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Abstract. In this paper we obtain some weighted Čebyšev-Ostrowski type integral inequalities
on time scales involving functions whose first derivatives belong to Lp (a,b) (1 � p � ∞) . We
also give some other interesting inequalities as special cases.

1. Introduction

In [21], Rafiq et al. obtained some weighted Čebyšev-Ostrowski type integral in-
equalities, involving functions whose first derivatives belong to L∞ (a,b) , as follows.

THEOREM 1.1. Let f ,g : [a,b] → R be absolutely continuous functions whose
first derivatives f ′, g′ belong to L∞ (a,b) . Then for all x ∈ [a,b] , we have∣∣∣∣∣∣
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THEOREM 1.2. Let f ,g : [a,b] → R be absolutely continuous functions whose
first derivatives f ′, g′ belong to L∞ (a,b) . Then for all x ∈ [a,b] , we have the inequal-
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Ahmad, Mir and Rafiq [2] established weighted Čebyšev-Ostrowski type integral
inequalities involving functions whose first derivatives belong to Lp (a,b) , (1 � p < ∞)
as follows.

THEOREM 1.3. Let f ,g : [a,b] → R be absolutely continuous functions whose
first derivatives f ′, g′ belong to Lp (a,b) space where 1 � p < ∞ . Then we have
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for all x ∈ [a,b] .

THEOREM 1.4. Let f ,g : [a,b] → R be absolutely continuous functions whose
first derivatives f ′, g′ belong to Lp (a,b) space where 1 � p < ∞ . Then we have
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In 1988, Hilger [14] initiated the development of the theory of time scales. Re-
cently, many authors studied the weighted Čebyšev type inequalities, the Grüss in-
equality, Ostrowski inequalities, Diamond-alpha Grüss type inequalities, the weighted
Ostrowski–Grüss inequalities, Ostrowski type inequalities, a generalized Ostrowski’s
inequality, an Ostrowski-Grüss type inequality, a perturbed Ostrowski-type inequality,
the weighted Ostrowski, trapezoid and Grüss type inequalities, Grüss type inequalities,
the weighted Ostrowski and Čebyšev type inequalities, the Čebyšev’s inequality on time
scales (see [1, 3, 6, 7, 8, 9, 10, 12, 14, 15, 16, 17, 18, 19, 22, 23, 21, 24, 25, 26, 27, 28]).

The purpose of this paper is to obtain some weighted Čebyšev-Ostrowski type
integral inequalities on time scales involving functions whose first derivatives belong
to Lp (a,b) (1 � p � ∞) . We also give some other interesting inequalities as special
cases.
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2. General definitions

In this section we briefly introduce the time scales theory. For further details and
proofs we refer the reader to Hilger’s Ph. D. thesis [14], the books [5, 6, 13], and the
survey [1].

DEFINITION 1. A time scale T is an arbitrary nonempty closed subset of R .

We assume throughout that T has the topology that is inherited from the standard
topology on R . It also assumed throughout that in T the interval [a,b] means the set
{t ∈ T: a � t � b} for the points a < b in T . Since a time scale may not be connected,
we need the following concept of jump operators.

DEFINITION 2. For t ∈ T , we define the forward jump operator σ : T → T by
σ(t) = inf{s ∈ T:s > t} , while the backward jump operator ρ : T → T is defined by
ρ(t) = inf{s ∈ T:s < t} .

The jump operators σ and ρ allow the classification of points in T as follows.

DEFINITION 3. If σ(t) > t , then we say that t is right-scattered, while if ρ(t) < t
then we say that t is left-scattered. Points that are right-scattered and left-scattered
at the same time are called isolated. If σ(t) = t , then t is called right-dense, anf if
ρ(t) = t then t is called left-dense. Points that are both right-dense and left-dense are
called dense.

DEFINITION 4. The mapping μ : T → [0,∞) defined by μ(t) = σ(t)− t is called
the graininess function. The set T

k is defined as follows: if T has a left-scattered
maximum m, then T

k = T−{m} ; otherwise, T
k = T.

If T = R , then μ(t) = 0, and when T = Z , we have μ(t) = 1.

DEFINITION 5. Let f : T → R . f is called differentiable at t ∈ T
k, with (delta)

derivative f Δ(t) ∈ R , if for any given ε > 0 there exists a neighborhood U of t such
that ∣∣∣ f (σ(t))− f (s)− f Δ(t) [σ(t)− s]

∣∣∣� ε |σ(t)− s| , ∀s ∈U.

If T = R , then f Δ(t) = d f (t)
dt , and if T = Z , then f Δ(t) = f (t +1)− f (t).

THEOREM 2.1. Assume f ,g : T → R are differentiable at t ∈ T
k . Then the prod-

uct f g : T → R is differentiable at t with

( f g)Δ (t) = f Δ(t)g(t)+ f (σ(t))gΔ(t).

DEFINITION 6. The function f : T → R is said to be rd-continuous (denote f ∈
Crd(T ,R)), if it is continuous at all right-dense points t ∈ T and its left-sided limits
exist at all left-dense points t ∈ T .
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It follows from [5,Theorem 1.74] that every rd-continuous function has an anti-
derivative.

DEFINITION 7. Let f ∈Crd(T ,R) . Then F : T → R is called the antiderivative of
f on T if it satisfies FΔ(t) = f (t) for any t ∈ T

k. In this case, we define the Δ-integral
of f as
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3. Main results

THEOREM 3.1. Let T be a time scale and a,b ∈ T a < b and w : [a,b] → [0,∞)
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which completes the proof of inequality (3.1).
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Next, multiplying (3.3) by g(x) and (3.4) by f (x) , adding the resulting identities

and multiplying the final result with w(x)
2m(a,b) and integrating over [a,b] , we have
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⎞
⎠+ f (x)

⎛
⎝ b∫

a

Pw (x,t)gΔ (t)Δt

⎞
⎠
⎤
⎦Δx

(3.9)

taking absolute values, we get∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

b∫
a

w(x)

⎡
⎣|g(x)|

⎛
⎝ b∫

a

|Pw (x,t)|
∣∣∣ f Δ (t)

∣∣∣Δt

⎞
⎠

+ | f (x)|
⎛
⎝ b∫

a

|Pw (x,t)|
∣∣∣gΔ (t)

∣∣∣Δt

⎞
⎠
⎤
⎦Δx

� 1
2m2(a,b)

b∫
a

w(x) [|g(x)|M + | f (x)|N]

⎛
⎝ b∫

a

|Pw (x, t)|
⎞
⎠Δx

� 1
2m2(a,b)

b∫
a

w(x) [|g(x)|M+ | f (x)|N]

⎛
⎝ b∫

a

sgn(t−x)(σ(t)−x)w(t)Δt

⎞
⎠Δx (3.10)

Thus, we get the inequality (3.2). �

COROLLARY 3.1. In the case T = R in Theorem 3.1, we have∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)dt−
⎛
⎝ 1

m(a,b)

b∫
a

w(t) f (t)dt

⎞
⎠
⎛
⎝ 1

m(a,b)

b∫
a

w(t)g(t)dt

⎞
⎠
∣∣∣∣∣∣

� MN
m3(a,b)

b∫
a

w(x)

⎛
⎝ b∫

a

sgn(t− x)(t− x)w(t)dt

⎞
⎠

2

dx (3.11)
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and∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)dt−
⎛
⎝ 1

m(a,b)

b∫
a

w(t)g(t)dt

⎞
⎠
⎛
⎝ 1

m(a,b)

b∫
a

w(t) f (t)dt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

b∫
a

w(x) [|g(x)|M + | f (x)|N]

⎛
⎝ b∫

a

sgn(t− x)(t − x)w(t)dt

⎞
⎠dx (3.12)

where M = sup
a<t<b

| f ′(t)| < ∞ and N = sup
a<t<b

|g′(t)| < ∞. This inequality can be found

in [21] as Theorem 1.

COROLLARY 3.2. In the case T = Z in Theorem 3.1, we have∣∣∣∣∣ 1
m(a,b)

b−1

∑
t=a

w(t) f (t)g(t)− 1
m2(a,b)

(
b−1

∑
t=a

w(t) f (t)

)(
b−1

∑
t=a

w(t)g(t +1)

)

− 1
m2(a,b)

(
b−1

∑
t=a

w(t)g(t)

)(
b−1

∑
t=a

w(t) f (t +1)

)

+
1

m2(a,b)

(
b−1

∑
t=a

w(t) f (t +1)

)(
b−1

∑
t=a

w(t)g(t +1)

)∣∣∣∣∣
� MN

m3(a,b)

b−1

∑
x=a

w(x)

(
b−1

∑
t=a

sgn(t− x)(t +1− x)w(t)

)2

(3.13)

and ∣∣∣∣∣ 1
m(a,b)

b−1

∑
t=a

w(t) f (t)g(t)− 1
2m2(a,b)

(
b−1

∑
t=a

w(t)g(t)

)(
b−1

∑
t=a

w(t) f (t +1)

)

− 1
2m2(a,b)

(
b−1

∑
t=a

w(t) f (t)

)(
b−1

∑
t=a

w(t)g(t +1)

)∣∣∣∣∣
� 1

2m2(a,b)

b−1

∑
x=a

w(x) [|g(x)|M + | f (x)|N]

(
b−1

∑
t=a

sgn(t− x)(t +1− x)w(t)

)
(3.14)

where M = sup
a<t<b−1

|Δ f (t)| < ∞ and N = sup
a<t<b−1

|Δg(t)| < ∞.

COROLLARY 3.3. In the case T = qZ ∪{0} (q > 1) in Theorem 3.1, we have∣∣∣∣∣∣
1

m(a,b)

qn∫
qm

w(t) f (t)g(t)Δt− 1
m2(a,b)

⎛
⎝ qn∫

qm

w(t) f (t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t)g(σ (t))Δt

⎞
⎠

− 1
m2(a,b)

⎛
⎝ qn∫

qm

w(t)g(t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t) f (σ (t))Δt

⎞
⎠
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+
1

m2(a,b)

⎛
⎝ qn∫

qm

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� MN
m3(a,b)

qn∫
qm

w(x)

⎛
⎝ qn∫

qm

sgn(t− x)(σ(t)− x)w(s)Δt

⎞
⎠

2

Δx (3.15)

and

∣∣∣∣∣∣
1

m(a,b)

qn∫
qm

w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ qn∫

qm

w(t)g(t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t) f (σ (t))Δt

⎞
⎠

− 1
2m2(a,b)

⎛
⎝ qn∫

qm

w(t) f (t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

qn∫
qm

w(x) [|g(x)|M + | f (x)|N]

⎛
⎝ qn∫

qm

sgn(t− x)(σ(t)− x)w(s)

⎞
⎠Δt (3.16)

where M = sup
qm<t<qn

∣∣∣∣ f (qk+1)− f(qk)
(q−1)qk

∣∣∣∣< ∞ and N = sup
qm<t<qn

∣∣∣∣ g(qk+1)−g(qk)
(q−1)qk

∣∣∣∣< ∞.

THEOREM 3.2. Let T be a time scale and a,b ∈ T a < b and w : [a,b] → [0,∞)
be non-negative and integrable. If f ,g ∈C1

rd ([a,b] ,R) such that f�,g� ∈ L∞ ((a,b)) ,
then for all t ∈ [a,b] , we have

∣∣∣∣∣∣FG− G
m(a,b)

b∫
a

w(t) f (σ (t))Δt− F
m(a,b)

b∫
a

w(t)g(σ (t))Δt

+

⎛
⎝ 1

m(a,b)

b∫
a

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ 1

m(a,b)

b∫
a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� MN
m2(a,b)

⎡
⎢⎣

a+b
2∫

a

sgn

(
t− 5a+b

6

)
m

(
5a+b

6
,t

)
Δt

+
b∫

a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

⎤
⎥⎦

2

, (3.17)
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and ∣∣∣∣∣∣
F

m(a,b)

b∫
a

w(t)g(t)Δt +
G

m(a,b)

b∫
a

w(t) f (t)Δt

− 1
m(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
m(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
m2(a,b)

b∫
a

w(x)(|g(x)|M + | f (x)|N)

⎛
⎜⎝

a+b
2∫

a

sgn

(
t− 5a+b

6

)
m

(
5a+b

6
,t

)
Δt

+
b∫

a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

⎞
⎟⎠Δx (3.18)

where M = sup
a<t<b

∣∣ f Δ(t)
∣∣ < ∞ , N = sup

a<t<b

∣∣gΔ(t)
∣∣ < ∞,

F = m

(
a,

5a+b
6

)
f (a)+m

(
5a+b

6
,
a+5b

6

)
f

(
a+b

2

)
+m

(
a+5b

6
,b

)
f (b),

G = m

(
a,

5a+b
6

)
g(a)+m

(
5a+b

6
,
a+5b

6

)
g

(
a+b

2

)
+m

(
a+5b

6
,b

)
g(b)

and

m(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t∫
5a+b

6

w(τ)Δτ, a � t < a+b
2

t∫
a+5b

6

w(τ)Δτ, a+b
2 � t � b.

Proof. Using item 4 of Theorem 2.2, we have

F − 1
m(a,b)

b∫
a

w(t) f (σ (t))Δt =
1

m(a,b)

b∫
a

m(t) f Δ (t)Δt (3.19)

and

G− 1
m(a,b)

b∫
a

w(t)g(σ (t))Δt =
1

m(a,b)

b∫
a

m(t)gΔ (t)Δt (3.20)
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where

F = m

(
a,

5a+b
6

)
f (a)+m

(
5a+b

6
,
a+5b

6

)
f

(
a+b

2

)
+m

(
a+5b

6
,b

)
f (b),

G = m

(
a,

5a+b
6

)
g(a)+m

(
5a+b

6
,
a+5b

6

)
g

(
a+b

2

)
+m

(
a+5b

6
,b

)
g(b)

and

m(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t∫
5a+b

6

w(τ)Δτ, a � t � a+b
2

t∫
a+5b

6

w(τ)Δτ, a+b
2 < t � b.

(3.21)

We also have

b∫
a

|m(t)|Δt =

a+b
2∫

a

∣∣∣∣∣∣∣
t∫

5a+b
6

w(τ)Δτ

∣∣∣∣∣∣∣Δt +
b∫

a+b
2

∣∣∣∣∣∣∣
t∫

a+5b
6

w(τ)Δτ

∣∣∣∣∣∣∣Δt

=

5a+b
6∫

a

⎛
⎜⎝

5a+b
6∫

t

w(τ)Δτ

⎞
⎟⎠Δt +

a+b
2∫

5a+b
6

⎛
⎜⎝

t∫
5a+b

6

w(τ)Δτ

⎞
⎟⎠Δt

+

a+5b
6∫

a+b
2

⎛
⎜⎝

a+5b
6∫

t

w(τ)Δτ

⎞
⎟⎠Δt +

b∫
a+5b

6

⎛
⎜⎝

t∫
a+5b

6

w(τ)Δτ

⎞
⎟⎠Δt

=

a+b
2∫

a

sgn

(
t − 5a+b

6

)
m

(
5a+b

6
,t

)
Δt +

b∫
a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

(3.22)

Now, multiplying both sides of (3.19) and (3.20), we obtain

FG− G
m(a,b)

b∫
a

w(t) f (σ (t))Δt− F
m(a,b)

b∫
a

w(t)g(σ (t))Δt

+

⎛
⎝ 1

m(a,b)

b∫
a

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ 1

m(a,b)

b∫
a

w(t)g(σ (t))Δt

⎞
⎠

=
1

m2(a,b)

⎛
⎝ b∫

a

m(t) f Δ (t)Δt

⎞
⎠
⎛
⎝ b∫

a

m(t)gΔ (t)Δt

⎞
⎠ (3.23)

taking absolute values and using (3.22), we get the inequality (3.17).
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Next, multiplying (3.19) by g(x) and (3.20) by f (x) , adding the resulting identi-
ties, we have

Fg(x)+Gf (x)− g(x)
m(a,b)

b∫
a

w(t) f (σ (t))Δt− f (x)
m(a,b)

b∫
a

w(t)g(σ (t))Δt

=
g(x)

m(a,b)

b∫
a

m(t) f Δ (t)Δt +
f (x)

m(a,b)

b∫
a

m(t)gΔ (t)Δt. (3.24)

Multiplying the final result with w(x)
m(a,b) , integrating over [a,b] and taking absolute val-

ues, we get∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) [Fg(t)+Gf (t)]Δt− 1
m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
m2(a,b)

b∫
a

w(x)

⎛
⎝|g(x)|

b∫
a

|m(t)|
∣∣∣ f Δ (t)

∣∣∣Δt + | f (x)|
b∫

a

|m(t)|
∣∣∣gΔ (t)

∣∣∣Δt

⎞
⎠Δx

� 1
m2(a,b)

b∫
a

w(x)(|g(x)|M + | f (x)|N)

⎛
⎝ b∫

a

|m(t)|Δt

⎞
⎠Δx

� 1
m2(a,b)

b∫
a

w(x)(|g(x)|M+ | f (x)|N)

⎛
⎜⎝

a+b
2∫

a

sgn

(
t−5a+b

6

)
m

(
5a+b

6
,t

)
Δt

⎛
⎜⎝+

b∫
a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

⎞
⎟⎠Δx

⎞
⎟⎠ (3.25)

Thus, we obtain the inequality (3.18). �

COROLLARY 3.4. In the case T = R in Theorem 3.2, we have∣∣∣∣∣∣FG− G
m(a,b)

b∫
a

w(t) f (t)dt− F
m(a,b)

b∫
a

w(t)g(t)dt

+

⎛
⎝ 1

m(a,b)

b∫
a

w(t) f (t)dt

⎞
⎠
⎛
⎝ 1

m(a,b)

b∫
a

w(t)g(t)dt

⎞
⎠
∣∣∣∣∣∣
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� MN
m3(a,b)

⎛
⎜⎝

a+b
2∫

a

sgn

(
t− 5a+b

6

)
m

(
5a+b

6
,t

)
dt+

b∫
a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
dt

⎞
⎟⎠

2

(3.26)

and ∣∣∣∣∣∣
F

m(a,b)

b∫
a

w(t)g(t)dt +
G

m(a,b)

b∫
a

w(t) f (t)dt

− 2
m(a,b)

⎛
⎝ b∫

a

w(t)g(t)dt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (t)dt

⎞
⎠
∣∣∣∣∣∣

� 1
m2(a,b)

b∫
a

w(x)(|g(x)|M + | f (x)|N)

⎛
⎜⎝

a+b
2∫

a

sgn

(
t − 5a+b

6

)
m

(
5a+b

6
,t

)
dt

+
b∫

a+b
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
dt

⎞
⎟⎠dx (3.27)

where M = sup
a<t<b

| f ′(t)| < ∞ and N = sup
a<t<b

|g′(t)| < ∞.

F = m

(
a,

5a+b
6

)
f (a)+m

(
5a+b

6
,
a+5b

6

)
f

(
a+b

2

)
+m

(
a+5b

6
,b

)
f (b),

G = m

(
a,

5a+b
6

)
g(a)+m

(
5a+b

6
,
a+5b

6

)
g

(
a+b

2

)
+m

(
a+5b

6
,b

)
g(b).

This inequality can be found in [21] as Theorem 2.

COROLLARY 3.5. In the case T = Z in Theorem 3.2, we have

∣∣∣∣∣FG− G
m(a,b)

b−1

∑
t=a

w(t) f (t +1)− F
m(a,b)

b−1

∑
t=a

w(t)g(t +1)

+

(
1

m(a,b)

b−1

∑
t=a

w(t) f (t +1)

)(
1

m(a,b)

b−1

∑
t=a

w(t)g(t +1)

)∣∣∣∣∣
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� MN
m3(a,b)

⎛
⎝ a+b

2 −1

∑
t=a

sgn

(
t − 5a+b

6

)
m

(
5a+b

6
,t

)

+
b−1

∑
t= a+b

2 −1

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)⎞⎠
2

(3.28)

and

∣∣∣∣∣ F
m(a,b)

b−1

∑
t=a

w(t)g(t)+
G

m(a,b)

b−1

∑
t=a

w(t) f (t)

− 1
m(a,b)

(
b−1

∑
t=a

w(t)g(t)

)(
b−1

∑
t=a

w(t) f (t +1)

)

− 1
m(a,b)

(
b−1

∑
t=a

w(t) f (t)

)(
b−1

∑
t=a

w(t)g(t +1)

)∣∣∣∣∣
� 1

m2(a,b)

b−1

∑
x=a

w(x)(|g(x)|M+ | f (x)|N)

⎛
⎝ a+b

2 −1

∑
t=a

sgn

(
t−5a+b

6

)
m

(
5a+b

6
,t

)

+
b−1

∑
t= a+b

2

sgn

(
t − a+5b

6

)
m

(
a+5b

6
,t

)⎞⎠ (3.29)

where M = sup
a<t<b−1

|Δ f (t)| < ∞ and N = sup
a<t<b−1

|Δg(t)| < ∞.

F = m

(
a,

5a+b
6

)
f (a)+m

(
5a+b

6
,
a+5b

6

)
f

(
a+b

2

)
+m

(
a+5b

6
,b

)
f (b),

G = m

(
a,

5a+b
6

)
g(a)+m

(
5a+b

6
,
a+5b

6

)
g

(
a+b

2

)
+m

(
a+5b

6
,b

)
g(b).

COROLLARY 3.6. In the case T = qZ ∪{0} (q > 1) in Theorem 3.2, we have

∣∣∣∣∣∣FG− G
m(a,b)

qn∫
qm

w(t) f (σ (t))Δt− F
m(a,b)

qn∫
qm

w(t)g(σ (t))Δt

+

⎛
⎝ 1

m(a,b)

qn∫
qm

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ 1

m(a,b)

qn∫
qm

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣
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� MN
2m3(a,b)

⎛
⎜⎝

qm+qn

2∫
qm

sgn

(
t− 5a+b

6

)
m

(
5a+b

6
,t

)
Δt

+
qn∫

qm+qn
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

⎞
⎟⎠

2

(3.30)

and ∣∣∣∣∣∣
F

m(a,b)

qn∫
qm

w(t)g(t)Δt +
G

m(a,b)

qn∫
qm

w(t) f (t)Δt

− 1
m(a,b)

⎛
⎝ qn∫

qm

w(t)g(t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t) f (σ (t))Δt

⎞
⎠

− 1
m(a,b)

⎛
⎝ qn∫

qm

w(t) f (t)Δt

⎞
⎠
⎛
⎝ qn∫

qm

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
m2(a,b)

qn∫
qm

w(x)(|g(x)|M + | f (x)|N)

⎛
⎜⎝

qm+qn

2∫
qm

sgn

(
t − 5a+b

6

)
m

(
5a+b

6
, t

)
Δt

+
qn∫

qm+qn
2

sgn

(
t− a+5b

6

)
m

(
a+5b

6
,t

)
Δt

⎞
⎟⎠Δx (3.31)

where M = sup
qm<t<qn

∣∣∣∣ f (qk+1)− f(qk)
(q−1)qk

∣∣∣∣< ∞ and N = sup
qm<t<qn

∣∣∣∣ g(qk+1)−g(qk)
(q−1)qk

∣∣∣∣< ∞.

F = m

(
qm,

5qm +qn

6

)
f (qm)+m

(
5qm +qn

6
,
qm +5qn

6

)
f

(
qm +qn

2

)

+m

(
qm +5qn

6
,qn

)
f (qn),

G = m

(
qm,

5qm +qn

6

)
g(qm)+m

(
5qm +qn

6
,
qm +5qn

6

)
g

(
qm +qn

2

)

+m

(
qm +5qn

6
,qn

)
g(qn).

THEOREM 3.3. Let T be a time scale and a,b ∈ T a < b and w : [a,b] → [0,∞)
be non-negative and integrable. If f ,g ∈C1

rd ([a,b] ,R) such that f�,g� ∈ Lp ([a,b]) ,
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then for all t ∈ [a,b] , we have

∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠

− 1
m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

+
1

m2(a,b)

⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

�
∥∥ f Δ

∥∥
p

∥∥gΔ
∥∥

p

m3(a,b)

b∫
a

w(x)

⎛
⎝ x∫

a

mq (a,t)�t +
b∫

x

mq (t,b)�t

⎞
⎠

2
q

Δx (3.32)

and ∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

b∫
a

w(x)
[
|g(x)|

∥∥∥ f Δ
∥∥∥

p
+ | f (x)|

∥∥∥gΔ
∥∥∥

p

]

×
⎛
⎝ x∫

a

mq (a, t)�t +
b∫

x

mq (t,b)�t

⎞
⎠

1
q

Δx (3.33)

where
∥∥ f Δ∥∥

p =
(

b∫
a

∣∣ f�(t)
∣∣p Δt

) 1
p

< ∞ and
∥∥gΔ∥∥

p =
(

b∫
a

∣∣g�(t)
∣∣p Δt

) 1
p

< ∞.

Proof. Using (3.5), we obtain

⎛
⎝ b∫

a

|pw (x, t)|q�t

⎞
⎠

1
q

=

⎛
⎝ x∫

a

∣∣∣∣∣∣
t∫

a

w(u)�u

∣∣∣∣∣∣
q

�t +
b∫

x

∣∣∣∣∣∣
t∫

b

w(u)�u

∣∣∣∣∣∣
q

�t

⎞
⎠

1
q

=

⎛
⎝ x∫

a

⎛
⎝ t∫

a

w(u)�u

⎞
⎠

q

�t +
b∫

x

⎛
⎝ b∫

t

w(u)�u

⎞
⎠

q

�t

⎞
⎠

1
q
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=

⎛
⎝ x∫

a

mq (a,t)�t +
b∫

x

mq (t,b)�t

⎞
⎠

1
q

. (3.34)

From (3.7), we have

f (x)g(x)− f (x)
m(a,b)

b∫
a

w(t)g(σ (t))Δt− g(x)
m(a,b)

b∫
a

w(t) f (σ (t))Δt

+
1

m2(a,b)

⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠

=
1

m2(a,b)

⎛
⎝ b∫

a

Pw (x,t) f Δ (t)Δt

⎞
⎠
⎛
⎝ b∫

a

Pw (x,t)gΔ (t)Δt

⎞
⎠ (3.35)

Multiplying with w(x)
m(a,b) , integrating over [a,b] and taking absolute values and using

Hölder’s inequality on time scales, we have∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠

− 1
m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

+
1

m2(a,b)

⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
m3(a,b)

b∫
a

w(x)

⎛
⎝ b∫

a

|Pw (x,t)|
∣∣∣ f Δ (t)

∣∣∣Δt

⎞
⎠
⎛
⎝ b∫

a

|Pw (x,t)|
∣∣∣gΔ (t)

∣∣∣Δt

⎞
⎠Δx

�
∥∥ f Δ∥∥

p

∥∥gΔ∥∥
p

m3(a,b)

b∫
a

w(x)

⎛
⎝ b∫

a

|pw (x,t)|q�t

⎞
⎠

2
q

Δx (3.36)

From (3.36) and (3.34), we get the desired inequality (3.32).
From (3.9), we have

1
m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
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=
1

2m2(a,b)

b∫
a

w(x)

⎡
⎣g(x)

⎛
⎝ b∫

a

Pw (x,t) f Δ (t)Δt

⎞
⎠+ f (x)

⎛
⎝ b∫

a

Pw (x,t)gΔ (t)Δt

⎞
⎠
⎤
⎦Δx

(3.37)

taking absolute values and using Hölder’s inequality on time scales, we get∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (σ (t))Δt

⎞
⎠

− 1
2m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)Δt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(σ (t))Δt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

b∫
a

w(x)

⎡
⎣|g(x)|

⎛
⎝ b∫

a

P |w (x,t)|
∣∣∣ f Δ (t)

∣∣∣Δt

⎞
⎠

+ | f (x)|
⎛
⎝ b∫

a

|Pw (x,t)|
∣∣∣gΔ (t)

∣∣∣Δt

⎞
⎠
⎤
⎦Δx

� 1
2m2(a,b)

b∫
a

⎡
⎢⎣w(x) |g(x)|

∥∥∥ f Δ
∥∥∥

p

⎛
⎝ b∫

a

|pw (x,t)|q�t

⎞
⎠

1
q

+w(x) | f (x)|
∥∥∥gΔ

∥∥∥
p

⎛
⎝ b∫

a

|pw (x,t)|q�t

⎞
⎠

1
q
⎤
⎥⎦Δx

� 1
2m2(a,b)

b∫
a

w(x)
[
|g(x)|

∥∥∥ f Δ
∥∥∥

p
+ | f (x)|

∥∥∥gΔ
∥∥∥

p
| f (x)|

]

×
⎛
⎝ x∫

a

mq (a, t)�t +
b∫

x

mq (t,b)�t

⎞
⎠

1
q

Δx

Consequently, we get the inequality (3.33). �

COROLLARY 3.7. In the case T = R in Theorem 3.3, we have∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)dt− 1
m2(a,b)

⎛
⎝ b∫

a

w(t) f (t)dt

⎞
⎠
⎛
⎝ b∫

a

w(t)g(t)dt

⎞
⎠
∣∣∣∣∣∣

�
‖ f ′‖p ‖g′‖p

m3(a,b)

b∫
a

w(x)

⎛
⎝ x∫

a

mq (a,t)dt +
b∫

x

mq (t,b)dt

⎞
⎠

2
q

dx (3.38)
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and∣∣∣∣∣∣
1

m(a,b)

b∫
a

w(t) f (t)g(t)dt− 1
m2(a,b)

⎛
⎝ b∫

a

w(t)g(t)dt

⎞
⎠
⎛
⎝ b∫

a

w(t) f (t)dt

⎞
⎠
∣∣∣∣∣∣

� 1
2m2(a,b)

b∫
a

w(x)
[
|g(x)|∥∥ f ′

∥∥
p + | f (x)|∥∥g′∥∥p

]⎛⎝ x∫
a

mq (a, t)dt +
b∫

x

mq (t,b)dt

⎞
⎠

1
q

dx

(3.39)

where ‖ f ′‖p =
(

b∫
a
| f ′(t)|p dt

) 1
p

< ∞ and ‖g′‖p =
(

b∫
a
|g′(t)|p dt

) 1
p

< ∞. This inequal-

ity can be found in [2] as Theorem 3.

COROLLARY 3.8. In the case T = Z in Theorem 3.3, we have∣∣∣∣∣ 1
m(a,b)

b−1

∑
t=a

w(t) f (t)g(t)− 1
m2(a,b)

(
b−1

∑
t=a

w(t) f (t)

)(
b−1

∑
t=a

w(t)g(t +1)

)

− 1
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(
b−1

∑
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w(t)g(t)

)(
b−1

∑
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w(t) f (t +1)

)

+
1
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(
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∑
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w(t) f (t +1)

)(
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∑
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)∣∣∣∣∣
�
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∑
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(
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∑
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∑
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) 2
q

(3.40)

and ∣∣∣∣∣ 1
m(a,b)
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∑
t=a

w(t) f (t)g(t)− 1
2m2(a,b)

(
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∑
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)(
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∑
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(
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w(t) f (t)

)(
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∑
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)∣∣∣∣∣
� 1
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b−1

∑
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[
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](x−1

∑
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∑
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mq (t,b)

) 1
q

(3.41)

where ‖Δ f‖p =
(

b−1
∑

t=a
|� f (t)|p

) 1
p

< ∞ and ‖Δg‖p =
(

b−1
∑

t=a
|�g(t)|p

) 1
p

< ∞.
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COROLLARY 3.9. In the case T = qZ ∪{0} (q > 1) in Theorem 3.3, we have

∣∣∣∣∣∣
1

m(a,b)

qn∫
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w(t) f (t)g(t)Δt− 1
m2(a,b)

⎛
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⎛
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⎠
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⎞
⎠
⎛
⎝ qn∫

qm

w(t) f (σ (t))Δt

⎞
⎠
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⎞
⎠
⎛
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⎞
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⎞
⎠

2
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Δx (3.42)

and

∣∣∣∣∣∣
1

m(a,b)

qn∫
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w(t) f (t)g(t)Δt− 1
2m2(a,b)

⎛
⎝ qn∫
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⎞
⎠
⎛
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⎞
⎠
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⎛
⎝ qn∫
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⎞
⎠
⎛
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⎞
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qn∫
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[
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∥∥∥ f Δ
∥∥∥

p
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∥∥∥gΔ
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p

]

×
⎛
⎝ x∫
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mq (a, t)�t +
qn∫
x

mq (t,b)�t

⎞
⎠

1
q

Δx. (3.43)

THEOREM 3.4. Let T be a time scale and a,b ∈ T a < b and w : [a,b] → [0,∞)
be non-negative and integrable. If f ,g ∈C1

rd ([a,b] ,R) such that f�,g� ∈ Lp ([a,b]) ,
then for all t ∈ [a,b] , we have

∣∣∣∣∣∣FG− G
m(a,b)

b∫
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w(t) f (σ (t))Δt− F
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⎛
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⎞
⎠
⎛
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⎞
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�
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⎜⎝
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and∣∣∣∣∣∣
1
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b∫
a
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where
∥∥ f Δ∥∥
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Proof. Using (3.21), we get
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Using (3.23), we have
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taking absolute values and using Hölder’s inequality on time scales, we get∣∣∣∣∣∣FG− G
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which completes the proof of inequality (3.44).
Using (3.24), we have
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Multiplying with w(x)
m(a,b) and integrating over [a,b] and taking absolute values and using

Hölder’s inequality on time scales, we obtain
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�

COROLLARY 3.10. In the case T = R in Theorem 3.4, we have
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ity can be found in [2] as Theorem 4.
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COROLLARY 3.12. In the case T = qZ ∪{0} (q > 1) in Theorem 3.4, we have
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where
∥∥ f�

∥∥
p =

(
qn∫
qm

∣∣ f�(t)
∣∣p Δt

) 1
p

< ∞ and
∥∥g�∥∥p =

(
qn∫
qm

∣∣g�(t)
∣∣p Δt

) 1
p

< ∞,

F = m

(
qm,

5qm +qn

6

)
f (qm)+m

(
5qm +qn

6
,
qm +5qn

6

)
f

(
qm +qn

2

)

+m

(
qm +5qn

6
,qn

)
f (qn),

G = m

(
qm,

5qm +qn

6

)
g(qm)+m

(
5qm +qn

6
,
qm +5qn

6

)
g

(
qm +qn

2

)

+m

(
qm +5qn

6
,qn

)
g(qn).
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[14] W. J. LIU, Q.-A. NGÔ, An Ostrowski-Grüss type inequality on time scales, Comput. Math. Appl., 58
(2009), 1207–1210.
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