neuman in [8].

Let Nyg(a,b) =N(A(a,b),G(a,b)), Nga(a,b) =N(G(a,b),A(a,b)), Noa(a,b) =
N(Q(a,b),A(a,b)) and Nap(a,b) = N(A(a,b),0(a,b)) be the Neuman means, where
G(a,b) =ab, A(a,b) = (a+b)/2 and Q(a,b) = \/(a*>+ b?)/2 are the classical ge-
ometric, arithmetic and quadratic means of a and b, respectively. Then Neuman [8]
proved that the inequalities

G(a,b) < NAg(a,b) < Nga (a7b) <A(a7b) < NQA(a7b) < NAQ(a7b) < Q(a,b)

hold for all a,b > 0 with a # b.
Leta>b>0and v=(a—b)/(a+D) € (0,1). Then we clearly see that

G(a,b) = A(a,b)\/1 -2, Q(a,b) =A(a,b)\/1+12, (1.1)

and the following explicit formulas for Nag(a,b), Nga(a,b), Noa(a,b) and Nxg(a,b)
are given in [8]

Nag(a,b) = %A(mb) [1 +(1 —v2)tanhvlv} : (1.2)
Noa(a,b) = %A(a,b) [ 124 Sin: V] : (1.3)
Noa(a,b) = %A(a,b) [ 112+ Smhlv} : (1.4)
Naola,b) = %A(a,b) [1 +(1+12) tan;l V] 7 (1.5)

where tanh ™! (x) = log[(1+x)/(1 —x)]/2, sin~!(x), sinh~! (x) = log(x+v/1 +x2) and
tan~!(x) are the inverse hyperbolic tangent, inverse sine, inverse hyperbolic sine and
inverse tangent functions, respectively.

In [8], Neuman also proved that the double inequalities

oyA(a,b)+ (1 — a1)G(a,b) < Nga(a,b) < BiA(a,b)+ (1 — B1)G(a,b),

(a,b) )

< NAQ(Cl,b) < ﬁ2Q(a7b) + (1 - ﬁ2)A(a7b>7
(XgA(CLb)-f-(l —(Xg)G(CL ( ) <ﬁ3A(a7b)+(1 _ﬁf’)G(a?b)»
040(a,b)+ (1 — 0y)A(a,b) < NQA(a b) < B4Q(a,b)+ (1 — B4)A(a,b)

hold for all a,b > 0 with a # b if and only if oy <2/3, B > 7w/4, on <2/3, B >
(m— 2)/[4(\@—1)] =0.689..., o3 < 1/3 Bs>1/2, o4 <1/3 and By > [log(1 +
V3)+V2-2)/2(V3- 1)] = 0356...

020(a;b) + (1 - 0p)A(a,

< Npg(a,b

)
b)
b)

)
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In [9], the authors presented the best possible parameters o, 0, B, B2 € [0,1/2]
and o, o, B3, Bs € [1/2,1] such that the double inequalities

G(oaja+(1—oq)b,oub+(1—0)a

( (I-ou) (1-0ou)
G(apa+(1—op)b,00b+(1—0m)a
O(oza+(1—0o3)b,o3b+(1—03)a
O(oua+(1—ou)b,oub+(1—0u)a

hold for all a,b > 0 with a # b.

The main purpose of this paper is to find the greatest values «;, 0p, 03, 04, O,
o, o7, og and the least values By, B2, B3, Bs, Bs, Bs» B7, Bs such that the double
inequalities

A% (a,b)G' =% (a,b) < Nga(a,b) < AP (a,)G' P (a,b),
o 1— @ 1 B> 1-p
Glab) " AGab) < Noa(@b) = Glab) | Alab)’
A% (a,b)G' "% (a,b) < Nag(a,b) < AP (a,b)G' P (a,b),
oy 1—oy 1 B4 1— B4

(

(a,b
G(a,b) " Alab) " Nag(ab) - Gla,b) « A(a,b)’
0% (a,b)A =% (a,b) < Nag(a,b) < 0P (a,b)A'"P5(a,b),

O 1— O _ 1 Bs 1—Bs
A(ab) " 0(@b) = Naglab) ~ Ala,b) ' 0(a,b)’
Q% (a,b)A'~% (a,b) < Noa(a,b) < QP (a,b)A*P7(a,b),
o 1—og 1 Bs 1—fg
Alab) " 0lab) = Noa(@b) = Ala,b)  0(a,b)
hold for all a,b >0 with a # b .

2. Lemmas

In order to prove our main results we need several lemmas, which we present in
this section.

LEMMA 2.1. (See [10, Theorem 1.25]) Let —o < a < b < o, f,g: [a,b] —
(—o0,00) be continuous on |a,b] and differentiable on (a,b), and g'(x) # 0 on (a,b).
If f'(x)/g (x) is increasing (decreasing) on (a,b), then so are

f(x) = fla) fx) —f(0)
s—g@)  s)—gb)

If f'(x)/g (x) is strictly monotone, the the monotonicity in the conclusion is also strict.
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LEMMA 2.2. (See [11, Lemma 1.1]) Suppose that the power series f(x) =
Sooanx" and g(x) = ¥>_obux" have the radius of convergence r > 0 with b, >0
for all n > 0. If the sequence {a,/by} is (strictly) increasing (decreasing) for all
n > 0, then the function f(x)/g(x) is also (strictly) increasing (decreasing) on (0,r).

LEMMA 2.3. The function

_ log[sin(2x)] — log[2x 4 sin(2x)] 4-log2

fix) log(cosx) @1
is strictly increasing from (0,7/2) onto (2/3,1).
Proof. 1t follows from (2.1) that
o) =3, @2)

fi (g) —1. (2.3)

Let g;(x) = log[sin(2x)] — log[2x + sin(2x)] + log2, h;(x) = log(cosx), g2(x) =
sin(2x) — 2xcos(2x) and ha(x) = [2x + sin(2x)]sin”x. Then simple computations lead
to

g1(07) = h1(0) = g2(0) = h2(0) =0, (2.4)
el b0 el
M= e me); 2:5)
gx) 1
Hy(x) L sin20” 26)

It is well known that the function sinx/x is strictly decreasing on (0, 7), hence
equation (2.6) leads to the conclusion that the function g} (x) /5 (x) is strictly increasing
on (0,7/2). Therefore, Lemma 2.3 follows from Lemma 2.1 and (2.2)—(2.5) together
with the monotonicity of g5(x)/h5(x). O

LEMMA 2.4. The function

(x) = log[2x + sinh(2x)] — log[sinh(x)] — 2log?2

holx log[cosh(x)] 27
is strictly increasing from (0,e0) onto (1/3,1).
Proof. 1t follows from (2.7) that
£(07) = % (2.8)
lim f>(x) = 1. (2.9)

X—>00
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Let g3(x) = log[2x + sinh(2x)] — log[sinh(x)] — 2log2 and h3(x) = log[cosh(x)].
Then simple computations lead to

7 = E9 0% = ms(0) =0, @.10)

g5(x) _ s%nh(4x) —4xcosh(2x) 42 s%nh(Zx) —4x 2.11)
hy(x)  sinh(4x) 4 4xcosh(2x) — 2sinh(2x) — 4x
St S
20 _(22’1+2(;ji;)2!)2zn+4 2
sy B

x2n+l

Let

22n+2 —2n—-2 22n+4 22n+2 +2n+2 22n+4
( =2 , bn= ( n+2) . (2.12)
(2n+3)! (2n+3)!

a, =

Then nia
i 2)22n
Sntl _ On _ (3n+2) >0 (2.13)

by >0, dn
> bn+1 bn (22n+3 +n+2) (22n+1 +n+ 1)

forall n > 0.

It follows from Lemma 2.2 and (2.11)—(2.13) that the function g5(x)/h5(x) is
strictly increasing on (0,e). Therefore, Lemma 2.4 follows from Lemma 2.1 and
(2.8)—(2.10) together with the monotonicity of g5(x)/h5(x). O

LEMMA 2.5. The function

2x — sin(2x)

B0 = A oy e+ sin(2v)] @.14)
is strictly increasing from (0,7/2) onto (2/3,1).
Proof. 1t follows from (2.14) that
f3(07) = % (2.15)
£(m/2)=1. (2.16)

Let g4(x) =2x—sin(2x) and h4(x) = (1 —cosx)[2x+ sin(2x)]. Then simple com-
putations lead to

filx) = 84(x) 4(0) = ha(0) = 0, 2.17)



306 Z.-J.GUO, Y. ZHANG, Y.-M. CHU AND Y.-Q. SONG

g (x) = 4sin’x,

Ry (x) = 2sin® xcosx — 4 cos’ x + 4 cos® x + 2xsinx,

£4(0) = 1y (0) =0, (2.18)
gi(x) 4
2.19
hﬁ((x) ~ 9cosx+ A —4’ 219
' 2x — sin(2
(9cosx+ —) _ _gsiny_ X sin 2’“)} O o (2.20)
sinx 28in“x

for x € (0,7/2).
Therefore, Lemma 2.5 follows easily from Lemma 2.1 and (2.15)-(2.20). O

LEMMA 2.6. The function

sinh(x) cosh?(x) — 2sinh(x) cosh(x) + xcosh(x)

X) = 2.21
fil®) sinh(x) cosh? (x) — sinh(x) cosh(x) +xcosh(x) — x (22D
is strictly increasing from (0,0) onto (1/3,1).
Proof. Tt follows from (2.21) that
1 . 1 . .
1 sinh(3x) + 3 sinh(x) — sinh(2x) 4+ xcosh(x
o) = i )1.“ ) st ) (2.22)
7 sinh(3x) + g sinh(x) — 5 sinh(2x) + xcosh(x) — x
o 322348045 dntl
n=1""4[2nF1)]
T oo 3210214248, 5 n
> 14[(T1)+]n+ x2n+l1
oo 332205 1 8n 13\ 2n
_ An=0" q[3)]
T oyoo 33024 8u413 oy
n=0 4[(2n+3)1]
Let
3243 2219 4 8n 413 323 22 4 8n+13
ap = s n = (2.23)
4[(2n+3)!] 4[(2n+3)Y]
Then simple computations lead to
b 32n+3 _ 22n+4 22n+3 |:(2)2n+3 2:| =0 2.24)
"7 4[(2n+3)] 4[(2n+3)!] '
135 x 3% — 245 —31) 22 +4
Intl _On _ ( n—31) >0 (225
buy1 by (33 —22n+4 4 8p 4 13) (32045 — 22046 4 8 4 21)
foralln >0
Note that {
f1(01) = O _ 2 lim fa(x) = lim dn _ 1. (2.26)

bO 3 ’ X—00 n—e b,

Therefore, Lemma 2.6 follows easily from Lemma 2.2 and (2.22)-(2.26). U
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3. Main results

THEOREM 3.1. The double inequalities
A% (a,b)G' "% (a,b) < Nga(a,b) < AP (a,0)G' P (a,b), (3.1)

(053 - 1 B> 1- B,
< <
Ga.b) | A(ab)  Noalab) ~ Gla,b) T Aa,b)
hold for all a,b >0 with a# b ifandonly if oy <2/3, pi =1, 0p <0 and B > 1/3.

(3.2)

Proof. We clearly see that inequalities (3.1) and (3.2) can be rewritten as

o B
Alab)\* _ Nea(@b) _ (Ala,b) (3.3)
G(a,b) G(a,b) G(a,b)
and
L1
l_ﬁz<w<l—a27 (3.4
G(ab) — A(ab)
respectively.

Since both the geometric mean G(a,b) and arithmetic mean A(a,b) are symmetric
and homogeneous of degree 1, without loss of generality, we assume that @ > b. Let
v=(a—>b)/(a+Db) € (0,1). Then from (1.1) and (1.3) we know that inequalities (3.3)
and (3.4) are equivalent to

in—1
log |:% <1+ sin” " (v)
v/ 12
<B

o < 1 1 3.5)
log
12
and |
iy /T2
|- B < e e e T (3.6)

(1—=vV1—=v2)(»W/1—1v24sin"'v)

respectively.

Let x =sin"!(v). Then x € (0,7/2),

log % 1+ sin ! (v) ' )
w12 )| log[sin(2x)] —log[2x + sin(2x)] 4 log2
log —= B log(cosx)

1—v2

, (3.7)

sin~ !y —vy/1—12 B 2x — sin(2x) 38)
(1—=vVIT—=v2) (W1 =2 +sin"1y) (1 —cosx)[2x+sin(2x)] '
Therefore, inequality (3.1) holds for all a,b > 0 with a # b if and only if o) <2/3
and B, > 1 follows from (3.5) and (3.7) together with Lemma 2.3, and inequality (3.2)
holds for all a,b > 0 with @ # b if and only if 0 <0 and 3, > 1/3 follows from (3.6)
and (3.8) together with Lemma 2.5. [
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THEOREM 3.2. The double inequalities
A% (a,b)G' =% (a,b) < Nxg(a,b) < AP (a,b)G' P> (a,b), (3.9)

(07 1-— 1 1-—

4 4 Oy < < Bs I Bas
G(a,b) A(a,b) Nagla,b) ~G(a,b) Ala,b)

hold for all a,b >0 with a# b ifandonly if o < 1/3, B3> 1, 0u <0 and Bs >2/3.

(3.10)

Proof. We clearly see that inequalities (3.9) and (3.10) can be rewritten as

A 03 A Bs
(a?b) < NAG(a’b) < (a7b) (3-11)
G(a,b) G(a,b) G(a,b)
and
_1r 1
1 -y < L0l Malel) o _ g, (3.12)
G(a.b) - A(a.b)
respectively.

Without loss of generality, we assume that @ > b. Let v= (a—b)/(a+b) € (0,1).
Then it follows from (1.1) and (1.2) that inequalities (3.11) and (3.12) are equivalent to

log | —A— + V1= tanh~!(v)| —log2
o3 < : <Bs (3.13)

and

v+ (1—v)tanh ! (v) —20V/1 -2 <1
(1—=vV1=v2)[v+ (1 —v?)tanh ! (v)]

respectively. Let x = tanh ™! (v) € (0,0). Then simple computations lead to

1—B4< — Bs, (3.14)

1 V12 ~1 _
log m—i— —tanh™ " (v)| —log2

3.15
log 11_V2 ( )
_ log[2x + sinh(2x)] — log[sinh(x)] — 2log2
log[cosh(x)]
and
+ (1 =v*)tanh~!(v) —2vy/1 -2 (3.16)

v
(1—=vV1=vH)[v+ (1 —v?)tanh~!(v)]
sinh(x) cosh? (x) — 2sinh(x) cosh(x) 4 xcosh(x)
- sinh(x) cosh? (x) — sinh(x) cosh(x) 4 xcosh(x) — x’
Therefore, inequality (3.9) holds for all a,b > 0 with a # b if and only if o3 < 1/3
and f; > 1 follows from (3.13) and (3.15) together with Lemma 2.4, and inequality

(3.10) holds for all a,b > 0 with a # b if and only if oy < 0 and B4 > 2/3 follows
from (3.14) and (3.16) together with Lemma 2.6. [J
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THEOREM 3.3. The double inequalities
QO(5 (a7b)A17a5 (Cl, b) < NAQ(CI, b) < Qﬁ5 (Cl, b)A17ﬁ5 (Cl, b)a (3.17)

O 1 —og 1 Be 1—Bs
Aab) T 0(ab) S Nag(ah) = Ala.b) | 0a,b)

hold for all a,b >0 with a= b if and only if 05 <2/3, Bs > 2log(mr+2)/log2 —4 =
0.7244 ..., 06 < [6+2vV2— (1+v2)x]/(m+2) =0.2419... and B > 1/3.

(3.18)

Proof. We clearly see that inequalities (3.17) and (3.18) can be rewritten as

0(a,b)\*  Npgla,b) [ Q(a,b)\P
3.19
<A<a,b> <A@ < \A) G19
and
DS B
[ A G R IS e (3.20)
A(ab) - O(a.b)
respectively.

Without loss of generality, we assume that ¢ > b. Let v= (a—Db)/(a+b) €
(0,1). Then from (1.1) and (1.5) we clearly see that inequalities (3.19) and (3.20) are
equivalent to

2log(1+ #tan_l(v)) —2log2

o5 < log(l n V2) < ﬁ5 (3.21)
and
[(1+v?) tan! (v) —v] V1412
1- 1 — o, 3.22
Pa< [(1+v?)tan~1(v) +v] (VI+v2—1) ST 622
respectively.

Let x =tan"!(v). Then x € (0,7/4),

2log(1+ # tan~!'(v)) —2log2

log(1+12) (3:23)
_log[sin(2x)] —log[2x +-sin(2x)] 4-log2
B log(cosx) =fi(x)
and
2\ tan—1 (1) — 2
[(1+v*)tan~ ! (v) —v] VI+v 3.24)

[(1+v?)tan~1(v) +v](VI+»2—1)

2x — sin(2x)

B (1 — cosx)[2x + sin(2x)] = f30)-
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Note that

m\ _ 2log(m+2)
h (Z) = gz 4, (3.25)

<7l'> 2+ V2)(m—2) . 6+2v2—(1+V2)x
5\3)= m+2 B m+2 '

Therefore, inequality (3.17) holds for all a,b > 0 with a # b if and only if o5 <
2/3 and Bs > 2log(m+2)/log2—4 follows from (3.21), (3.23), (3.25) and Lemma 2.3,
and inequality (3.18) holds for all a,b > 0 with a # b if and only if o6 < [6+ 22—
(1++/2)r]/(m+2) and Bs > 1/3 follows from (3.22), (3.24), (3.26) and Lemma
25 0O

(3.26)

THEOREM 3.4. The double inequalities
Qa7 (Cl, b)A17a7 ((1, b) < NQA (a7 b) < Qﬂ7 (a7 b)A17ﬁ7 ((1, b)7 (3.27)

og 1—og 1 ﬁs 1— ﬁS
A@b) | 0@b) ~ Noa(ah) ~ Alab)  0ab)

hold for all a,b > 0 with a # b if and only if o < 1/3, B7 > 2log[/2 +log(1 +
V2)]/log2 —2 =0.3977..., og < [24+ V2 — (1 ++/2)log(1 +2)]/[v2 +log(1 +
V2)] =0.5603... and Bs >2/3.

(3.28)

Proof. We clearly see that inequalities (3.27) and (3.28) can be rewritten as

0(a.b)\* _ Noala:b) _ (Q(a,b)\” (3.29)
A(a,b) A(a,b) A(a,b) '
and
_r 1
1y < 2o Monled) g (330)
A(a,b) — 0(aD)
respectively.

Without loss of generality, we assume that @ > b. Let v= (a—b)/(a+Db) €
(0,1). Then from (1.1) and (1.4) we clearly see that inequalities (3.29) and (3.30) are
equivalent to

2log {\/ 14+v2+ M] —2log2
log(1+1?)

< B (3.31)

oy <
and
{v (1+v*)+V1+ vzsinh_l(v)] — 20/ 1+12

1 —ﬂg <
(VITZ-1) [V\/l FRv sinh—l(v)}

<1-aog, (3.32)

respectively.
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Let x = sinh~!(v). Then x € (0,log(1 ++/2)),

21og [VTT2 + 2 100) 2102

log (1+1?)
_log[2x + sinh(2x)] —log[sinh(x)] —2log2
- log[cosh(x)] = H (), (3.33)

[v (1+v})+V1+ vzsinh_l(v)] —2vV/1 42

Note that

3.34
(VI+v2—1) [vmﬂinh—l(v)} 339
_sinh(x) cosh?(x) — 2sinh(x) cosh(x) + xcosh(x) — A
~ sinh(x) cosh?(x) — sinh(x) cosh(x) + xcosh(x) —x Jalx).
fllog(1+v2)] = 2log[v/2 “;01;5(1 V) 2, (3.35)
~ (2+V2)log(1+V2) -2
fallog(14+v2)] = 72+ log(14v2) (3.36)
_ 242 (14 VD)log(1 +v2)
B V2 +1log(1++/2) .

Therefore, inequality (3.27) holds for all a,b > 0 with a # b if and only if o7 <

1/3 and B; > 2log[v2 +log(1 ++/2)]/log2 — 2 follows from (3.31), (3.33), (3.35)
and Lemma 2.4, and inequality (3.28) holds for all a,b > 0 with a # b if and only if
o8 < [2+V2— (14+v2)log(1++v2)]/[v2+1log(1++/2)] and Bg > 2/3 follows from
(3.32),(3.34), (3.36) and Lemma 2.6. [J
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