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ON GENERALIZATIONS OF A TRIGONOMETRIC INEQUALITY

WENTAO CHENG, LINGJU CHEN AND XIAOMING ZENG

(Communicated by J. Pecari¢)

Abstract. This paper generalizes a trigonometric inequality to sine integral and double trigono-
metric series satisfying MVBVF(IRR . ) condition and MVBVDS condition.

1. Introduction

Let {a,};_, be a non-negative sequence, and write

Y apsinnx, x€[-m,m) (1)

n=1

as a sine series. In [1], Chaundry and Jolliffe proved the following theorem

THEOREM 1. If {a,};; | C Ry isdecreasing, then series (1) converges uniformly
in x if and only if
na, — 0, as n— oo, 2)

The monotonicity condition in Theorem 1 was relaxed by a number of authors to
QM (quasi-monotone) condition, RBV (rest bounded variation) condition, GBV (group
bounded variation) condition and NBV (non-onesided bounded variation) condition.
Finally, to MVBV (mean value bounded variation, [12]) condition (see [l 1] for more
details).

DEFINITION 1. A non-negative sequence A= {a,};_, is said to be a mean value
bounded variation sequence, in symbol: A € MVBVS, if there exist constants K :=
K(A) and A > 2, depending only upon the sequence A, such that

2n K An
YlAal<= Y (3)
k=n " k=[A 1]

hold for all n=1,2,---, where [-] means the integer part and Aay := a — apy1, k =

1,2,---.
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Theorem | was generlized under MVBYV condition in [12]:

THEOREM 2. If {a,};_, belongs to the class MVBVS, then series (1) converges
uniformly in x € [—x, ) if and only if condition (2) is satisfied.

Meantime, they proved this condition is the weakest one to generalize monotonic-
ity and cannot be weakened further in uniform convergence for sine series:

THEOREM 3. Let {M,};_, be a given non-negative increasing sequence tending
to infinity. Then there exists a sine series of the form (1) satisfying (2) such that for any
given A > 2,

2n

Y |Aay]
lim ’”"T =0, 4)
n—soo %

n ak
k=[A"1n]

however, the series is not uniformly convergent.

In [6], F. Méricz simulated and studied the Theorem 1 about sine integral
/ Sf(x)sinzxdx, 5)
0

where f: R :=[0,00) — C is a measurable function with the property xf(x) € L. .(R)
(If for each a € Ry, [§'|f(x)|dx < o, we say that f(x) € LL .(Ry)). F. Mdricz gave
the definition of MVBVF(R. ) as follows:

DEFINITION 2. A function: f: R, — C is said to be of mean value bounded
variation, in symbols: f e MVBVEF(R, ), if f is absolutely continuous on every inter-
val [a,b], where 0 < a < b < oo (shortly: f is locally absolutely continuous on R );
and if there exist constants K; and A > 2, depending only of f, such that for all large
enough a € R

2a , K Aa
[ @i [T pwas ©
Meantime, he generalized Theorem 2 about sine integral under MVBVF(RR ) as fol-
lows:

THEOREM 4. Assume f € MVBVF(R_.) with property xf(x) € LL (R,).
(i) If f:Ry — C and condition

xf(x) =0 as x— oo @)
is satisfied, then integral (5) converges uniformly in t.

(ii) Conversely, if f: Ry — Ry and integral (5) converges uniformly in t, then
condition (7) is satisfied.
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Let {ckl};‘:lz | be a double sequence of complex numbers (in symbols: ¢y C C),

consider the double sine series

||Ms

¢ Sinkxsinly.

We use the standard notations for the difference operators:

AroCy = Cr — Crg1 s
Aricr 1 = Aot (Arocu) =

Ao1Chy := Cri — Ch 41,
Aro(Aorcrr)

=CK — Ckr10— Chkit1+Chr1at1, kI=1,2,--

®)

Recalling that a double sequence ¢y C C is said to be monotonically decreasing

if
cu =0,
forall k,/ =1,2,--

then we have

Aocy 20, Apicy 20, Aney 20
-. It is clear that if

cy—0 as k+1— oo,

A1oCnm = Z Aricns  Dorcnm = Z A11Chm,

oo

k=n

CanEZAIICkl, n,mzl’z’.,..

k=

©))

(10)

The two-dimensional extension of the Theorem (1) was proved in [9] as follows:

THEOREM 5. If {ckl};‘:lzl C Ry is a monotonically decreasing double sequence,
then regular convergence of double sine series (8) is uniform in (x,y) if and only if

klcyy — 0 as k+1— oo.

(11)

In [3], P. K6rus and F. Méricz relaxed the monotonicity condition in Theorem 5
and introduced the class MVBVDS as follows:

DEFINITION 3. A double sequence {ci } C C is said to belong to the class MVB-
VDS (mean value bounded variation double sequences) if there exist constants K, and
A > 2 both depending only on {cy} such that

2n—1

Y |Avockn| < =

k=n

2m—1

2 ‘A010n1| <

l=m

2n—12m—1

> Y lAncul <

k=n [=m

(An]
> lewml, nzA m=12--,

k=[A~1n]

(Am]
> lewl, m=A,n=12,-,

I=[A ]

Al [Am]

2 X [l nzdm> A

=[A~n]I=[A"1m]

12)

13)

(14)
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They proved

THEOREM 6. {cy} C C belongs to the class MVBVDS and satisfies condition
(11), then the regular convergence of the double sine series (8) is uniform in (x,y).

Conversely, if {cu} C Ry belongs to the class MVBVDS and the regular conver-
gence of (8) is uniform in (x,y), then condition (11) is satisfied.

Throughout the paper, K is used to denote a positive constant that may not be
necessarily the same at each occurrence. Sometimes, to avoid confusion, we also use
C,K>,K3,--- to denote different constants.

In consideration of Theorem | was generalized from trigonometric series to sine
integral and double trigonometric series, we generalize an important trigonometric in-
equality to integral inequality and double inequality. In section 2, we introduce the
trigonometric inequality and some related work and give our main result. In section 3,
we give the proof of our main result.

2. The trigonometric inequality

As known, one important tool in Fourier analysis is the following well-known
trigonometric inequality (see, e.g., [1 1])

2 sinkx
P

we apply the inequality to prove the L' convergence and Bernstein inequality etc.
In [7], Telyakovskii generalized the inequality and proved the following theorem:

<3V

sup
n=>1

THEOREM 7. Let {ny} be a subsequence of natural numbers satisfying 1 =n; <
ny <nz<---and

Y <=, (15)

where m = 1,2,---, A > 1 is a positive constant, then for any x we have

)
j=1

In [5], Leindler gave a generalized result and established the following theorem:

nip1—1 .
-’*2" sin kx

k=nj

THEOREM 8. Let a positive sequence C = {c,};_; € RBVS satisfy
ney < Kgyn=1,2,---, (16)
where Ky is a positive constant, suppose {ny} satisfies (15), then for any x, we have

2
j=1

nj+1—l
Y cisinkx

k=n;

<K(C)A.
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In [4], Le and Zhou established the above theorem under GBV condition. Finally, in [8],
Wang and Zhao derived the theorem under MVBYV condition and proved the condition
cannot be weakened further.

THEOREM 9. Let C = {c,};,_; € MVBVS be a positive sequence satisfying (3)
and (16). If {ny} satisfies (15), then for any x we have

nj+1—l
Y cisinkx

k:nj

<K(C)A.

>
j=1

THEOREM 10. Let M,, be an any given non-negative increasing sequence tending
to infinity. Then for any given A > 2, there exists a positive sequence C = {c,}7_,
satisfying

2n
Y A
lim —&=" =0,
= An
n Y @
k=[A~1]

however, the trigonometric inequality in Theorem 9 does not hold for some sequence
ny satisfying (15).

Now, we simulate the trigonometric inequality and give the following integral in-
equality.

LEMMA 1. sup
a>0

Jo “%dx’ <4, forally €[0,e).

Proof: We need only prove for y € (0,00).

Case i: O<y<£.
a4y sinx ay
<
0o X 0

0
/ smxydx’:
0o X
Caseii:y>£.
a qi ay qi
/smxydx':/ smxdx'<
0o X 0 X
ay 1
<1+/ —dcosx
1 X

Our first result generalizes Lemma 1. Namely, we obtain that the following theo-
rem is true.

sinx

X

sinx

X

dx < 1.

1
dxg/
0

Lsinx

ay o
+/ smxdx'
1 x
< 1+M+|cosl\+

ay

0 X

ay
/ —2dx’ <4. O
1 X

THEOREM 11. Assume a non-negative function f(x) € MVBVF(R,.), if

xf(x) < Ci, 7)
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holds for all x € (0,00), where C) is a positive constant depending on f. Meanwhile,
{ai}7, is a sequence satisfying ap = 0,a; =1 < ay < a3 < --- and there exists a
positive constant A depending on the sequence such that

o 1 A
Z_<_7 i:1727"'7 (18)
=idi  di
then for any y € [0,0)
> Ait1
I W sinxydx’ e (19)
i=0 1/ ai

where Cy is a positive constant depending on f only.

Our second result simulates Theorem 9 and proves the MVBVF(R_ ) condition
cannot be weakened further under f being a function of local bounded variation.

THEOREM 12. Let M(x) be a given non-negative increasing function tending to
infinity. Then for any given A > 2, there exists a positive local bounded variation

Sunction f(x) satisfying
S (@)lde

lim —2x DI (20)
x—e0 @ffﬁxf(t)dt

however, (19) in Theorem 11 does not hold for some sequence {a;} satisfying (18).

Our third result generalizes Theorem 9 to two-dimensional as follows:

THEOREM 13. Let C= {cym}
tive with

1 € MVBVDS be a non-negative double posi-

o
n,m=

nmcniﬂ<K7 n:17273m21727 (21)

where K is a positive constant, suppose {n;}, {m;} with the conditions

=1 A
Y=< —, k=12, A>1,
=k Tk
= 1 g (22)
Y —<—, 1=1.2,,B>1,
m; my

~.
Il
-

where {n;} and {m;} are subsequences of natural numbers satisfying 1 =n; < ny <
ny<---, 1l=my <mp <mz <---, then for any x and y, we have

nipr—1mjp1—1

ii > Y cusinkxsinly| < K (C)AB. (23)

i=1j=1| k=n; I=m;
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3. The proof of the main result

3.1. The proof of the Theorem 11

We need only prove for y € (0,o0). Select integer k such that ¥ := é (ag, agy1] -
had aj+1
2 ’ flx smxydx’ / | £ () sinxy| dx + smxydx’
+ Z / flx smxydx’
i=k+1
=L+hL+15.
By (17), we have
Y
il </ S(x)xydx < CyY < Cy.
0
Applying (6) and (17), we obtain
Aj+1
=Y / f(x)dcosxy
Y
SYf(agsr) +Yf(Y)+Y ’(x)cosxydx‘

< () +YAE)+Y []F )] ar
<2047y oy dx
X 1+ g()/2jY |f ()C)
A27y
<2C1+Y Z 21Y /

127y 1
<2C 4+ K\ Cy 2/

< (244K InA)Cy

12JY

jy x

When i > k+1,

ajt]

Sf(x)dcosxy

ajt]

fx) sinxydx‘ =Y

aj

<7 (@) s+ [ 17 wlar)

C
sY (ai 1+1+/ |f |dx>
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2C1 oo 2j+1ai
<Y< w3 [ @
a; j=0 2/a;

20, = K /AZIai
<Y : dx
( a +J-§()2~’ai 1*12/a,-f(X)

(244K In2)Cy

Then, by (18)

=3

Y AY
L= Y —(2+4KInA)C; < —(2+4KInA)C; < (244K In1)C|A.
i—k+1 4 k1

Combining the above estimates, we have proved the required inequality. [J

3.2. The proof of the Theorem 12

Without loss of generality, we can assume that M (x) > 10 when x € (0,1), there-
fore, M(x) > 10 when x € [1,e0). Set a; =1, ap =10, and aj| =2[\/M(4a;)|a;, j=
2,3,---. Let f(x) =1, when x € (0,40). For j >2 and k=1,2,---,2[\/M(4a;)] -1,

—— L x€[4ka;j,(4k+2)a)),
logM(y/4aj)x :
flx) = Y

77 x
8, /logM(\/évj)x

Defining accordingly a sine integral [;” f(x)sinxydx, we will show this integral is
exactly what required to prove Theorem 12. This construction implies that inequal-
ity (17) is satisfied for such a function f(x) and inequality (18) is also satisfied for
such a sequence {a;}. For any given x > 40, there exist a j > 2 and a k, k =
1,2,---,2[\/M(4a;)] — 1, such that 4ka; < x < 4(k+ 1)a;, then 8ka; < 2x < 8(k+
1)a;. Divide the argument into two cases.

Case 1: 1 <k <[y/M(4a;)] -1, then 2x < 8[\/M(4a;)|la; = 4aj . We check
that

S [(4k+ 2)aj,4(k+ 1)61]).

2x 8(k+1)a 2k+l (i+1)a
[ iroes | (0ldr = / (0ldr
X 4ka

J

2k+1 1 1 K

<y — - <=2
ZJZ VNogM(4a;) 4iaj ~ aj\/logM(4a;)
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At the same time,

2x 8ka; 2k=1 r4(i+1)a;
/X f(t)dt>A fr)de = 2/ F(r)dr

(k+1)a i=k+1 4161/
2k 1 /- (i+1)a; 1
8\/10gM 451] i= k-‘rl 4111]

8ka 1

(4k — 4)a;

8\/logM 4aj;) /k+1 t 8\/10gM(4aj)

> e
logM(4aj)

Thus, by noting that 4a; < 4ka; < x < 4(k+1)a;j, k < [\/M(4a;)| —

combining with the two above inequalities, we have

8kaj

365

1, forany A >2,

L@ [FI@ld _ Kx  Kaj/M(a) K
MO A p(yde MO 2y aMx) T aiM(x) M(x)

and the last quantity in the above inequalities obviously tends to zero as x — oo.

Case (2): [\/M(4a;)] < k < 2[\/M(4a;)] — 1. Then 2x < 16[\/M(4a;)]a; <

8a ;1. Similarly, we check for this case that

(1)]dr

2x , 8aj+1 , 4llj+1 , 8aj+1 ,
[irola< [ o= [ ol [
X 4ka_,- 4kllj 4llj+1
2[\/ 4(1! l+l 8“j+1
> / ol [ 7ol
i=k 4ia; 4aji1
2[\/M(4a;)]-1 1 1 1

< —_—
Z,’C V0ogM(4aj) 4ia; aji1+/logM(4aj1)

K 2[\/M(4a;)]-1 1 1

S —F— -t
aj/logM(4a;) i[\/%(Taj)] I aj\/logM(4a;)

K
<—F—.
aj/logM(4a;)
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On the other hand, by noting that § < 2(k+ 1)a; < 4[\/M(4aj)|a;, we achieve that

2x ( ) 8ka; ( ) ZkZ—‘l 4(i+1)a; ( )
ftdt;/ f(t)dr = / f(z)de
2 4[\/M(4aj)la; i=[\/M(@a)] dia;

1 2k—1 4(i+1)a;j 1
SN ) / i
og ( aj) i=| M(4aj)] 4ia;

1 2[\/M(4a;)] 1 K

Z — > :
8+/logM (4a;) e i+1 logM (4a;)

Therefore, for any A > 2, it follows that

LEf Wl JEISOld Kx o Kap/M(a) K
YO R fode T M pa T aMG) T aME) T /M)

Combining these two cases, in any circumstance, for any A > 2, we have proved

2X | ot
lim —M({; ‘j:(t)‘dt —0.
= L f(e)de

Choose yg = %,-’ we have for k =1,2,---,2[\/M(4a;)| — 1 that

(4k+2)a; (4k+2)a; X (4k+3)a; X
Xx) sinxyodx = X sin—dx}/ sin —dx
/ W S@snmde= [ ) sin T W) fsing
\/_ (4k+3 (4k+3 ajl
2 (4k+1)a; 2 logM (4a;) J(ak+4
> \/5 !
~ /logM(4a;) 8k+3’
On the other hand, for all y € (0,),
4(k+1)a; k+1)aj (k+1)a
sinxydx X /
/(41<+2)a_,- J) Y ’ (4k+2)a; fx)dx 8\/10gM 4a 4k+2)a x
1 2a; 1

<
8+/logM (4a;) (4k+2)a; S35 logM (4a;) 8k+3
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Therefore,
4ajry
/ f(x) sinxyodx‘
4a;
AVMUEaI=1 o ar2)a; 4(k+1)a;
= > ( / f(x) sin xyodx + Fx) sinxydx)
k=1 Aka; (4k+2)a;
AyM@aj)l=1 (ax42)a; (k+1)a
> ( / F(x) sinxyodx — ' / f(x) sinxyde
k=1 4kajj 4k+2)a
1 AVMEGITE KlogM(4a))
>

-y >
2\/logM (4aj) = 8k+3 logM (4a;)
logM(4a;) —
At the same time,

4“j+1

[ dx’ faes [ g K
smxyo ——
aji1 aji1 IOgM 4Cl aji1 IOgM(4aJ)

Similarly,

— 0.

da;

f(x) sinxyodx' —0.

aj

That is to say

aj+1
f(x) sinxyodx' — oo(as j — oo).
aj
Thus
sup ) (x) sinxydx’ 2 Xx) sinxyodx’ — oo(as j — o).
¥€(0,%0) j=0

The conclusion of Theorem 11 cannot hold in this case. [
3.3. The proof of the Theorem 13
To prove the Theorem 13, we establish the following Lemma:

LEMMA 2. If {cym} satisfies the conditions of Theorem 13, then for all n < N,
m<M, (x,y) € (0,7]?, we have

N 2

6KK,m[1 +1n(2A K
chmsinkx < 27[1 +In(227)] = —4; 24)
= nmx nmx
M 2

6KK,m[1 +1n(2A K

Y cysinhy| < KL CA) K 5)
l=m nmy nmy
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36KKym?(1+In(24%))?  Ks
xynm " xynm’

N M
Z ch;sinkxsinly <
k=nl=m

(26)

Proof: Let Dy(x) := Z sinkx, we know |D,(x)| < Z, x € (0,7). Noticing that

nmcpy, < K implies that c,,m — 0, n— oo, we get

Cnm = 2 Arocim < Z ‘Alockm| .
k=n

Similarly,

Cnm < 2 \A100n1| .
l=m
By using Abel’s transformation, we see that
X)A10Ckm + NmDN (x) = CamDp—1(x)

sinkx| =

T [ 3T &
<3 (2 |A10Ckm| +CNm+Cnm> < ' | Arocion]
k= k=n

[A27n]

o 2itl,_q
3K27‘E 1
2 2 ‘Alockm| 22_ 2 Ckm
X 20 k—2in i=0 k=[A—12in]
_3KKy & 2 %"] I _ 6KK>(1+1n(24%))
nmx 5 OZ’k 12,]k\ nmx ’

Similarly,

2KK>7[1 +1n(242)]

M
2 cpsinly| <
nny

l=m

Applying double Abel’s transformation, (10), (27) and (28), we can obtain that

N M N-1M-1
Y Y cusinkxsinly| = | Y. Y Di(x)Dy(y)Arici + 2 Dy (x)Dum (y)Arockm
k=nl=m k=n l=m k=n
M-1
- Z Dy (x Y)A10¢im + Y, Dn(x)D;(y)Aorcn

[=m

27)

(28)



ON GENERALIZATIONS OF A TRIGONOMETRIC INEQUALITY 369

M—1
— > Du 1 (X)D1(y)A01 ¢t + Cumt D (x) Dt (9) = Cuma D1 (x) Dia ()

l=m
— CvmDn (X)Dmfl (y) + cumDp—1 (X)Dmfl (y)

o 20ty _12/% g

97t2 = & e
EZ‘AMCM 22 > Y |Ancul

=nl=m 10/0k2’ 1=2/m
97r2 - A2n]  [A20m]

2‘2‘2’n2m z 2 i

XY iZ0j=0 k=[A—12in] I=[A—12im]
- 36KKym*(1+1n(2A2))?
= xynm '

O

Now, we start to prove Theorem 13. Thecase x=0ory=0orx=m or y = n
are trivial. Let (x,y) € (0,7)?. Select n and m, p and g in turn such that S Sx<y
ny, <n<npii, # <y <L, myg<m<mgy. Thus ,we can write

nip—lmjyi—1
Z Crg Sinkxsinly

k=n; l:mj

n o om n mg1—1 o |mjr1—1
<Y Y Jewsinkxsinly|+ Y [sinkx|| Y cgsinly|+ Z |sinkx| Y | Y cusinly
k=1i=1 k=1 I=m+1 =1 j=q+1| 1=m;
m npp1—1 npp1—lmgp—1
+ Y Isinly[| Y cysinkx[+| Y. > cysinkxsinly
I=1 k=n+1 k=n+1 I=m+1
o |npr1i—lmjp—1 oo |npp1—l
+ X 1Y Y cusinkxsinly —|—Z|smly| Y | Y cusinkx
J=q+1 | k=n+1 I=m; i=p+1| k=n;
o |nip1—1mgp1—1 oo |nig1—1mjp1—1
+ Z Z Z cr Sinkxsinly| + Z Z Z Z Crg Sinkxsinly
i=p+1| k=n; l=m+1 i=p+lj=q+l| k=n; I=m;

=h+bLh+h+L++1o+1;+1g+ 1.

Since nmcy,, < K, we easily obtain

n
L<y

k=1

klcxy < Knxmy < Kr 2,

M=

—
Il

1
By (25), we get

nxKy

b < kx = < Ky
,Z'I k(m+1)y (m+1)y
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By (25) and (22), we get

z K. KB K4B
<Yk Y =<2 T kB,
k=1 j=q+1 kmjy ymgy1 Y(m + 1)
14 is the symmetric counterpart of /. Thus,
Iy < Kjy.
By (26), we get
I5s < K < ﬁ
x(n+1)y(m+1) =~ =2
By (26) and (22), we get
- K: KsB KsB KsB
I < 2 5 5 5 5

S < <=2
o Dmy = x(nt Dymger — x(n+ Dy(m+ 1)~ 72
I7 is the symmetric counterpart of /3. Thus
I < K4A.

I3 is the symmetric counterpart of Ig. Thus

KsA

Iy < —2.
71'2

N

By (26) and (22), we get

> = Ks KsAB KsAB KsAB
I, < Y < < <=
i1 e Y XN YMg x(n+1)y(m+1) T

Combining the above estimates I} —Io, we have proved the required inequality. U
REMARK 1. Recently, Feng and Zhou proved the following Theorem in [2]:

THEOREM 14. Let a real sequence {a,} € MVBVS. Then, for all n and x €
[0,7],
2 agsinkx = O(1)
k=1
holds if and only if

na, = O(1).

In [10], Zhao generalized Theorem 14 and established the following theorem:
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THEOREM 15. Assume a non-negative function f € MVBVF(R.), then for any
a>A, t€0,),

/ " ) sinxtdx‘ —o(1) (29)

holds if and only if
x| f(x)] = O(1). (30)

That is to say, Theorem 15 emphasizes (29) and (30) is an equivalence relation
under f(x) e MVBVF (R, ). However, our result emphasizes MVBV condition cannot
be weakened further to ensure (19) holds. Moreover, our result is different from The-
orem 15 on two aspects: First, xf(x) = O(1) is a condition in our paper rather than
a condition in Theorem 15. Second, our inequality (19) is different from (29), which
means our object is different. Thus, on the basis of two papers’ conclusions, we give an
open question:

THEOREM 16. Assume anon-negative f(x) € MVBVF(R ) the sequence {a;}7
satisfies ap=0,a; =1 <ap < a3 < --- and there exists a positive constant A depending
on the sequence such that

=1 A
2 — < ) 1= 1,2, I
j:iaj a;
then for all y € [0,c0),
° ajy1
S f(x)sinxydx':O(l)
i=0|/ai
holds if and only if
xf(x) =0(1)
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