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Abstract. In this paper we obtain some weighted CebySev-Ostrowski type integral inequalities
on time scales involving functions whose first derivatives belong to L, (a,b) (1 < p <eo). We
also give some other interesting inequalities as special cases.

1. Introduction

In [21], Rafiq et al. obtained some weighted Cebygev-Ostrowski type integral in-
equalities, involving functions whose first derivatives belong to L. (a,b), as follows.

THEOREM 1.1. Let f,g : |a,b] — R be absolutely continuous functions whose
first derivatives ', g’ belong to Le (a,b). Then for all x € [a,b], we have
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THEOREM 1.2. Let f,g : |a,b] — R be absolutely continuous functions whose
first derivatives f', g' belong to L. (a,b). Then for all x € [a,b], we have the inequal-
ities
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Ahmad, Mir and Rafiq [2] established weighted Cebysev-Ostrowski type integral
inequalities involving functions whose first derivatives belong to L, (a,), (1 < p < o)
as follows.

THEOREM 1.3. Let f,g : [a,b] — R be absolutely continuous functions whose
first derivatives f', g' belong to L, (a,b) space where 1 < p < eo. Then we have

b b b
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forall x € |a,b].

THEOREM 1.4. Let f,g : [a,b] — R be absolutely continuous functions whose
first derivatives f', g belong to L, (a,b) space where 1 < p < co. Then we have
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X
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mx)=q
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In 1988, Hilger [14] initiated the development of the theory of time scales. Re-
cently, many authors studied the weighted CebySev type inequalities, the Griiss in-
equality, Ostrowski inequalities, Diamond-alpha Griiss type inequalities, the weighted
Ostrowski—Griiss inequalities, Ostrowski type inequalities, a generalized Ostrowski’s
inequality, an Ostrowski-Griiss type inequality, a perturbed Ostrowski-type inequality,
the weighted Ostrowski, trapezmd and Griiss type mequahtles Griiss type inequalities,
the weighted Ostrowski and Ceby3ev type inequalities, the Ceby3ev’s inequality on time
scales (see[1,3,6,7,8,9, 10, 12, 14, 15, 16, 17, 18, 19, 22, 23, 21, 24, 25, 26, 27, 28]).

The purpose of this paper is to obtain some weighted CebySev-Ostrowski type
integral inequalities on time scales involving functions whose first derivatives belong
to L, (a,b) (1< p<eo). We also give some other interesting inequalities as special
cases.
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2. General definitions

In this section we briefly introduce the time scales theory. For further details and
proofs we refer the reader to Hilger’s Ph. D. thesis [14], the books [5, 6, 13], and the
survey [1].

DEFINITION 1. A time scale T is an arbitrary nonempty closed subset of R.

We assume throughout that T has the topology that is inherited from the standard
topology on R. It also assumed throughout that in T the interval [a,b] means the set
{t € T: a <t < b} for the points a < b in T. Since a time scale may not be connected,
we need the following concept of jump operators.

DEFINITION 2. For ¢t € T, we define the forward jump operator ¢ : T — T by
o(t) = inf{s € T:s >}, while the backward jump operator p : T — T is defined by
p(r) =inf{s € Tis <t}.

The jump operators ¢ and p allow the classification of points in T as follows.

DEFINITION 3. If o(¢) > ¢, then we say that 7 is right-scattered, while if p(¢) <t
then we say that ¢ is left-scattered. Points that are right-scattered and left-scattered
at the same time are called isolated. If o(r) =1, then 7 is called right-dense, anf if
p(r) =1t then 7 is called left-dense. Points that are both right-dense and left-dense are
called dense.

DEFINITION 4. The mapping u : T —[0,00) defined by p(¢) = o(¢) —r is called
the graininess function. The set T is defined as follows: if T has a left-scattered
maximum m, then T¥ = T — {m} ; otherwise, T¢ = T.

If T=R, then u(r) =0, and when T = Z, we have u(¢) = 1.
DEFINITION 5. Let f: T — R. f is called differentiable at # € TX, with (delta)

derivative f2(r) € R, if for any given £ > 0 there exists a neighborhood U of ¢ such
that

f(0() = f(s) = A (0)[o(r) —s]| <elo(t) —s|, VseU.
If T=R, then f2(r) = L0 andif T =Z, then f2(r) = f(t+1)— f(t).

THEOREM 2.1. Assume f,g:T — R are differentiable at t € T*. Then the prod-
uct fg: T — R is differentiable at t with

(£8)" (1) = f2(0)8(0) + f(0(1))g"(2).

DEFINITION 6. The function f: T — R is said to be rd-continuous (denote f €
C,4(T,R)), if it is continuous at all right-dense points 7 € T and its left-sided limits
exist at all left-dense points r € T'.
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It follows from [5, Theorem 1.74] that every rd-continuous function has an anti-
derivative.

DEFINITION 7. Let f € C,q(T,R). Then F : T — R is called the antiderivative of
f on T if it satisfies F(¢) = f(t) for any t € TX. In this case, we define the A-integral
of f as

b
/f(s)As =F(t)—F(a), teT.

THEOREM 2.2. Let f,g be rd-continuous, a,b,c €T and o, 3 € R. Then

b b

(1) flef(e) + Bs0) A = o F(1)A 4B fo(0)r,

a

a
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b
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b

(4) ff(t)gA(t)At = (f8) (b) = (f8) (a) — [ fA(t)g (1) A,

a

THEOREM 2.3. If f is A-integrable on [a,b], then so is |f|, and
b
|

/b Fn)Ar| < / f()| A,

DEFINITION 8. Let /i : T> — R, k € Ny be defined by h(t,s) =1, forall s,t € T

t
and then recursively by gy (¢,5) = [ i1 (T,5) AT, forall s,z € T.
S

THEOREM 2.4. (Holder’s Inequality) Let a,b € T. For rd-continuous functions
f:la,b]— R we have

q

b b % b
Jirwsoia < [iroracy { [irora

where p > 1 and q = p%l.
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3. Main results

THEOREM 3.1. Let T be a time scale and a,b € T a < b and w: [a,b] — [0,e0)
be non-negative and integrable. If f,g € C',([a,b],R) such that f*,g" € L* ((a,b)),
then for all t € [a,b], we have
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where M = sup |fA(t)| <eoand N = sup }gA(t)} < oo,

a<t<b a<t<b

Proof. We have (see also [9])

/PW W) AN (33)

b
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where

1
Jw(t)AT, a <1 <x,
Py(x,)=144% (3.5)
Jw(t)AT, x <t < b.
b

We also have (see also [9])

b b
/ Py (x,1)| As = / (6 (t) —x) w(t)sgn(t — x)Ar. (3.6)

Now, multiplying both sides of (3.3) and (3.4), we obtain

b b 2
< avtagy W ( [sentt— (o(z)—x)w(z)Az) M 39

which completes the proof of inequality (3.1).
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Next, multiplying (3.3) by g(x) and (3.4) by f(x), adding the resulting identities

2;((;);,) and integrating over [a,b], we have

b b b
7 [ OF O 808 — 5 ( / w(z)gmm) ( / W(t)f(G(t))At)

a

and multiplying the final result with

b
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taking absolute values, we get
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Thus, we get the inequality (3.2). O
COROLLARY 3.1. Inthe case T =R in Theorem 3.1, we have
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b b b
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a

where M = sup |f'(t)] <o and N = sup |g'(t)| < eo. This inequality can be found
a<t<b a<t<b
in [21] as Theorem 1.

COROLLARY 3.2. Inthe case T = 7 in Theorem 3.1, we have
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COROLLARY 3.3. In the case T = q”U{0} (¢ > 1) in Theorem 3.1, we have
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THEOREM 3.2. Let T be a time scale and a,b € T a < b and w: [a,b] — [0,e0)
be non-negative and integrable. If f,g € C', ([a,b],R) such that f*,g" € L* ((a,b)),
then for all t € [a,b], we have
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Now, multiplying both sides of (3.19) and (3.20), we obtain
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taking absolute values and using (3.22), we get the inequality (3.17).
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Next, multiplying (3.19) by g(x) and (3.20) by f(x), adding the resulting identi-
ties, we have

b b
Fg(x)+ Gf(x) m‘ii"i} / wit ‘mﬁxl) / w(t)g (o (1)) Ar
b b
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ues, we get
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Thus, we obtain the inequality (3.18). [

COROLLARY 3.4. Inthe case T =R in Theorem 3.2, we have
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ath
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Sa+b Sa+b a+5b a+b a+5b
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This inequality can be found in [21] as Theorem 2.

COROLLARY 3.5. Inthe case T = 7 in Theorem 3.2, we have

G ° -
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+<m(a,b>m ()f(t+1)> <m(a,b>,2a or <r+1>)'
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ath
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where M = sup |Af(t)] <eoand N= sup |Ag(t)| < oeo.
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Sa+b Sa+b 5b b 5b
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COROLLARY 3.6. In the case T = g*U{0} (¢ > 1) in Theorem 3.2, we have

G
m(a,b)

F
FG—

q" q"
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q"+q"
2

MN Sa+b Sa+b
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5b 5b
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s(a“")—g(d")
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N

F(dH—r£(d")
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where M = sup
gn<t<q"

5m n Sm n m 5}1 m n
F:m<qm’qi+q)f(qm)+m< q9"+q" q"+ q>f<q +q)
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6 6 ’ 6 2
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G=m<q’”7 z )g(c/”)+m< A g 5
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+m< z 7q”>g(q")~

THEOREM 3.3. Let T be a time scale and a,b € T a <b and w: [a,b] — [0,00)
be non-negative and integrable. If f,g € C\, (la,b],R) such that f~,g" € L? ([a,b]),
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then for all t € [a,b)], we have
b b b
/w mz ) (/W(f)f(l)m) (/w(t)g(a(t))At>
b
) ( e )(/W )
X b
b) (/ s A’) ( Af)

W/()/ (zAz+/qsz Ax (332)
S m3(a,b) aWX “ xm ’ |

a

and

b Y ,

m(;,b) a/w(t)f(t)g(t)At— m (!w(l)g(t)At) (/W([)f(g(t))At>
b

_m (!W(f)f(t)At> (/w(t)g(o(t))At>

a

b

< m/w(x) [8@) HfAHp+ £l HgAHJ

1
X b q
X (/mq (a,t)At+/m‘1(t,b)Az) Ax (3.33)

L L

b P b P
where |3, = (f;fA(sz) <o and )], = (f;gﬁ(gy’m) <o,
Proof. Using (3.5), we obtain
13
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(] e o) )
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X b é
— (/mq (a,t)At—f—/mq (t,b)At) . (3.34)

From (3.7), we have

b b
= r(z B (/Pw (x,0) 2 (t)At> (/Pw (x,2) g" (I)At) (3.35)

Multiplying with ((.)), integrating over [a,b] and taking absolute values and using
Holder’s 1nequa11ty on time scales, we have

b b b
5 [ PO s08 = s ( / W(t)f(t)At) ( / w(r)g(om)m>
. “
5 ( w@g@)m) ( / W(t)f(G(t))At>
ab ) b
( / W(t)f(G(t))At) ( / w(z)g(a(t»m)

1
a,b)
b

b b
o / e ( [Pl | (r)\m) ( Jaes! )g%)\m) Ax

a

fA A q
H m! a”i H / (/ th) Ax (3.36)

From (3.36) and (3.34), we get the desired inequality (3.32).
From (3.9), we have

b b b
7 [0 0808 s ( / w(r)g(z)Ar) ( / W(t)f(G(t))At)

+

m2(
1
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T/ [ (/P (r,0) f2 (1) )f(@(/bpw(%l)gA(t)At)}Ax

(3.37)

taking absolute values and using Holder’s inequality on time scales, we get

b b b
lb / W(t)f(t)g(t)m—m ( / w@g@)m) ( / W(t)f(G(t))At>

b
+1 (/Pwu,t))gw\mﬂ Ax

b b 1
< / wo) sl |74 ( 1w (x,zwm)

) .
w1701 8] ( [ (m)qm)

b

< gratay | 0 [l 2]+ vt o]

X (]mq (a,t)AH—/bmq(t,b)At) 6Ax

Consequently, we get the inequality (3.33). O

Ax

COROLLARY 3.7. Inthe case T =R in Theorem 3.3, we have

b b .
m—(; ) /w(t)f(t)g(t)dt— m (/W(t)f(t)dt) (/W(z)g(,)d,>

a

2

/ y b
< ”J:n3(aé;) /W(X) (/mq (a7t)dt+/mq (t7b)dt) dx (3.38)

a a
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and

m(;,b)/bw(t)f(t)g(t)dt_ (L - (/ ) (/bw )
<2m2(la,b)/bw [ |Hf| +1f(x |Hg|| (/mqatdt-i-/mqtb ) dx

(3.39)

1 1

b P b P
where || f'|| , = <f|f’(t)|pdt) <coand ||g'|,= (fg’(t)|pdt> < oo. This inequal-
ity can be found in [2] as Theorem 3.

COROLLARY 3.8. Inthe case T = 7 in Theorem 3.3, we have

lhz () £(0)s(0) - <2w ><zw t+1)

i o)
s () ()

2

A A b—1 x—1
_ 171, sl S (zmq a, +qutb> (3.40)

m3ab

and

R 1 b1
m(a’b)tz:lW(t)f(t)g(t)—m<z ) (Zw (t+1 )

s (o) ()

2m2 Z { AL, + 1@l Ag]] } (qu at +qu t b)

1

(3.41)

1 1

b—1 » b-1 P
where 1811, = ('Z 18701 ) " <o and [l = (T 120)7) <
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COROLLARY 3.9. In the case T = q*U{0} (¢ > 1) in Theorem 3.3, we have

7w - T (jwwo)m) (jwog(ao))m)

‘I
(g wi )(q (t)f(G(t))At>
| q q"
5 (q/ W(t)f(G(t))At) (q/ w(z)g(a(t»m)

HfAH I°1, i / 9 (a,t) A | 9(t,b) At | Ax 3.42
(@b / /m (a,1) t+/m (t,b) At (3.42)

m

and

o o] ]

q
1 l
X q q
x (d/mq (a,t)At—f—/mq(t,b)At) Ax. (3.43)

THEOREM 3.4. Let T be a time scale and a,b € T a <b and w: [a,b] — [0,c0)
be non-negative and integrable. If f,g € CY,([a,b],R) such that f*,g" € L” ([a,b]),
then for all t € [a,b], we have

b b
G F
FG— /w(t)f(G(t))At— D a/w(t)g(c(t))At
b
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a+b

Satb
=1l (- f Sa+b [ (5a+b
< "2(a.0) /mq<t, 5 )At+/mq< 5 ,t)At
a

Sath
’ 2
atsh b 2
+ / md (ua—;Sb)At—k / mq<“25b,t>m (3.44)
# a+65b

and

a

b b )
1 1
) / WO [Fg()+ GO A= 5o ( / w(t)g(t)At) ( w(t)f (o (1)) A,)

b
ﬁ /W(f)f(f)At‘ /w(t)g(o(t))At

b
< a0 (0], <1001 ],

Sa+b #
" /mq<,5a+b)At+ / . <5a6+b, )At
a Sa+b
6
1
b b 7
5h 5b
+/m‘1 (t,%)At—l—/mq(%,t)At Ax (3.45)
a_er_b a+5b

L

b % b P
where |3, = Q;fA(z)V’m) <o and )], = ({’gA(Z)VAt) <o,

Proof. Using (3.21), we get

1
1 & q ‘ q q

/t T)AT At+// T)AT| At

5a+b atb |a+5b
2 e

b
Jmeyear | =
a
2 ob
— /mq Z,M At—l—/mq MJ At
6 6

a

f 5b / 5b
+/mq<z,“+6 )Az+/mq<“+6 ,z)Az (3.46)

\

L
S
T
>

Q
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Using (3.23), we have

b
FG——S /w(t)f(G(t))At—
o /hW(t)f(G(t))At 1
m(a,b) m(a,b)

ol fre) e

taking absolute values and using Holder’s inequality on time scales, we get

b

b

/ ) At — ib)/w(t)g(ﬁ(t))m
b b

+ (ﬁ / W(t)f(G(t))At> (m 5/ w(r)g(a(t»m)

el ) e

HfAH HgAH (/ qm)
. Hf;!(JiA)H (/ q< 5a+b> /T (5a+b )

FG—

a

+ / md (t,a+5b)At+
6
#

which completes the proof of inequality (3.44).
Using (3.24), we have

2

q
a+5b
(52)s)

\v

a+5b

o‘

b b
g(x) f(x)
P8+ GF(x) — 5 /w At—m(a’b)a/w(t)g(ﬁ(t))m
b b
— m‘iix)b)/m(t)fA(t)At—i-m{ixl)/m(t)gA(t)At (3.48)



éEBYgEV—OSTROWSKI TYPE INTEGRAL INEQUALITIES ON TIME SCALES 351

Multiplying with mﬁx})}) and integrating over [a,b] and taking absolute values and using

Holder’s inequality on time scales, we obtain

IN
[\)
:é\ —_
=
\w-
=
Ra)
—
X
=
—=
=
&
&
_l’_
=
=
St~
B
oQ
>
&
\_/

IN
S
oQ
_ b
=
N———
PR
-
B
=
&
N—— —
1

gy /0 (Il 2]+ oo

N

1 A A
< g [ v (1e1 2], + oot 2]
Sa+b a+b
/ Sa+b / Sa+b
X /mq , At + / m 1| At
6 6
a S5a+b
6
1
a+5b
/ 5b / a+5b
+/m’1<z,a+6 )At+/m‘1<T,t)At Ax (3.49)
# a+65b

COROLLARY 3.10. In the case T =R in Theorem 3.4, we have

b
m(ib) m(ib) [

b b
1 1
+ (m(a’b)a/w(t)f(t)dt) (m(a7b)a/w(t)g(t)dt>

b
FG— /w(t)f(t)dt—
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1A, 1 5a+b 5a+b
R / aw dt / a t)dr
m2(a,b) " ( 6 L A
a 5a+b
6
2
aJE’Sb b q
5b 5b
+ / md (z,az )dl+ / mq<“+6 ,t)dt (3.50)
aJZrb a+65b

and

b , ,
1 2
. / W) () + G )t — s ( / w(t)g(t)dt) ( / w() f(z)d;)

a a
b
1

< otay J v (@I, + I 7],)

Sa+b atb

2

6
X /m’i (t,sa;_b>dt+/m‘1 <5a6+b,t)dt

Sa+b

6 b
+/m'1 (z,at#)dm/mq(ai#,t)dz dx (3.51)

b P b P
where ||f'||, = <f|f’(t)|pdt) <coand |g'l,= (fg’(t)|pdt> < co. This inequal-
a

a
ity can be found in [2] as Theorem 4.

COROLLARY 3.11. In the case T = 7Z in Theorem 3.4, we have

G b—1 F b—1
FG—m(a7b) Z;w(z)f(wr1)—ml§;w(z)g(z+1)
1 b—1 1 b—1
+<m(a’b) 3 w(t)f(t+1)> (m(mb);:lw(t)g(t—i-l))I

Satb atb
 asl sl (Tt SatbY 221m’1 Satb
= m2(a,b) ” 6 < 6 7

o A= Y
a a
+ Y mf (z, )+ Y m‘f( 7t> (3.52)
t:m 6 a+5b 6

2 =6
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and

1 b—1 1 b—1
;w(t)[Fg(t)JrGf(t)}At—W (Zw(t) ) (Zw (r+1 )

m(a,b)

s (S0 ) (Zrone)

b—1
< mgww (leClliarl, +1£Cl gl )

% 5a+b\ Tt /5a+b
a a
+ mq< ,t)
( (557) 2 (5%
a+5b

-1 b—1
N 62 m’1< a—|—5b) 2 <a+5b t) (3.53)

_atb
=4 =

1 1

b1 » b1 »
where |[Af], = (; Af(z)P> < o and |Agl, = (F |Ag(t)1’) < oo,
Sa+b Sa+b a+5b a+b a+5b
Fem(a 250 ) flaem (L) () e (S50 ) 0,
Sa+b Sa+b a+5b a+b a+5b
G-m(a,T)g(aH—m( 5 6 )g( 5 )—i—m( 5 ,b)g(b).
COROLLARY 3.12. In the case T = g% U{0} (¢ > 1) in Theorem 3.4, we have

FG— 6(1;719 7w _m(aF7b)7W(t>g(Gt

q" q
1

1 q ‘1
*(W w(t) (6 (1)) At )( /w )

54" +4
21 1%, [ f 5¢"+4" [ (5a
< v2(a.0) /m‘1<t, 5 )At+ / m‘1< 5 ,t)At

qm Sqmg,qn

E[N]

gM+54"
6

m 5" m 5"
+ m‘f(z,q 2 q )At+ / m‘f(q Rl J)At (3.54)

q"+q" qn tsqn

Q)
£
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s ) o)
o))

< [ (sl e

Sqm+qn qn7+qn
5 m n 5 m n
X / mq hu Al+ / mq u,t At
6 6
q"T Sqn7+qn
6
"+5¢ " a
+ / m’f(tf’ 6q>At+ / m’1<q 6",t>m Ar  (3.55)
qm ;qn qm 25 qn

1 1

q" 4 q" 4
where HfAHp: (f |fA(t)’pAt> < oo and ||gAHp= (f ’gA(t)|pAt> < oo,
qm qm
5m+n 5m+nm+5n m+n
F:m<qm7 q . q )f(qm)+m< 616 q' 4 . q >f<q 261)
qm+5qn
(T
Sqm+qn 5q1n+qn qln+5qn qm+qn
_ m m
G—m<q, 5 )g(q)+m< PR g 3

q"+59" n
+m< G ,q>g(fJ)-
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