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ON THE JAMES TYPE CONSTANT AND VON
NEUMANN-JORDAN CONSTANT FOR A CLASS OF
BANAS-FRACZIECK TYPE SPACES

CHANGSEN YANG AND XIANGZHAO YANG

(Communicated by J. Pecaric)

Abstract. As a generalization of Banas-Fraczieck space, the space X; , that denotes R? en-
dowed with the norm
[l p = max{A|x |, [|x[|,}

for A>1, p>1and x= (x1,x2) € R2 is well defined. In this note, the exact value of the the
James type constants Jy, (1) and von Neumann-Jordan constant Cy; (X} ,) about this space
for p > 2 are investigated.

1. Introduction and preliminaries

Let X be a non-trivial Banach space, and Sx denote the unit ball sphere of X.
It can be recalled that the modulus of convexity of a Banach space X is defined for
€€10,2] in[1] as

Sx(e) = inf{l - M,x,y € Sy, [x—yll = s}.

The function Ox(€) is continuous on [0,2) and strictly increasing on [gy(X),2], where
& (X) = sup{e € ]0,2],6x(g) = 0} is the characteristic of convexity of X .

Many geometric properties for a Banach space X is closely related with its mod-
ulus of convexity. For example, an important relationship between the James constant
which was defined by (see [2])

J(X) = sup{min(|lx+yl[, [x = y[l), x,y € Sx }

and the modulus of convexity is the following formula (see [3])

€
J(X) = sup{e €(0,2): 8y(e) <1 E}'
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Recently, Takahashi [4] introduced the James type constant
Jx1(7) = sup{: (lx+ oy, [lx =7yl : 5,y € Sx },

where 7 > 0, —oo <t < +eo. Here, we denote 1 (a,b) = (“tghl)% (t #0) and
Uo(a,b) = lin(} W (a,b) = +/ab for two positive numbers a and b, respectively. Here
11—

U (a,b) is nondecreasing in ¢ and U_o.(a,b) = tliIEl W (a,b) = min(a,b). It is well

known that, J(X) = Jx —.(1) and Alonso-Llorens-Fuster’s constant 7'(X) (see [5]) is
equal to Jx o(1).
Let A >1,and X, » denote R? endowed with the norm

[l 2,p = max{A e, [lcl| p }

for A >1, p>1and x = (x1,x;) € R?>. We may say these Banach spaces to be Banas-
Fraczieck type spaces because it can be reduced to a Banas-Fraczieck space (see [6, 7])
by letting p = 2.

Another important constant of a Banach space X is the von Neumann-Jordan con-
stant (hereafter referred to as the NJ constant) that was introduced by Clarkson [2] as
the smallest constant C for which

U x4yl + =y

= < <C
C 2P+ [Iyl1?)

holds for all x,y € X with (x,y) # (0,0). An equivalent definition of the NJ constant is
found in [6, 10] as the following form:

x4+ |2+ llx—yl?
2(]1x )2+ 11¥11?)

CNJ(X):Sup{ 1x€Sx,y€Bx}.

In this note, the exact value of the James type constants JXM”,(I) for p > 2 and the von

Neumann-Jordan constant for p >2 and A > 1 such that (A? —1)P72(A%2 —1)? > 1
about this space are investigated.

2. James type constants JXM”,(I)

Firstly, we give the exact value of the modulus of convexity for the space X; ,
with p > 2.

LEMMA 2.1. If A > 1 and p > 2, then

1
0, 0<e<2[1—5]7;
ar 11} 20 .
6X7L,p(£) = l_l[l_z_p]p’ 2[1_17]17 geg [1+}Lp]%7
1
1-[1-555]7, —Z2r<e<

1
[14-AP]P
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1
Proof. (i) Let 0 <& <2[1 — 5]
L l

Taking x = (1,[1 —

1
17),y = (1, —[1=4517), we have |[x[|5 , = [Iyll1, = 1.
D=1

, Hence &, () =0.

[x=yllx,, > €, and || »
1
(i) Let 2[1 — L]7 <e < —2+.

[14+AP]P
. 1 1
Taking x = ([ ;Z]P %),y = ([ EZ}P 2), we have HXHA H)’”A,p =1,
[x—=yll5,, =€, and ||"+y||;w, =A[l— 2—,,] . So &, (€) S 1—A[1— —} On the

other hand, for any x,y € Sx, , such that [|x—yl|; , =€, we have
@]If [lx—yll, =€, then

5520, <22, <Al -5
Ap

holds by the following Clarkson’s inequality
1+ 115 + [l =yl < 227 (Jlellh + llylI) < 27
(b) If 7L|x1 —y1| =g, then

1 + 31|17 + €7 =[x +y1|P + AP |x1 — y1|P < 2P AP (|xq [P + 1 |P) < 27,

and
SP
e+ Y15+ APeP <2P = |lx—yllf + APe? <27 — o 4 APeP < 2PAP.
Hence 1
|52, =mex {22522y <2l -5
A.p 2 2 P 2p
Therefore
5 Ali_ €
() > 1-4[1- ]
(iii) Let —22— < e <2.
(1+AP]P

For any x,y € Sx, , with Hx—y||,17p = ¢, we have

x5+ 2 < llx+ylh+lx—ylh < 27,
and
@If |x—yl,=¢,
ep ep ep
Mt yilf o S APl ylh o S AP0 — ) + o <2
() If A|x; —yi| =€,

er 2r
APl yilP 4 o = AP PP+ =P S (AP = 1) 55 4277 [P+ [y |7y <27
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So, we have

&@)>1-@-§%%F.

1 1
On the other hand, By taking x = (53, [l —%]5) and y = (—%,[1— 2,‘?—;,,}5), we

1
also have [[x||3 , = [¥ll2.p = 1 [x=¥ll2., = € and |3 , = [1 — 5575]7 , Therefore

Be(e) <1 [1- e F.

To give the exact value of the James type constant JXMJ (1), we need the following
Lemma.

LEMMA 2.2. For any Banach space X, we have (see [8])

e +2'(1-6x(e))
2

Jx (1) = sup{(

where —eo <t < +oo, t #£0.

1
) o<e<a),

THEOREM 2.3. Let p >2, A > 1 and X;, ,, be the Banas-Fraczieck type spaces.
(a)Ift > p, then

1

Jxl‘p.rt(l):21‘%<1+<1—$>%>7; (2.1)

(b)Ift < p and AP < 1+7L’%’,then

1_
7

Jxy (1) =212 (14 A7) TP (22)

<

(c)If t < pand AP > 1—|—lf%, then (2.1) is also valid.

=i~

fo At _ Ay
Proof. Let fi(e) = £2, fy(e) = L= an fi(e) = T2 hen
by applying Lemma 2.1 and Lemma 2.2, we have

JX)L,,,J(I) = max{a,ﬁ,y}7

1
where a:max{fl(t)% :0<e gZ[l—%,,]ﬁ}, B :max{fz(t)% (21— Mﬁ <e<
2k }, and y:max{fg(t)% P2k <8<2}. Since (2.1) is obvious for t = p,

[1+AP]P [14-AP]P
so we only need consider the following cases.
_t
CaseI. 1f t > p. Then we can get —22"" > 2A__ From fj(e) = %tsl”l[s”l’
(14A7=P)P [1+)LP]I’
L

—k’(2p—sp)%] >0 if and only if £ > —2277  we have fj(g) < 0 on 2[l —
(14A7=P)P
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1
)Ll—,,]ﬁ <e< . Similarly, we also have f5(g) >0 on % < € <2 by apply-
[1+AP)P [14+A0]P
) =
ing f}(e) = SteP~[e!P — AP (2P — i—'p) f’p] and 2’15 T < 22__ . Hence, we
(14AT=P)P (14+AP)P
1
cangetoa =B =vy= 211 (1+(1- ﬁ)é) ", Therefore, (2.1) is valid.
! = 1
Casell. If 0 <t < p and A” < 1+A77 , then 7 [Z[I—L,,]P, 24 1}
(14A7=P)P [1+AP]P
) ip (11
and f> gets its maximum at % So B = 21’%1(14-&%)’ P> fH201 -
I p 11
ll—,,]ﬁ)% = or. Similarly, we also have y = 21_%1(1 +7L#) 177, Therefore, (2.2) is
valid.

p
Case IIl. If 0 <t < p and AP > 1—|—7L# then f, and f3 get its maximum at

1
2(1—ﬁ); and 2, respectively. Hence, we have o = f3 = y= 21"(1—1—(1——)7)’

by ¢ > 0. So (2.1) is also valid.

_t
Case V. If 1 <0 and AP < 14+ 477, then —2257 ¢ [2[1— L], 22 1} and
(14A 7P )P (14A7]P
. p 11 1
J> gets its minimum at 217! .So B = 21_"1(14-1’*’ )= A2 ;Llp]”)’l:

(1+Af )
oc. Similarly, we also have y = 21-12 (1+ kl%)
Case V. Tt t <0 and AP > 1+ 477 , then f, and f get its minimum at 2(1

ﬁ)% and 2, respectively. Hence, we also have o = f = y=2!"1 (14 (1— —)%)
byt <0. O

1
[

1
P .

REMARK 2.4. By applying the following formula (see [8])
Jxo(1) = sup{\/2¢(1 —Ox(e) : 0 < e <2

and Lemma 2.1, we also have
COROLLARY 2.5. Let p=>2, A > 1.
1
(J)Ifl>25 then Jy, o(1) =2(1 —AL)
1 1
(2)If A <27, then Jx, ,0(1) =27 V2.

Nl_

3. Von Neumann-Jordan constant
In [7], we have the following result
THEOREM 3.1. Let A > 1 and Rﬁ is the Banas-Frgczieck space. Then,

1

Cvi(R3) =2— reR

Now we give a generalization as follow
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THEOREM 3.2. Let p >2 and A > 1 such that (AP —1)P72(A%> —1)? > 1, then

Cs(Xp,) =1+ (1—%)%.

In order to prove this theorem, first we give the following Lemma.

LEMMA 3.1. If A > 1, p =2 suchthat (AP —1)P72(A* —1)? > 1, and |x{| < %
] < %, then AP > 2 and

>

ol i APl 1\
A= Dbrya [+ (L= )7 (1= )7 < o=+ (1-55) 7 G
Proof. From (AP —1)P72(A%> — 1) > 1, we have A? >2. Now Wwe may assume
1

that 0 < x; < l and 0 <y; < 5. Taking h(x) = (A2 —1)x? —|—(1—xp)l’ for x € [0’/1]
we have
B(x)=2x"" A2 = 1> P —(1 —xp) } >0

by x” < 47 and (A? —1)P"2(A? = 1)? > 1. Hence for x € [0,

>

|, we have

=
=

Let F(x,y) = (A2 = Lay+ (1—xP)7 (1= )7 If (x0,y0) € (0,4) x (0, 4) such that
Fy(x0,y0) = F(x0,y0) =0, then xg = yo. So

2

Ar—1 1\7
F(xo.30) = hixo) € =+ (1-55) - (32)

1 1
Next, letting g(x) = AZA_IJH— (1— ﬁ)ﬁ(l —xP)7, then for x € [0, /1] we have

A?—1 115 1
!/ _ o __f’ —p _ 1

A2—1 LNT 2y Aot

> (1) -y

2,2—1 1 2 9

— — ()P —

= QL()L Hr— >0

by AP > 2. Hence

; (3.3)

8
o
>
AN
3
=
=
B!
(@]
=
—
—
/N
>
[38)
|
—_
+
—
—
—_
~——
<o
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and

e N0 R (R

2 2
From (3.2)—(3.4), we get F(x,y) < % +(1—45)7 on [0,4] x [0, 1], and hence (3.1)
isvalid. O
Proof of Theorem 3.2. Assume that A > 1 such that (A7 — 1)P72(A2 — 1) > 1.
Note that ex(Bx) = {(z1,22) : |z1]P 4+ |z2|P = 1,]z1] < %}
Now we prove that

[lx+ zyl|* + [|x — 7y|?
2(1+412%)

<1+(1—;—p)%. (3.5)

holds for any x,y € ex(Bx) and any 7 € [0, 1].
Letting x = (x1,x2), y = (y1,y2), then we have the following three cases.
Ia). If [|x+ 7y, < |A(x1 +7y1)| and ||x — y||, < [A(x1 — Ty1)], then

et 2yl =7y l? = A2[(xr 4 71)% + (1 — Tv1)?)

=202+ ) <2(1 +12). (3.6)
Ib). If ||x+Ty||, > |A(x1 +Ty1)| and ||x—Ty||, > |A(x; — Ty1)|, then
[+ 2y? + [x = zl|* = ||X+Ty||p+||x Tyll;
<2 H (1412 (1 - D))
<22 (1413 3.7)

by Holder and Hanner’s inequality.
L) I [lx+ 1yll, < A (ot + y1)] and [l — 2y, > A (x1 — 20)]. or e+ 1], >
[A(x1 4 7y1)| and [lx — 7y[|, < |A(x) — Ty1)], then

x4+ Ty 2+ lx = oyl* < A%(x1 £ 191)? + (0 Fov)* + (0 F 2)?
<1+ T2+ 425+ 7207 +33) +27(A% — 1) |xpyy |
1 1
+27[1 — |x1|[P]P [1 — |y1 7] 7

2

(1—1—%—1—(1—%)”)(14—12)

12— 1\3
+21:( = Ly (1_)77) ) (3.8)
holds by Lemma 3.1 and x7 + (1 — \xl\p)% < ﬁ-ﬁ-(l ﬁ)f’ for O< |x1] < +. Hence,
(3.6)—(3.8) imply (3.5). Hence we have Cy; (X, ) < 1+(1—ﬁ) On the otherhand
if taking x = (1, (1—75)7),y = (4,-(1 )Llp)%),wehave

_ 1 %
Crs(Xy ) > - _1+(1—ﬁ) .
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which completes the proof of Theorem 3.2. [
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