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PARAMETRIC MARCINKIEWICZ INTEGRALS ON
THE WEIGHTED HARDY AND WEAK HARDY SPACES

HuaA WANG

(Communicated by S. Li)

Abstract. Let 0 < p <n and ug be the parametric Marcinkiewicz integral. In this paper, by
using the atomic decomposition theory of weighted Hardy and weak Hardy spaces, we will
obtain the boundedness properties of ugpl on these spaces, under the Lipschitz condition imposed
on the kernel Q.

1. Introduction

Suppose that §"~! is the unit sphere in R” (n > 2) equipped with the normal-
ized Lebesgue measure do. Let Q be a homogeneous function of degree zero on R”
satisfying Q € L'($""!) and

» Q(x)do(x)
S)'l

0, (1.1)

where x' = x/|x| for any x # 0. For 0 < p < n, in 1960, Hérmander [16] defined the
parametric Marcinkiewicz integral operator /,Lg’-’2 of higher dimension as follows.

- d 1/2
%mw=@ﬂ%MW@%), (1.2)
where o )
FP (x) = 2V ey dy. 13
Q,t(x) /“x7y|<[ ‘x_y‘n,pf(y) Y ( )

When p = 1, we shall denote /.1(12 simply by uq . This operator Lo was first introduced
by Stein in [30]. He proved that if Q € Lipy(S"~') (0 < o < 1), then pgq is the
operator of strong type (p,p) for 1 < p <2 and of weak type (1,1). Here, we say that
Q € Lipy (S"1) if

QW) Q)| <Cl —y|%, ¥y es . (1.4)
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In [2], Benedek, Calder6én and Panzone showed that if  is continuously differentiable
on §"~1, then pg is of strong type (p,p) forall 1 < p < eo. In 1990, Torchinsky and
Wang [34] considered the weighted case and proved that if Q € Lipa(S”_l), O<o<l,
then for all 1 < p <o and w € A, (Muckenhoupt weight class), ugq is bounded on
LL(R™). On the other hand, in 1960, Hérmander [16] showed that if Q € Lipq (S"!)
(0< < 1),thenfor 0 < p <n, ,ug is of strong type (p,p) forall 1 < p <eo. Itis
well known that the Littlewood—Paley g-function is a very important tool in harmonic
analysis and the parametric Marcinkiewicz integral is essentially a Littlewood—Paley
g-function. Therefore, many authors have been interested in studying the bounded-
ness properties of ,us’-)2 on various function spaces, one can see [1, 9, 11, 27] and the
references therein for further details.

In [28], Sato established the following weighted L? boundedness of ;,LS‘?2 for all
0 < p <n (see also [29]).

THEOREM A. Let 0<p <n and Q € L*(S" ). If w€ Ay, 1 < p < oo, then
there exists a constant C > 0 independent of f such that

16N lp < CIIfllp-

The main purpose of this paper is to discuss the boundedness properties of para-
metric Marcinkiewicz integrals /,Lg’-’2 (0 < p < n)onthe weighted Hardy and weak Hardy
spaces (see Section 2 for the definitions). We now present our main results as follows.

THEOREM 1.1. Let 0<p <n, 0< o<1, Q€ Lipg(S"') and p=min{o,1/2}.
Ifn/(n+B)<p<landweA , then there exists a constant C > 0 independent

of f such that

p(1+8)

& ()]

73 < CHfHH{j'

THEOREM 1.2. Let 0<p <n, 0< o<1, Q€ Lipg(S"') and f=min{o,1/2}.
If p=n/(n+B) and w € Ay, then there exists a constant C > 0 independent of f such
that

THEOREM 1.3. Let 0<p <n, 0< o<1, Q€ Lipg(S" ') and B =min{o,1/2}.
Ifn/(n+B)<p<landweA , then there exists a constant C > 0 independent

of f such that

p(1+2)

||M5(f)||WLg, <[ fllwae-

2. Notations and preliminaries

Let us first recall some standard definitions and notations of A, weights. The clas-
sical A, weight theory was first introduced by Muckenhoupt in the study of weighted
L? boundedness of Hardy-Littlewood maximal functions in [25]. Let w be a nonneg-
ative, locally integrable function defined on R”"; all cubes are assumed to have their
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sides parallel to the coordinate axes. For 1 < p < oo, a weight function w is said to
belong to A, if there is a constant C > 0 such that for every cube Q CR",

p—1
(é' / w(x)dx> (é / W(x)l/(pl)dx> <c, 2.1)

where |Q| denotes the Lebesgue measure of Q. For the case p =1, w € Ay, if there is
a constant C > 0 such that for every cube Q C R",

ﬁ/gw(x)dx < C~e§s€ianw(x). (2.2)

A weight function w € A., if it satisfies the A, condition for some 1 < p < eo. Itis well
known thatif w € A, with 1 < p <o, then w € A, forall r > p, and w € A, for some
1 < g < p. We thus write ¢, = inf{g > 1:w € A;} to denote the critical index of w.
Given a cube Q and A > 0, AQ stands for the cube with the same center as Q whose
side length is A times that of Q. Q = Q(xo,r) denotes the cube centered at xy with
side length r. For a weight function w and a measurable set E, we set the weighted
measure of E by w(E), where w(E) = [ w(x)dx.
We state the following results that will be used later on.

LEMMA 2.1. ([15]) Let we A, with g > 1. Then, for any cube Q, there exists an
absolute constant C > 0 such that

w(20) < Cw(Q).
In general, for any A > 1, we have
w(A0) < C-A"w(Q),

where C does not depend on Q or A.

LEMMA 2.2. ([15]) Let w € A, with g > 1. Then, for all ¥ > 0, there exists a
constant C > 0 independent of r such that

/I wix) dx < C-r"w(Q(0,2r)).

x> [x[™
LEMMA 2.3. ([15]) Let w€ A, with g > 1. Then there exists an absolute constant
C > 0 such that ;
c-(8)" < 2
[¢ w(Q)
for any measurable subset E of a cube Q.

Given a weight function w on R", for 0 < p < e, we denote by L} (R") the
weighted space of all functions f satisfying

1/p
Il = ( [, Irwrwear) <o 03
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When p = oo, L (R") will be taken to mean L=(R"), and we set

1f Iz = If 1= = ess sup [ f(x)] < oo (2.4)

xeR”

We also let WL(R") denote the weighted weak LP space of all those measurable
functions f which satisfy

1f iy = iu%x w({x e R |f(x)] > A1) P < oo, (2.5)
>

We write .#(R") to denote the Schwartz space of all rapidly decreasing infinitely
differentiable functions and ./(R") to denote the space of all tempered distributions,
i.e., the topological dual of .(R"). As we know, for any 0 < p < 1, the weighted
Hardy spaces Hi,(R") can be defined in terms of maximal functions. Let ¢ be a func-
tion in .’ (R") satisfying [p. @(x)dx = 1. Set

o (x)=t"p(x/t), t>0,xeR"
We will define the radial maximal function M, f(x) by

My f(x) = fggl((pt * f)(x)].

Then the weighted Hardy space Hi,(R") consists of those tempered distributions f €
' (R") for which My f € Li,(R") with || f||z» = [[Myf||;r . The real-variable theory
of weighted Hardy spaces has been extensively investigated by many authors. For ex-
ample, Garcia-Cuerva [ 14] studied the atomic decomposition and the dual spaces of H})
for 0 < p < 1. The molecular characterization of HY for 0 < p < 1 was given by Lee
and Lin [18]. For more information about the continuity properties of some operators
on weighted Hardy spaces, the reader is referred to [3, 4, 17, 19, 20, 21].

In this article, we will use Garcia-Cuerva’s atomic decomposition theory for weigh-
ted Hardy spaces in [ 14, 32]. We characterize weighted Hardy spaces in terms of atoms
in the following way.

Let 0 < p<1<g<o and p # g such that w € A, with critical index ¢,,. Set
[ - ] the greatest integer function. For s € Z satisfying s > N = [n(gy/p — 1)), areal-
valued function a(x) is called a (p,q,s)-atom centered at xo, with respect to w (or a
w-(p,q,s)-atom centered at x ) if the following conditions are satisfied:

(a) a € L},(R") and is supported in a cube Q centered at x;

(b) [lallg < w(Q)"/e=1/7;

(€) Jpna(x)x*dx = 0 for every multi-index o with |of| <'s.

THEOREM 2.4. Let 0 < p <1< g < o and p # q suchthat w € A, with critical
index qy,. For each f € HY(R"), there exist a sequence {a;} of w-(p,q,s)-atoms and
a sequence { A; } of real numbers with 3,; |A;|? < C||f||?, such that f =3 ;2;a; both

in the sense of distributions and in the HE norm.
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Let us now turn to the weighted weak Hardy spaces, which are good substitutes for
the weighted Hardy spaces in the study of the boundedness of some operators. The (un-
weighted) weak H? spaces have first appeared in the work of Fefferman, Riviere and
Sagher [12], which are the intermediate spaces between two Hardy spaces through the
real method of interpolation. The atomic decomposition characterization of weak H'
space on R" was given by Fefferman and Soria in [13]. Later, Liu [22] established the
weak H? spaces on homogeneous groups for the whole range 0 < p < 1. The corre-
sponding results related to R” can be found in [24]. For the boundedness properties of
some operators on weak Hardy spaces, we refer the readers to [5, 6, 7, 8, 9, 10, 23, 33].
In 2000, Quek and Yang [26] introduced the weighted weak Hardy spaces W H})(R")
and established their atomic decompositions. Moreover, by using the atomic decom-
position theory of WHJ (R"), Quek and Yang [26] also obtained the boundedness of
Calder6n—Zygmund type operators on these weighted spaces.

Let w € Aw, 0 < p <1 and N = [n(gy/p — 1)]. Define

G = {(p €SR"):sup sup (L+[x)V"HD%(x)| < 1},
XER" |or| <N+1

where a = (oy,...,a,) € (NU{0})", |a| =04 + ...+ at, and

a‘al(p
D= ———.
¢ oxt - dxp"

For any given f € .#/(R"), the grand maximal function of f is defined by

Guf(x)= sup sup |(@ =[]

PELN 4y |y—x|<t

Then we can define the weighted weak Hardy space WHJ(R") by WHE(R") = {f €
S'(R"): Guf € WLE(R")}. Moreover, we set || f]lyzr = |G flly . -

THEOREM 2.5. ([26]) Let 0 < p < 1 and w € A... For every f € WHY(R"),
there exists a sequence of bounded measurable functions { fi}y__.. such that
(i) f =3¢ _. fx inthe sense of distributions.
(i) Each fi can be further decomposed into fi = Y,;b~, where {b*} satisfies
(a) Each b¥ is supported in a cube QF with ¥;w(Q¥) <277, and Y, Xt (x) <
c. Here Xg denotes the characteristic function of the set E and ¢ ~ HfHé’VH‘,;;
(b) Hbf?HLW < C2%, where C > 0 is independent of i and k;
(¢) JnD¥(x)x*dx = 0 for every multi-index o with |ot| < [n(qw/p—1)].
Conversely, if [ € . (R") has a decomposition satisfying (i) and (ii), then f €
WHYE(R™). Moreover, we have HfHIv;/H{j ~C.

Throughout this article C always denotes a positive constant, which is independent
of the main parameters and not necessarily the same at each occurrence. Moreover, we
use A ~ B to mean the equivalence of A and B; thatis, there exist two positive constants
C1 and C; independent of A, B such that C1A < B < (LA.
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3. Proof of Theorem 1.1

Proof of Theorem 1.1. Set q = p(1+ %) with B =min{e,1/2}. Then by our
assumption, we have [n(g,/p —1)] = 0 provided that w € A,. In view of Theorem
2.4 and Theorem A, it suffices to show that for any w-(p,q,0)-atom a, there exists a
constant C > 0 independent of a such that H”S%(Q)HL’M’, < C. Let a(x) bea w-(p,q,0)-

atom with supp a C Q = Q(xg,rp), and let Q" =2,/nQ. We write

|p x)dx+
(0*)°

1 (@) ()| "w(x) dx

@]z, =

=L +D5b.

For the term I;, by using Holder’s inequality with exponent s = g/p > 1, the size
condition of atom a, Lemma 2.1 and Theorem A, we have

r/q 1-p/q
I < ( |q dx) (/Q*w(x)dx)
< || uB@)|[7y [wie)] "
<C-[|ug@)llyy [wi@)]) "
<C-lallf, ()]~

<C.

Let us now turn to estimate the other term I,. For 0 < p < n and for any x € (Q*)¢,

we write
1/2
* Qx—y) 2 dr
P _ mer d
.uQ(a)(x) <~/O /\x—y|<t \x—y\"—Pa(y) Yy t2P+1

1/2

2 ar /
dy t2p+1

Pe—xol+(vn)ro Qx—
=< / J =t
0 |
2 dt 1/2
t2p+1

eyl [ — [P
” Qx—y)
+ / / —pa)dy
x—xol+(virg | Jlx—yi<t [x =]
= I+II.
Clearly, the condition Q € Lipy (S™ 1) (0 < o < 1) implies that Q € L=(S"!). Notice
also that when y € Q and x € (Q*)€, then we get |x—y| ~ |x —xp| ~ [x —xo|+ (/n)ro.
Thus, for 0 < p < n, we apply the mean value theorem to obtain

1 1 <C rQ
—y2p [y —xo|+ (Va)rolP | T [ —y2PHt

(3.1)
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The above estimate (3.1) together with Minkowski’s inequality for integrals yields

1o [ o6 y|} |/\x—xo|+<ﬁ>rg dr 1/2d
o —yl"P e et ) @
ja(y)| ro \"?
gc'“”hf/\ e \yp) @
1/2
<C- / dy.
\x xo\’”fz ’ ’

Denote the conjugate exponent of ¢ > 1 by ¢’ = g/(¢—1). Then it follows from
Holder’s inequality, the A, condition and the size condition of atom a that

/Q|a(>’)|dy< (/Q’a(y)|qw(y)dy> 1/q (/Qw(y)—q’/qdyy/q,

wq>“q
<C- q
ety (125
10|
<Cc.—=L 3.2
REG 32
Hence, we have
<c. (ro)" 2 1

—xottE w(Q)P

On the other hand, if 7 > |x —xo|+ (y/n)rg, then we can easily see that Q C {y: |[x—y| <
t},and QN{y: |x—y| <t} = Q. Thus, by the vanishing moment condition of atom «,
Qx—y)

we can see that
1/2
p 2 oar
o fe—ypp ] i

= /
=0 +(vn)rg
1/2
- Qx—y)  Qx—x) 2 g\
=(/ R P
ol +(vmrg [ Jo LIx =] lx — xo| t

AN
i t
<C / [/ a d] -
( x| +(vrg L/0 a0y v
1/2
/ /\Q Q(x —xp) | ’d 2 dt /
[x—xo|+(v/n)ro ‘x x0|n p Y 2P+l

= III+IV.

a(y)

1 1
N T O

When x € (Q*)¢ and y € Q, then |x —y| ~ [x — x¢|. Using the mean value theorem and
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(3.2), we obtain

‘ | 2 dt 1/2
~ y—=Xo

m<c / / ]
(IxxolJr(\/ﬁ)rQ{ oo 17O ’2"“>

- 1/2
ro dt
et e ([T )
lx — xo[—P+1 Q} O)]dy r—xo|+(y/mrg 1P

o

<C. —%

<t /Q la(y)| dy
(ro)"*! 1

=T ()
In addition, from the definition of Q € Lipy(S"~') (0 < & < 1), we can easily check

that
e -ate-nl =|o(i =) - (=)

o
X—y XxX—Xp

=y —x

gc(y_x‘)') : (3.3)

|x — xo]

Substituting the above inequality (3.3) into the term IV and then using (3.2), we can
deduce that

IV<C /oc [ Mh‘( )’dri 1/2
S |x—X0|+(ﬁ)rQ 0 ‘x_xO|n—p+Ot y Yy t2p+l

v dr \'?
<C- )|d
e — xol" P*“/ a0y </| —xol+(Virg tz"“)

. (rQ)"+o‘ . 1
e — o™t [w(Q)]V/P

Therefore, combining the above estimates for I, III and IV, we have for any fixed x €

(@),

1 (ro)"™= (ro)™t! (ro)™+®
o <C 2 © 4 . (34
|IJQ(a)(X)| w(Q)]! [x—x()"'*'% K —xol T x— x|t (3.4)
Hence,
(rQ)(n+£)p/ w(x) (rQ)(nJrl)p/ w(x)
L<C: dx+C-——— -’ 4
’ w(Q) 0%)¢ \x_xo‘("Jr%)p * w(Q) X — xo| "+ 0P X
(rQ)(n+0¢)17/ wi(x)
C- d
+ W(Q) (0% |x_x0|(n+0£)p X

=hL+1L+1I.
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Observe that § =min{c,1/2} and n/(n+B) < p<1,then n/(n+ o) < p <1 and
n/(n+%) <p<1. Since w €A, p) and f= min{c,1/2}, then we have w €
Ap(1+%) and w € Ap(1+ﬁ)' By using Lemma 2.1 and Lemma 2.2, we thus obtain

ik
13zc.(rQ)(+2)p/ Wl(}’)l
w(@)  Jpiz(varg [y|rr(itas)

+5)p

(rg)”
SC T
s (rp)m+3)P
BNETe)

(rg) P30y (0(0,rg))
) (rQ)—n'p(Hﬁ)w(Q) <C

and
(n+o)p
Is=C- (ro) / Wl(ly)a
w(Q) Iyl |y
T nto)p —n a
<C- (%ZT (ro) " w1 (Q(0.10)) < C,

where wi(x) = w(x+xg) is the translation of w(x). It is obvious that w; € A for
wEAs, s>1(s=p(l+2) ors=p(l+2)),and gy, =q,. By using the same
arguments as above, we can also prove that I, < C. Summing up the above estimates
for I} and I, we then complete the proof of Theorem 1.1. [

dy

4. Proof of Theorem 1.2

In order to prove our main result of this section, we shall need the following su-
perposition principle on the weighted weak type estimates.

LEMMA 4.1. Let w € Ay and 0 < p < 1. If a sequence of measurable functions

{fj} satisfy
w({xeR":|fj(x)|>a}) <a™ forall jeZ

and

2 |Aj|p <L

jez

then we obtain that 3,; A f;(x) is absolutely convergent almost everywhere and
n 2-— P —
w({xER : ‘Eljfj(x)) > a}) <—a”.
J

Proof. The proof of this lemma is similar to the corresponding result for the un-
weighted case which can be found in [31]. See also [24, p. 123]. U
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We are now ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2. We first observe that for w € A| and p =n/(n+ f3), then
[n(gw/p—1)]=[B] =0. According to Theorem 2.4 and Lemma 4.1, it is enough for us
to show that for any w-(p,q,0)-atom a(x), there exists a constant C > 0 independent
of a such that H;,Lg(a)HWLa < C. Let a(x) be a w-(p,q,0)-atom centered at xy with

supp a € Q = Q(xo,rp), and let Q* =2,/nQ. Then for any fixed A > 0, we write
AP w({xeR": |;,L5(a)(x)| >1})

<A -w({xeQ*: |;,L5(a)(x)| >A) + A7 w({xe (09)°: ’ug(a)(x)’ >A1})
=J1+ /.

Since w € Ay, then w € A; for any 1 < g < e. Applying Chebyshev’s inequality,
Holder’s inequality, Lemma 2.1, Theorem A and the size condition of atom a, we have

1< [ |uh@)| o dx

(/ . ué(a)(anw(x)dx)”/ ”( /*W(x) dx)l”/’f

<C- bty [w(@)]" "

C- a2y [w(@)] "
C.

N

<
<

For any x € (Q*)¢, in the proof of Theorem 1.1, we have already obtained the following
pointwise inequality (see (3.4))

ynt+e )t n+ %

1 (ro (ro (ro)
WP | x—xo"t  Jx—xo[™*! | — 2

lub(a) ()| <cC-

Setting
o (rQ)"""O‘
P = et
(r )n+1
G = e T @7
Hx) (ro)"*2

x| [w(Q)] /P

Thus, in order to complete the proof of Theorem 1.2, we only need to prove that the
following three inequalities hold.

AP-w({xe (") : |F(x)| > 1}) <C, (4.1)
AP w({xe (Q): |G| >2}) <cC, 4.2)
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and
APw({xe Q) : |[Hx)|>A}) <C. (4.3)

Let us start with the inequality (4.1). For any given A > 0, we are going to consider
two cases. If

(ro)"™
A> o ,
Z Waro) (@) 7

then for any x € (Q*)°, we have |x —xg| > /nrg. Hence, we can easily verify that
{xe (@) :|F)|>2}=0.
Therefore, in this case, the inequality
AP w({xe(Q):[F(x)|>2}) <C

holds trivially. Now suppose that

z/ - (rQ)n-HX '
(varg)" *w(Q)]'/
If we take R = %, then it is not difficult to check that R > \/ﬁrQ =10
AT [w(Q)] 7
and
{xe(Q") :|F(x)| >} C{xeR": |x—xo| <R} C O(x0,2R). (4.4)

Since w € Ay, then by Lemma 2.3, we can get (below, C is an absolute constant)

- 100w,70)| _ w(Q, 7))
€ 1000.2R)] S W(Q(x0.2R))’

which implies

w(0Q(x0,2R)) < @Ry w(Q) 2" w(Q) —. (4.5)

C-(ro)" €27 [w(Q)] )

Noting that A <

1
s and p — o > 0. Hence, it follows directly
V)" w(Q)]P ntao

from (4.4) and (4.5) that
AP w({xe (Q"): |[F(x)| > A}) <AP-w(Q(x0,2R))
<CAP w(Q)
wia [w(Q)] 1)
<C.

We now prove the inequality (4.2). Similarly, for any given A > 0, we will consider
the following two cases. If

)n+1

RS (ro

(varg)" [w(Q)]V/p’
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then as before, we can also show that
{xe (@) :|G)|>21} =0,
and so the following estimate holds trivially.
Pw({xe (Q) :|Glx)|>1}) <C.

Now if instead we assume that

ey
(irg)"  w(Q)]/7
o

AT [w(Q)] 7D

In this case, if we take R’ = , then it is not difficult to verify that

R > \/ﬁrQ > ro and
{xe(Q"):|G(x)|>A} C{xeR": [x—xo| <R'} CQ(x0,2R').  (4.6)
Recall that p=n/(n+f) and f =min{o,1/2} <1, then 1 < p(1+1). Since w €

Aj,then we A ( Furthermore, by using Lemma 2.3 again, we can get (below, Cc

] 14 1+%) :
is an absolute constant)

= [ 1000,r0)| \"H _ w(Q(xo,rg))
¢ <Q'<xo7zRf>> S (00w, 2R)’

which in turn gives

(2Rl)p(n+l).w(Q) - or(ntl)

W(Q()C(),ZR/)) < ~ X = .
C- (rg)rtn+h) C-AP

4.7)

Therefore, by (4.6) and (4.7), we obtain
w({x€ (0" :|G(x)| > A}) <AP-w(0(x0,2R")) < C.

By using the same arguments as above, we can also prove the inequality (4.3). Collect-
ing all these estimates and then taking the supremum over all A > 0, we conclude the
proof of Theorem 1.2. [

5. Proof of Theorem 1.3

Proof of Theorem 1.3. The basic idea of the proof is taken from [26]. For any given
A >0, we may choose ko € Z such that 2% < A < 20*1_ For every f € WH](R"),
then by Theorem 2.5, we can write

=2 fi= Z Jet+ Z k=R + R,

k=—eo k=—eo k=ko+1
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where Fi = X0 fi =50 SibF, B =371 fi = Siig ibF and {bf} sat-
isfies (a)—(c) in Theorem 2.5. Then we have
AP w({x eR": [ub(f)(x)] > 2})
AP w({x eR": [ub(F)(x)| > A/2}) + A7 -w({x e R": |[ub(F)(x)| > A/2})
=K+ K>.

First we claim that the following inequality holds:

Il <€ ARl (5.1)

In fact, since supp b¥ C OF = Q(xf, /%) and ||b%||,. < C2* by Theorem 2.5, then it
follows from Minkowski’s integral inequality that

ko
p< X Xl
‘ -

=—o0 |

17

2
L3,

& k K\ 1/2
< X 2B w(er)

k=—o0 1

For each k € Z, by using the bounded overlapping property of the cubes {Q{‘} and the
fact that 1 — p/2 > 0, we thus obtain

3 2(sw(e)"”

17,z <€
k:

& k(1—p/2 p/2
<C Y 2Rf| 0

k=—oco

ko
<cy 2<kfko)<1fp/2>.;Llfp/2||f“1’w/;£

k=—oco

<C-A |-

By the hypothesis w € A , and B =min{c,1/2}, then we have 1 < p(1+ %) <

p(1+g
1+ % <2 and w € Ay. Applying Chebyshev’s inequality, Theorem A and the inequality
(5.1), we can deduce that

4
Ki <A g )|
<C AR5 <Ol

Now we turn our attention to the estimate of K,. We set

A= U Ua,

k=ko+1 i
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where QNf‘ = Q(x¥, tk=k)/(+B) (2, /m)r¥) and 7 is a fixed positive number such that
1 < 7 < 2. Thus, we can further decompose K> as
K < AP w({x €Ayt |ub(F)(x)| > A/2})
A7 w({x € (A" s [ () ()] > A/2})
=K, +Kj.

Let us first deal with the term K. Since w € Ap (1+8)° then by Lemma 2.1, we can get

s Apk—k204+l zl‘,w<Q{‘>

<car Yy ok oS w(el)

k=ko+1

o T\ (k=ko)p
< ||l 2+1<§> < C||f iy ap-

On the other hand, an application of Chebyshev’s inequality leads to that

KH<2p/(AA b (F) (x)] P w(x) dx

Z 2y

k=ko+1 i

bk )}pw(x) dx.

As before, for 0 < p < n and for any x € (Qf-c)c, we write

_ - 5 12
us(bi-‘)<x>:</0 [ o t;,%)

x—y|<t |x —y[r=p
1/2
2 oar
t2p+1

/IX#-‘H\/E)'J?
= A ‘
1/2
2 dr /
t2p+1

+ / bf‘ d

( =k (/7 ‘ x—yl<t Ix yl” PPy
= I+I1.

If y € Of and x € (QF), then we have |x— y| ~ [x —xk| ~ |[x —x¥| 4 (\/n)r¥ for all i

and k. Thus, for 0 < p <n,

Q(x—y) 4
———b:(y)d
vyl =y P )y

rk

o (5.2)

1 1
e ek + (e | S
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The above estimate (5.2) together with Minkowski’s inequality for integrals implies

</ |Q(x — yl} )| /Ix—xﬁ‘l+<ﬁ>rf dt 1/2d
ot iy P - 2ot )
cf B0 "

0k Ix—yl”*" e — y[2PH1

bi(
dy
|x xk|n+ /Qk} }
<
L[>
Moreover, if ¢ > |x —x¥| 4+ (\/n)r¥, then we can easily see that Q¥ C {y: [x —y| <

=k
t},and QfN{y:|jx—y| <t} =0F Let g=p(1+ g) for simplicity. Then for any
n/(n+B)<p<1andweA, with ¢ > 1, we can see that [n(g,,/p—1)] =0. Hence,

for any x € (Qi-‘)c , by the vanishing moment condition of b¥ € L*(IR"), we have

1/2
= /w L= peyg )"
k| (v | Jok [x— [P WO e
1/2
-(r (B Bt > ar "
et vt =3P ke [T e

1 1
=y —axf|re

. 2 dr 1/2
<C / / bk d] ar
(Ix—#‘ﬂﬁ)rf-‘[ o BN

2 1/2
= |Q(x—y) —Q(x — )] K( dt

+ k |b ’d 2p+1
x|V L of | —xi [P 1P

= III+IV.

Note that for any y € Q¥ and x € (Q¥)°, then |x—y| ~ |x—x¥| for all i and k. This
fact together with the mean value theorem yields

1/2
- v =] k ]2 di
m<c / / L gk dy| =2
( |x—xé'+(ﬁ>rff[ o \x—X{-‘I"*P“’ O]
s - dr \ /2
c-il/ bE(y)|dy x (/ _)
e — it Qf| Ol syt 12PH
c— [ h)d
’ |x_xi‘{|n+1 4k| l(y)’ Yy

oyl
<C- e s
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In addition, from the definition of Q € Lipy(S"~!), we can easily see that

x—xf-‘
o el = (=) -a(i=)
x—y x—xk “
\x—y\ x — x|
e
X—X

Substituting the above inequality (5.3) into the term IV, then we can get

1/2
” ly — x| B T dt
IV<C / /7 HOIE!
(x o (v { 0F [x — x| a0y

t2p+1
()~

l

o dr \V?
\c.i/ bE(y)|d ><< )

/Ixﬂﬁ‘lﬂx/ﬁ)'f et
(e
<C- 18] - ‘

_x]?|n+oc'
1

Summarizing the above estimates for I, III and IV, for any x € (Qk) we have

] Ayt
0] < - ot | L )

(ryre
TS S

e |

Note that ||b%|| RN C2*. Therefore, from the above pointwise estimate, it follows that

Ki<C S S |

k=ko+1 i |

w(x)

k|5 k) 4Bk [x — K|+ e)p dx
n w(x
ey Sk () / (x)

(k—kp)/(n+B) Ky X
k—kot1 7 = | > ko vark [x — x|

e 3 s f o

, , :
k=ko+1 i x—xk| > 7(k—k0)/(+4B) |y ‘x_x{_c|(n+7)p
=K3+ K4+ Ks.

Let us consider the term K3. Recall that § = min{o,1/2} and n/(n+p) < p <1
then n/(n+a) < p<1.Since we A

p14) and B =min{o,1/2} < a, then we have
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we Ap(1+%) . By using Lemma 2.1 and Lemma 2.2, then we can deduce

k
—c X ke )y

i
k=ko+1 i |zt R0/ eB) gk [y (2
<c Y Yo <T(k—ko)/(n+ﬁ)> el (Q(O,T(k—kw/(nw) : rm
k=ko+1 i
—c Y Yo (Tucfko)/(wm) ’("”)”W(Q(x{f,T<kfko>/<n+/s> . r{f)),
k=ko+1 i
where w¥(x) = w(x +x¥) is the translation of w(x). It is obvious that wk € A p(1+)
whenever w €A, ), and Gyt = G- In addition, for w € A,y  «) with p(l +9)>1,
then we can take a sufficiently small number € > 0 such that p(14+ %) —& > 1 and

weEA, +2) - Therefore, by using Lemma 2.1 again, we eventually obtaln

ne

2 22/{17< (k—ko)/ n+ﬁ)>_ W(Qi'()

k=ko+1 i
<clflle S (T(k*ko)/("+ﬁ)>7n£
" k=ko+1
<C|\f Il

For the last two terms K; and Ks, since w € A P14 ) with B =min{e,1/2} and

0< o <1,then we have w € A p(1+1) and w € A (14 2)- Thus, by using the same ar-

1+1
guments as above, we can also show that Ky < CHfHWHp and K5 < CHfHI‘;VHg. Com-
bining the above estimates for K; and K5, and then takmg the supremum over all
A > 0, we conclude the proof of Theorem 1.3. [

We finally remark that for any function f, a straightforward computation shows
that the grand maximal function of f is pointwise dominated by M(f), where M de-
notes the standard Hardy—Littlewood maximal operator. Hence, by the weighted weak
(1,1) estimate of M, it is easy to see that the space L} is continuously embedded as
a subspace of WH, whenever w € A, and we have | f lway < Cl[ £y provided that
w € A;. As adirect consequence of Theorem 1.3, we immediately obtain the following
result.

COROLLARY 5.1. Let 0<p <n, 0< o<1 and Q€ Lipo(S"™1). If p=1 and
w € Ay, then there exists a constant C > 0 independent of f such that

Hlig’-)z(f)HW% <ClIfllz-
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