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MULTI-PARAMETER GENERALIZATION
OF RADO-POPOVICIU INEQUALITIES

JING ZHANG™ AND HUAN-NAN SHI

(Communicated by G. Toader)

Abstract. By using methods on the theory of majorization, new generalizations of Rado’s in-
equality and Popoviciu’s inequality which involves multi-parameter are established.

1. Introduction

Throughout the article, R denotes the set of real numbers, x = (xy,---,x,) denotes
n-tuple (n-dimensional real vectors), the set of vectors can be written as

Rn:{x:(xh'"axn):xieR7i:17""n}’
R{;—:{x:(xlf"?xn):xi>0ai:1?“.’n}’
1+:{x:(xlv"'7xn):xi>07i:17'”7n}'

In particular, the notations R, R, and R, denote R!, R] and R! . respec-
tively.
Let x = (x1,---,x,) € R". The elementary symmetric functions are defined by

k
Ek(x):Ek(X17-.-,xn): Z Hj:lxij7 k:17...’n,
1< << <n

Eo(x) =1, and Ex(x) =0 for k <0 or k > n. The dual form of the elementary
symmetric functions are

k
Ef(x) = E; (x1,-,x,) = H 2]:1’% k=1,-.,n,
1<i) <-<ig<n

Ej(x)=1,and E{(x) =0 for k <0 or k > n.
For x e R"} ., let
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The following inequalities:

1A (x) = Gu(®)] = (1~ DAy 1(x) — Gyo1 (x)] (1)
An(x) 1" TAp ()]
{an] z [Gm(xJ @)

are known in the bibliography as Rado’s inequality and Popoviciu’s inequality respec-
tively (see Mitrinovi¢ and Vasi¢ [1], p. 94). Inequalities (1) and (2) furnish a good
route for joining arithmetic means and geometric means of positive numbers. This
pair of inequalities has attracted considerable attention by many mathematicians, and
has actuated a quantity of research articles giving their simple proofs providing diverse
improvements, generalizations and analogs (see [1]-[8] and references therein).

The aim of this paper is to establish a new generalization of Rado’s inequality
and Popoviciu’s inequality which involves multi-parameter, by Schur-concavity of the
elementary symmetric function and its dual formula, as well as a simple majorization
relation.

Our main results are as follows:

THEOREM 1. Let x € R’ |, n>2,0<a <1, A >0. Thenfor k=1,---,n, we
have

(A = Dxn ’ 1 a, Lo o (1-bya
An(x)+ Y > 1- % (A1 (x)*+ %l (o) [An—1(x)]" /%
3)
Taking oo = A =1 and k = n, from the inequality (3), it follows that
COROLLARY 1. Let x € R ., n > 2, we have
nAy(x) — (n—1)A,—1(x) = xp. 4)
REMARK 1. By the arithmetic-geometric mean inequality, it follows that
X+ G1(x)+--+G_1(x 1
o > Gt (0 G ]
ie. .
X+ (1= 1)Gyo1 (X) 2 1 [1G =1 (x)] " = nGa(x),
ie.
Xp = nGy(x)— (n—1)Gu—1(x). (3
(4) and (5) together give
nAy(x) — (n— DA,—1(x) = x, = nGy(x) — (n—1)Gr—1(x). (6)

The inequality (6) refine the equivalent form of Rado’s inequality (1).
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Taking oo = A =1 and k = 1, from the inequality (3), it follows that
COROLLARY 2. Let x €R |, n > 2, we have
An(x) > () [Ayr ()] 7 7
REMARK 2. Itis clear that inequality (7) is equivalent to
[An(0)]" = 20 [A—1 ()],

and then

[Mmr>ﬁmlmwg{mlwr*
Gux)] = [Galx)]" Gua(x)]
This shows that the inequality (7) is equivalent to Popoviciu’s inequality (2).

THEOREM 2. Let x € Rl |, n>2,0<a <1, A >0. Thenfor k=1,---,n, we
have

M]ka

o k [Ap i ()] kY [An—1 ()]
22 L e (175) Ttepe ©

REMARK 3. When o = A = 1 and k = n, the inequality (8) can be simplified to
Popoviciu’s inequality (2), and when o = A =1 and k = 1, the inequality (8) can be
simplified to (4).

2. Definitions and Lemmas
We need the following definitions and auxiliary lemmas.

DEEINITION 1. [9, 10] Let x = (x1,---,x,) and y = (y1,---,yn) € R".
(i) x>y means x; >y; forall i=1,2,---,n.

(if) Let QCR", ¢: Q — R is said to be increasing if x >y implies ¢(x) > ¢(y).
¢ is said to be decreasing if and only if —¢ is increasing.

DEFINITION 2. [9, 10] Let x = (x1,---,x,) and y = (y1,---,yn) € R".

(i) x is said to be majorized by y (in symbols x < y) if Zlexm <YK vy for k=
1,2,---,n—1and 3| x; = 3" yi, where x|; denotes the ith largest component
of x, X[ > > X[ and Yl > > Y[z are rearrangements of x and y in a
descending order.

(ii) Let QCR", ¢ :Q — R is said to be a Schur-convex function on Q if x <y on
Q implies ¢ (x) < ¢ (y).
¢ is said to be a Schur-concave function on Q if and only if —¢ is Schur-convex
function on Q.
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The Schur-convexity described the ordering of majorization, the order-preserving
functions were first comprehensively studied by I. Schur in 1923. It has important
applications in combinatorial analysis, geometric inequalities, matrix theory, numerical
analysis, etc. See [9].

1 n
LEMMA 1. [9, 10, [1] Let x= (x1,---,x,) € R" and x = —Exi. Then
n“

(X,

,X) = (X1, xn).

LEMMA 2. [9, p. 115] The elementary symmetric functions Ei(x) are increasing
and Schur-concave on R’} .

LEMMA 3. [9, p. 123] The dual form of the elementary symmetric functions
E}(x) are increasing and Schur-concave on R} .

LEMMA 4. [10, p. 64] Let the set A C R. The function ¢ : R’} — R is increasing
and Schur-concave, and the function g : A — R is concave. Then the composite
Sunction y(xy, -+, x,) = @(g(x1), -, g(xy)) : A" — R is Schur-concave.

LEMMA 5. Letn>2,t,A >0, g: R, — Ry is concave. Then for k=1,
we have

g(”;f)>[(l—%)g(ﬁ)%g(”f[g(nilﬂl_% 0

Proof. By Lemma 1, it follows that

r+A t+A t t
M:( ki P ki >—<( 3T 7x>:v7 (10)
n n n—1 n—1
n n—1
and from Lemma 3 and Lemma 4, it follows that E;/(g(x1),---,&(x,)) is Schur-concave

on R . , combining (10) we get

o (2) () (o) o) 0]
[kg (H,_l/lﬂ(b N [(k_1>g< ‘ 1) +g(l)} () [kg (ni1>:|(nkl)' -

n

)
)>

i.e.

the both sides in the inequality (11), we get

0 tl)“”]%{"g( ,1)]1 (12

Extracting root of <

<+

BN
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o S . . k k . . .
Dividing both sides in the inequality (12) by k = kn - k'~ , we obtain the inequality
. O

LEMMA 6. Letn>2, t,A >0, g: Ry — Ry isconcave. Thenfor k=1,---.n,
we have

) R O

Proof. From Lemma 2 and Lemma 4, it follows that Ey(g(x1),- -, g(x,)) is Schur-
concave on R’} , , combining (10) we get

b ()oab ) s ]
) ) | G M

n
k

Dividing both sides in the inequality (14) by ( ) , we obtain the inequality (13). [

3. Proof of main results

n—1_.
Proof of Theorem 1. Taking g(y)=y*,0<a<1andr= Lo N , from (9) it is
deduced that !
A—1)x,1¢ .
AT LY (A 1a] " [Aea]
> |1 +-1
Xn k Xn k Xn
(15)

Multiplying both sides in the inequality (15) by (x,)* = (x,)
obtain the inequality (3).
The proof of Theorem 1 is completed. [

n—1_.
Proof of Theorem 2. Taking g(y) =y*,0<a <1 andr= L N , from (13) it
is deduced that !
(A —1)x, \ @
A —_— k-1 k
n(x)+ n >;Laﬁ<An_1(x)>( )a+<1—§) (L—l(x)) a.
X n Xn n Xn
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Multiplying both sides in the inequality (16) by (x,)** (IT~, xf‘)_1 , we obtain the

inequality (8).

The proof of Theorem 2 is completed. [
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