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SHARP LEHMER MEAN BOUNDS FOR
NEUMAN MEANS WITH APPLICATIONS

YU-MING CHU AND WEI-MAO QIAN

(Communicated by N. Elezovic)

Abstract. In the article, we present the best possible parameters o, 0, 03,04 and B1,5,, B3, Bs
such that the double inequalities

Ly, (a,b) < Nag(a,b) < Lg, (a,b), Le,(a,b) < Nga(a,b) < Lg,(a,b),
Loy (a,b) < Noa(a,b) < Lg, (a,b), Lo, (a,b) < Nag(a,b) < Lg, (a,b)

hold for all a,b >0 with a # b, where Ly (a,b) = (a”*! +bP*1) /(aP 4+ bP) is the pth Lemher
mean, and Nug(a,b), Nga(a,b), Noa(a,b) and Nyg(a,b) are the Neuman means. As appli-
cations, we find several sharp inequalities involving the hyperbolic, trigonometric and inverse
trigonometric functions.

1. Introduction

For p € R and a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b) [1, 2]
and pth Lehmer mean L,(a,b) [3] of a and b are respectively defined by

b2 42
arccos (a/b)’

a’ — b2
cosh™! (a/b)’

a<b,
SB(a,b) =
a>b

and
aPt! + prT1

Lpla,b) = aP + bp

; (1.1)
where cosh™!(x) = log(x+ v/x2 — 1) is the inverse inverse hyperbolic cosine function.

It is well known that the Lehmer mean L,(a,b) is strictly increasing with re-
spect to p € R for fixed a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b) is
strictly increasing in both a and b, nonsymmetric and homogeneous of degree 1 with
respect to a and b. Many symmetric bivariate means are special cases of the Lehmer
mean or Schwab-Borchardt mean. For example, L_(a,b) = 2ab/(a+b) = H(a,b) is
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the harmonic mean, L_,,(a,b) = Vab = G(a,b) is the geometric mean, Ly(a,b) =
(a+b)/2 = A(a,b) is the arithmetic mean, L;(a,b) = (a* +b*)/(a+b) = ( b) i
the contraharmonic mean, SB|G(a,b),A(a,b)] = (a—b)/[2arcsin((a — b)/(a+ D))]
P(a,b) is the first Seiffert mean, SBJ|A(a,b),Q(a,b)] = (a—b)/[2arctan((a —b) /(
b))] =T (a,b) is the second Seiffert mean, SB[Q(a,b),A(a,b)] = (a—b)/[2sinh~!((
b)/(a+Db))] = M(a,b) is the Neuman-Séandor mean, SB[A(a,b),G(a,b)] = (a—b
[2tanh ! ((a — b)/(a + b))] = L(a,b) is the logarithmic mean, where Q(a,b)

(a> +b?)/2 is quadratic mean, sinh~!(x) = log(x + v/x2 + 1) is the inverse hyper-
bolic sine function and tanh™!(x) = log[(1 +x)/(1 — x)]/2 is the inverse hyperbolic
tangent function.

Let X(a,b) and Y (a,b) be the symmetric bivariate means of a and b. Then the

Neuman mean Nyy (a,b) [4] is given by

2 a
Nyy (a,b) = % (X(a,b)+ SB(X(};,E))’,Z;’)(a,b))) . (1.2)

Leta>b>0,v=(a—b)/(a+b) <€ (0,1). Then the following explicit formulas
and inequalities can be found in the literature [4].

VJ

a
a

=<1+

Nag(a,b) = [@ [1+(1 —vz)w], (1.3)
NGA(a7b):A(C;’b) [ 1—v2+wy (1.4)
Nao(a,b) = A(‘;’b) [1+(1+v2)m} : (1.5)

Noa(a,b) = A(‘;’b) [ 12+ Sinill} : (1.6)

L(a,b) < Nag(a,b) < P(a,b) < Nga(a,b) < A(a,b)
< M(a,b) < Nga(a,b) <T(a,b) <Nag(a,b) < Q(a,b).

Recently, the Neuman means Nag(a,b), Nga(a,b), Nag(a,b), Noa(a,b) and the
Lehmer mean L, (a,b) have attracted the attention many researchers.
Neuman [4] proved that the double inequalities

alA(a,b) + (l — al)G(aJy < NGA(a,b < ﬁ]A(Chb) + (1 - ﬁ])G a,b),

) (a,0)

(a’b) < ﬁ2Q(a7b) + (1 - ﬁ2)A(a7b)7
o5A(a,b) + (1 — 03)G(a,b) < Nag(a,b) < sA(a,b) + (1 — B3)Gla, b),
040(a,b)+ (1 — 0y)A(a,b) < NQA(a b) < B4Q(a,b)+ (1 — B4)A(a,b)

hold for all a,b > 0 with a # b if and only if oy <2/3, B > 7w/4, on <2/3, B >
(m— 2)/[4(\/5—1)]—0689 N a3<1/3 Bs>1/2, ou < 1/3 and By > [log(1+
V3)+V2-2)/2(V3- 1)] = 0356...

00 0(a,b)+ (1 — 0p)A(a,b) < Nao

a,b

)
)
)
)
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In [5], Zhang et. al. presented the best possible parameters o, 0, B1, 32 € [0,1/2]
and o, o, B3, Bs € [1/2,1] such that the double inequalities

G(oja+(1— (X])b oqb—f—(l—oq a) < Nag a,b)<G(ﬁ1a+(l—ﬁ1 b7ﬁlb+ l_ﬁl)a)a

) ( (
) <Nea(a,b) < G(Bra+(1=PB2)b, Bab+(1—B2)a),
a) <NQA(a,b) < Q(ﬁ3a+(1 —ﬁf'a b7B3b+(1 _ﬁf’)a)a
O(oga+ (1—oy)b,oub+(1—0y)a) <NAQ(a,b) < Q(Bga+ (1—PB4)b, Bab+ (1 —P4)a)

hold for all a,b > 0 with a # b.
Qian et. al. [6] proved that the double inequalities

(ona+(
G(apa+(1—0p)b,00b+(1—0p)a
(osa+(

) )
) )
O(oza+(1—03)b, 030+ (1—03) )
) )

OqA(aJ?) + (1 — (X])L a,b) < NAg(a7b) < ﬁlA(aJ?

(
0A(a,b)+ (1 —op)P(a,b) < Nga(a,b) < BrA(a,b
a3Q(a7b)+(l—a3)M( avb) <ﬁ3Q(aab)
ouQ(a,b)+ (1 —au)T(a,b) < Nag(a,b) < PsQ(a,b)
hold for all a,b > 0 with a # b if and only if o3 <O, B > 1/2, p <0, B >
(7% —8)/(4m—8), 05 <0, B3 > [V2log? (1+v2) +2log(1 + v2) — 2v/2]/[4log(1 +
V2)=2v2], 04 <0, By > (m* + 21— 16) /(421 — 16).
In [7-11], the authors proved that A; = —1/6, u; =0, A, = —1/3, up, =0,

2’3 :07 .LL3 - 1/4’ 1‘4: _1/47 ‘ll4:O, 2f5 - _1/6’ “5 :O’ 2’6:07 “6: 1/3’
A7 =0 and p7 = 1/6 are the best possible parameters such that the double inequalities

(
(

a7b) < NQA

Ly, (a,b) <I(a,b) < Ly, (a,b), Ly,(a,b) <L(a,b) < Ly,(a,b),

Ly, (a,b) <T*(a,b) < Lyy(a,b), Ly, (a,b) <AG(a,b) < Ly,(a,b),
Ly, (a,b) < P(a,b) < Ly (a,b), Ly (a,b) <T(a,b) < Ly(a,b),
Ly, (a,b) <M(a,b) < Ly,(a,b)
hold for all a,b > 0 with a # b, where I(a,b) = (b”/a®)"/(?=4 /¢ is the identric mean,
T*(a,b) =2 f0”/2 Va2 cos? 0+ b2sin? 046/ is the Toader mean [12], and AG(a,b) is
the classical arithmetic-geometric mean.

Let a,b >0, p € [0,1] and .4 be a symmetric bivariate mean, then the one-
parameter mean .4, (a,b) was defined by Neuman [13] as follows

B 1+p l—-p, 1—p 1+p
Npla,b) =N 5 a+ 7 b, 5 a+ 5 b|.

Neuman [13] proved that the double inequalities
le(a,b) < NAc;(a7b) < qu (a7b)7 sz(a,b) < Nga (a7b) < qu (a,b),

Cpg,(a,b) < NQA(a,b) < Cf{3 (a,b), Cp4(a,b) < NAQ(a,b) < Cf]4 (a,b),
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for all a,b >0 with a # b if py > v2/2, q1 <V3/3, pa = /1 —-7n/4, g2 <\/6/6,
p3=0,q3>6/6, ps <V/m—2/2 and q4 > /3/3.

The main purpose of this paper is to present the best possible parameters o, 0;,
o, oy and By, By, B3, Ba such that the double inequalities

Lg, (a,b) < Nag(a,b) < Lg (a,b), La,(a,b) < Nga(a,b) < Lg,(a,b),

Lo, (a,b) < Noa (a,b) < Lﬁ3 (a,b), L, (a,b) < NAQ(a,b) < Lﬁ4 (a,b)

hold for all a,b > 0 with a # b, and establish several sharp inequalities involving
the hyperbolic, trigonometric and inverse trigonometric functions. Some complicated
computations are carried out using Mathematica computer algebra system.

2. Main results
THEOREM 2.1. The double inequality
Lg, (a,b) < Nag(a,b) < Lg, (a,b)

holds for all a,b >0 with a # b if and only if oy < —1/3 and B, > 0.

Proof. Since Ly(a,b) and Nug(a,b) are symmetric and homogeneous of degree
1, without loss of generality, we assume that « =x > 1 and b= 1. Let p € R, then
(1.1) and (1.3) lead to

(x> —1) +4xtanh™! (fﬁ) B e

N, b)—L b) = 2.1
4a(@b) = Lp(a.b) Ax—1) P+ @D
X et (1 =) (B —aP —x+3)
x—1 x+1 4x (xP +1)
Let ( ) ( " )
x—1 x—1)(3xP™ —xP —x43
F(x) =tanh ™" - 2.2
(x) = tan (x—l—l) dx(xP +1) @2)
Then simple computations lead to
F(1) =0, (2.3)
x—1
Flx) = ————f(x), (2.4)
®) 4x2 (xP + l)zf( )
where
Fx) =3P 4 2P 4 2(14-2p)xP T —2(1 4 2p)x? — x — 3. (2.5)
We divide the proof into four cases.
Case 1.1 p=—1/3. Then (2.5) becomes
( 1/3 _ 1)3
N 2/3 1/3 )
f0) =57 <3x + a3 43). (2.6)
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Therefore,
NAG(avb) > L,1/3(617 b)

follows easily from (2.1)—(2.4) and (2.6).
Case 1.2 p > —1/3. Let x > 0 and x — 0, then making use of (1.1) and (1.3)
together with the Taylor expansion we have

Nag(1,1+x) = Lp(1,1+x) 2.7)
p+1
_ 2+x 1+4(l—|—x) canh=! [ > 1+ (1+y)
4 x(2+4x) 2+x I+ (14x)P
1+3p , >
T +o(x%)

Equation (2.7) implies that there exists small enough 8; = 6;(p) > 0 such that
Nag(1,14+x) <L,(1,1+x) for x € (0,6;).
Case 1.3 p =0. Then (2.5) leads to

flx)=4(x—1)>0 (2.8)

forx>1.
Therefore,
NAG(a7b) < LO(a7b)

follows from (2.1)—(2.4) and (2.8).
Case 1.4 p < 0. Then from (1.1) and (1.3) we clearly see that

m Mot D) [<E+Ltanh—l ("‘1>) ol ] 2.9)

xoteo Lp(x, 1) x—ote |\ 4 x—1 x+1) ) xrtl41
~ lim x—l—l+ xlogx xP 41 _
Xt 4 2(x—1)) xrtly1] T

Equation (2.9) implies that there exists large enough X; = X;(p) > 1 such that
Nag(x,1) > Lp(x,1) for x € (Xj,00). O

THEOREM 2.2. The double inequality
Lo, (a,b) < Nga(a,b) < Lg, (a,b)

holds for all a,b >0 with a # b if and only if cp < —1/6 and 3, > 0.

Proof. Without loss of generality, we assume that x =+/a > 1 and b = 1. Let
p € R, then from (1.1) and (1.4) we have

Nea(a,b) — L,(a,b) (2.10)
_ @R (R 202 )2 2t xg )
42 -1) x?+1 (x2+1)2(x2r +1)
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Let
2 2 2p+2 _ 2p+l
. [(x—1 2(x* = 1)(2xPH= —x7 Pt — x4 2)
G(x) = — 2.11
(x) = arcsin <x2 " 1) T2 1) (2.11)
Then simple computations lead to
G(1)=0, (2.12)
8(x—1)
G (x)=— 2.13
(x) x(x2+1)3(x2P + 1)2g(x>’ @.13)

where

g(x) _ 3x417+3 +x417+2 +px2p+5 +px2p+4 +2x217+3 _ 2x217+2 _px2p+1 _px2p _x3 _ 3x2.

(2.14)
We divide the proof into four cases.
Case 2.1 p=—1/6. Then (2.14) leads to
A1) (A1)
o) = - S ) (2.15)

6x1/3
X (xlo/ 3+x3+3x8/3+4x7/3+7x2+15x5/3+7x4/3+4x+3x2/3+x1/3+1) <0

for x> 1.
It follows from (2.10)—(2.13) and (2.15) that

NGA(avb) > L71/6(a7b)'

Case 2.2 p > —1/6. Let x > 0 and x — 0, then making use of (1.1) and (1.4)
together with the Taylor expansion we get

Nga(1,1+x) —Ly(1,1+x) (2.16)
24x [2vx+1 2+4x . x 1+ (1+x)Pt!

= + arcsin —
4 2+x X 2+x L+ (L+x)P
1+6

= —%xz +o(x?).

Equation (2.16) implies that there exists small enough 6, = &, (p) > 0 such that
Nga(1,14+x) < L,(1,14x) for x € (0,0,).
Case 2.3 p =0. Then (2.14) becomes

g(x) =4x*(x—1). (2.17)

Therefore,
NGA (a,b) < l@(a,b)
follows easily from (2.10)—(2.13) and (2.17).
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Case 2.4 p < 0. Then (1.1) and (1.4) lead to

Nga(x,1)
X—rtoo Lp(x, 1)

= lim [<£+(X+l)2arcsin<x_l)> L ]:+

2 4(x—1) x+1)) I4xrtl

(2.18)

Equation (2.18) implies that there exists large enough X, = X,(p) > 1 such that
Nga(x,1) > Ly(x,1) for x € (Xp,00). O

THEOREM 2.3. The double inequality
Lo, (a,b) < Noa (a,b) < ng3 (a,b)

holds for all a,b >0 with a # b if and only if a3 <0 and 3 > 1/6.

Proof. Without loss of generality, we assume that a=x>1and b=1. Let pe R,
then (1.1) and (1.6) lead to

NQA(a,b) —Lp(a,b) (2.19)
(12| (x—1 (x—1) (4(xp+l—|—1)_ 2(x2—|—1)(xp—|—1)>
T 4(kx—1) x+1) (x+1)2(x? + 1)
Let
1 (x—l)<4(xp+1+l)—\/2(x2+1)(xp+1)>
H(x) =sinh~! — . (2.20)
x+1 (x+1)2(xP +1)
Then simple computations lead to
H(1)=0, (2.21)
H'(x) = ¢ h(x) (2.22)
Cox(xH1)3(P1)2 '
where
h(x) = x1/2(x2 + 1)(xP + 1)% = 3x%P 4 2P T pyp 3 (2.23)
—(2=p)xPT2— (2= p)xPT = pxP 4 x* = 3x.
We divide the proof into four cases.
Case 3.1 p =0. Then (2.23) leads to
h(x) =4x[ 2(x2+1)—(x—|—1)] >0 (2.24)

for x> 1.



590 Y.-M. CHU AND W.-M. QIAN

It follows from (2.19)—(2.22) and (2.24) that

NQA(a,b) > l@(a,b)
Case 3.2 p> 0. Then (1.1) and (1.6) lead to
L 1 4(xPH 41
im M = lim o +1)
X—-o0 NQA(X7 l) X—-o0 [ 2( + 1)+ (X+1) sinh™ (X+1):| (xp_|_ 1)
4
= > 1
V2 +log(1++/2)

Inequality (2.25) implies that there exists large enough X3 = X3(p) > 1 such that
Noa(x,1) < L,(x,1) for x € (X3,00).
Case 3.3 p=1/6. Then (2.23) leads to

h(x) = <x1/6+ 1)2 [x\/Z(x2—|— 1) — éhl(x)] : (2.26)

(2.25)

where

hi(x) = x3/3 — 2x15/0 4 3x7/3 —4x13/0 4 5,2 4 12511/ 1893 11832 (2.27)
—18x*3 4 18x7/0 — 18x 4 12x°/0 4 5x2/3 — ax/2 1 3x1/3 —2x1/0 4 1.

It follows from (2.27) that

2 2
h(x) = x7/3 <x1/6—1) 122 (xl/f’—l) F32 4 126016 1853 (2.28)
1843 (x1/6 - 1) +18x (x1/6 - 1) F12x5/6 4 273
+4x1/2 <x1/6—1> +x1/3—|—2x1/6<x1/6—1>+1

> 3%+ 12x11/6 — 185773 + 122570 > 15x11/6 — 18x%/3 +3x5/6
— 3,5/6 <x1/6_ 1) <5x5/6_x2/3 S V- S VE S VI 1) -0

and

1

22 +1)— gxl/ﬁhl(x) (2.29)
2 2

[x 2(x2+ 1)] — [Ex/0n (x)]
xy/2(x2 + 1)+ £xV/0m (x)
1 4
= —%xlﬁ (xl/(’ - 1) <x2/3 +x13 4 1) (o 43213 4 6x10/3 4 36x19/6 4333

+96x'7/0 4+ 84x3/3 4 180x%/2 + 411x7/3 4 420x"3/0 4 53222 + 420x11/6
+411x73 +180x%/% 4 84x*/3 +96x7/6 4 33x + 36x/0 + 6x*/3 +3x1/3 +1) < 0
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for x> 1.
From (2.22), (2.26), (2.28) and (2.29) we clearly see that H (x) is strictly decreas-
ing on (1,e0). Therefore,
NQA (617 b) < L1/6(a7 b)

follows from (2.19)—(2.21) and the monotonicity of H(x).
Case 3.4 p < 1/6. Let x>0 and x — 0, then making use of (1.1) and (1.6)
together with the Taylor expansion we have

Noa(1,1+x) = Lp(1,1+x) (2.30)
B 1+x 1 (X 2—|—2+xsinh_1 X 1+ (14x)PHt

S \2 4 2+x x 2+x L+ (1+x)P
1-6

:Tpx2+0(x2).

Equation (2.30) implies that there exists small enough 63 = 83(p) > 0 such that
Noa(1,1+x) > Ly(1,14x) for x€ (0,83). O

THEOREM 2.4. The double inequality
Lo, (a,b) < NAQ(a,b) < L[34 (a,b)

holds for all a,b >0 with a # b if and only if o4 <0 and B4 > 1/3.

Proof. Without loss of generality, we assume that x=a>1and b=1. Let pe R,
then (1.1) and (1.5) lead to

2 1 —1 ~1(3 p+l_ p +3
Nag(a;b) = Lp(a,b) = . [arctaﬂ<i )_(X ) (3« xP—x+3)

2(x—1) +1 2(x2+1)(xP+1)
(2.31)
Let ( . )
x—1 (x—1)(3xPH —xP —x+3
J(x) = arct — 2.32
(x) = arctan <x+1) 2(x2+1)(xP +1) (2.32)
Then simple computations lead to
J(1)=0, (2.33)
, x—1
J(x)=- Ji(x), (2.34)

X2+ 1) (xp 4 1)
where
Ji(x) = 2P 432 L 2p T3 2 (p - D)X T2 2(p+ DT = 2pa? — 327 — x.

(2.35)
We divide the proof into four cases.
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Case 4.1 p =0. Then (2.35) leads to
Jilx)=—4(x—-1)<0 (2.36)

for x> 1.
It follows from (2.31)—(2.34) and (2.36) that

NAQ(aJa) > L()(a7b).
Case 4.2 p > 0. Then from (1.1) and (1.5) we have

m 7Lp(x,l) = lim 4(xp+1+l) (2.37)
x=tee Npg(x, 1) xrfee [(x—i— 1)+ 2()’52:;1) arctan (jc%)} (xP +1)
8
=—>1
n+2

Inequality (2.37) implies that there exists large enough X4 = X4(p) > 1 such that
Nao(x,1) < Lp(x,1) for x € (X4,00).
Case 4.3 p =1/3. Then (2.35) leads to

1 3
Ji(x) = §x1/3 (x1/3 - 1) <2x2 +6x°3 41553 4 21x + 15623 + 6x1/3 —|—2> >0
(2.38)

forx>1.

Therefore,

NAQ(a,b) < L1/3(a,b)

follows easily from (2.31)—(2.34) and (2.38).

Case 4.4 p < 1/3. Let x>0 and x — 0, then making use of (1.1) and (1.5)
together with the Taylor expansion we have

Nag(1,1+x) —Ly(1,1+x) (2.39)
- 1+)_c 1+2(x2+2x+2)arctan X P4
S \2 4 x(x+2) x+2 (x+1)P+1
o 1-3p , 2
=1 +o(x?).

Equation (2.39) implies that there exists small enough 64 = 84(p) > 0 such that
Nao(1,14+x)>L,(1,1+x) forx € (0,64). O

3. Applications

In this section, we will establish several sharp inequalities involving the hyper-
bolic, trigonometric and inverse trigonometric functions by use of Theorems 2.1-2.4.
From (1.2) we clearly see that

G*(a,b)
L(a,b)

A%(a,b)
P(a,b) |’

NAG(a,b):% Ala,b) + | Nea(ab) = = |Gla.b) + G.1)

1
2
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Q*(a,b)
T(a,b)

A?(a,b)
M(a,

1
Ala,b) +

7 (3.2)

Q(a,b)—|— NAQ(a b)

1
NQA (a, b) = 5

b)
Let a > b and x = tanh™' (%2) = Jlog¥ € (0,). Then simple computations

lead to

??((le?) = cosh(x), (L;((Zzlj; - S 2((5,7:)) :coi};[s(f(:xl))x]7 (3.3)
A8 ey, ) - O
o = S
0(a,b)  cosh!/2(2x) arctantanh(x)], Ly(a,b)  cosh[(p+1)] a6

T(a,b) ~ sinh(x) O(a,b) cosh!/?(2x) cosh(px)
Theorems 2.1-2.4 and (3.1)—(3.6) lead to Theorem 3.1.
THEOREM 3.1. The double inequalities
2cosh[(oy + 1)x] X 2cosh[(B; + 1)x]
—_—— < h <
cosh(oqx) cosh(x) + sinh(x) cosh(fx)

2cosh[(0n + 1)x] 2cosh[(f2 + 1)x]
cosh(0px) cosh(f,x)

2cosh[(o3 + 1)x] cosh?(x) o [sinh(x) + cosh1/2(2x)1

< 1+ sinh(x) arcsin[coth(x)] <

h'/2(2
cosh(oax) < cosh™7(2x) + sinh(x) cosh(x)

2cosh[(Bs + 1)x]
cosh(fBsx)
s

2cosh[(oy + 1)x] cosh(2x) 2cosh|[(Bs + 1)x]
—_— < h tan|tanh < —F
cosh(oyx) cosh(x) + sinh(x) arctan[tanh ()] cosh(fB4x)
hold for all x > 0 if and only if oy < —1/3, B >0, <—1/6, B, >0, 03 <0,

B3 >1/6, oy <0 and B4 >1/3.

Let a > b and x = arcsin (%) € (0,7/2). Then it is not difficult to verify that

19ty Sty -2 o
LGP((;I,’:)) = sec(x)Lp[1 +sin(x), 1 —sin(x)], Lp((: :)) = Lp[1 +sin(x), 1 —sin(x)],
(3.8)
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a 14 sin’ (x a in(x),1 — sin(x
?Ea:ig = \/ﬁarctan[sin(x)}, LQP((a,,ll)))) _ Ll +S] j_z;;(x; )], (3.10)

From Theorems 2.1-2.4, (3.1), (3.2) and (3.7)—(3.10) we get Theorem 3.2 imme-
diately.

THEOREM 3.2. The double inequalities
cos?(x)

sin(x)
< 2Lg,[1 +sin(x), 1 —sin(x)],

2L, [1 4 sin(x),1 —sin(x)] < 1+ log[sec(x) + tan(x)]

2L, [1 +sin(x), 1 —sin(x)] < cos(x) + < 2Lg,[1 +sin(x), 1 —sin(x)],

sin(x)
log [sin(x) 44/ 1 + sin? (x)]
sin(x)

2Ly (1 +sin(x), 1 —sin(x)] < /1 +sin®(x) +
< 2Lg,[1 +sin(x), 1 —sin(x)],
2L, [1 +sin(x),1 —sin(x)] < 1+ [sin(x) 4 csc(x)] arctan[sin(x)]
< 2Lg,[1+sin(x),1 —sin(x)]
hold for all x € (0,7/2) if and only if oy < —1/3, B1 =0, o < —1/6, B, >
o3 <0, B3>1/6, 0u <0 and By >1/3.

Let a > b and x = arctan((a —b)/(a+ b)) € (0,7/4). Then simple computations
lead to

- o G -] o
g = e L, e = ot arsinfan(v)

(3.12)

IX((Z :)) _ Lyleos(x) + Sili)xs)(;c)os(x) — sin(x)] | fo((Z?) — costa), o)

A(f; 2 = cot(x) logfsec(x) + tan(x)] ?EZ:Z’X o

LQ((S ’zl:)) = Lp[cos(x) +sin(x),cos(x) —sin(x)]. (3.15)

Theorems 2.1-2.4, (3.1), (3.2) and (3.11)—(3.15) lead to Theorem 3.3.

THEOREM 3.3. The double inequalities

2L, [cos(x) + sin(x),cos(x) — sin(x)] < cos(x) +

cos(2x) 1 + tan(x)
2sin(x) lo [ 1 —tan(x) ]
< 2Lg, [cos(x) + sin(x),cos(x) — sin(x)],
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cos?(x)
sin(x)
< 2Lg, [cos(x) +sin(x),cos(x) — sin(x)],
cos?(x)
sin(x)

< 2Lg, [cos(x) + sin(x),cos(x) — sin(x)],

2L, [cos(x) + sin(x), cos(x) —sin(x)] < cos'/?(2x) + arcsin[tan(x)]

2L [cos(x) +sin(x),cos(x) —sin(x)] < 1+ log[sec(x) + tan(x)]

. . X
2L, [cos(x) + sin(x), cos(x) — sin(x)] < cos(x) + Sn(Y)
< 2Lg, [cos(x) + sin(x),cos(x) — sin(x)]
hold for all x € (0,7/4) if and only if oy < —1/3, B1 =0, o < —1/6, B, >
o3 <0, ﬁ3 1/6 a4<0and[34>1/3
Let a > b and x = sinh~!((a —b)/(a+ b)) € (0,log(1 ++/2)). Then it is not
difficult to verify that

Ala,b) 1 Gla,b)  \/1—sinh®(x) 14 sinh(x)

Gla,b) [ _ Sinhz(x)’ L(a,b) ~ 2sinh(x) [1 — sinh(x)] , (316)
Ly(a,b) _ Lp[1+sinh(x),1 —sinh(x)] A(a,b) _ arcsin[sinh(x)] (3.17)
G(a,b) 1 — sinh?(x) " P(a,b) sinh(x) ’ '

Z’(i’lf’)) — L,[1 +sinh(x), 1 — sinh(x)], fgjg — cosh(x), M((le?) = o
(3.18)
Q(a,b)  cosh(x) arctan[sinh(x)], Ly(a,b)  Lp[l+sinh(x),1 —sinh(x)] . (3.19)

T(a,b)  sinh(x) Q(a,b) cosh(x)
From Theorems 2.1-2.4, (3.1), (3.2) and (3.16)—(3.19) we get Theorem 3.4 imme-
diately.

THEOREM 3.4. The double inequalities

2L, [1 + sinh(x), 1— Sinh(x)} <1 + Slnh2 (x) |:1 + sinh(x):|

nh(x) % |1 sinh(x)

<2Lg [l + smh(x) 1 — sinh(x)],

arcsin[sinh(x)]
sinh(x)

< 2Lg, [1 +sinh(x), 1 —sinh(x)],

2L, [1 4 sinh(x), 1 —sinh(x)] < y/1 — sinh?(x) +

. . x . .

2Ly, [1 +sinh(x), 1 —sinh(x)] < cosh(x) + Sinh(x) < 2Lg,[1 +sinh(x), I — sinh(x)],
) ) cosh?(x) .

2L, [1 +sinh(x), 1 —sinh(x)] < Sinh (o) arctan[sinh(x)]

< 2Lg,[1 +sinh(x), 1 —sinh(x)]
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hold for all x € (0,log(1++/2)) ifand onlyif oy < —1/3, B1 =0, 00 < —1/6, B, >0,
o3 <0, B3>1/6, 0u <0 and By >1/3.
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