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REVERSED HARDY INEQUALITY FOR C-MONOTONE FUNCTIONS

SAAD IHSAN BUTT, JOSIP PECARIC AND MARJAN PRALJAK

(Communicated by N. Elezovic)

Abstract. In this paper, we will give general Hardy and reversed Hardy type inequalities for
a generalized class of monotone functions. Moreover we will give n-exponential convexity,
exponential convexity and related results for some functionals obtained from the differences of
these inequalities. At the end we will give mean value theorems and Cauchy means for these
functionals.

1. Introduction

The classical Hardy inequality for f > 0 and p > 1 is given as

</ow G/oxf(f)thdx) l/p < p%l (/Omfp(x)dx) Ve

When f > 0 is a decreasing function, then the reversed Hardy inequality, given by
P.F.Renaud (1986) in [7],

oo 1 X V4 p oo
/O (E/o f(t)dt) dx > zﬁ/o 77 (x)dx (1)

holds. In this paper we prove the reversed Hardy type inequalities for a more gen-
eral class of C-monotone functions by considering the inequalities given by Pecaric,
Peri¢ and Persson in [5]. A function f is C-decreasing (C-increasing), C>1,if
f(x) <Cf(y) (f(v) <Cf(x)) whenever y <x,x,y € (a,b). Moreover, by construct-
ing some linear functionals and n-exponential convex functions related to the obtained
inequalities, we give refinements of the reversed Hardy type inequalities. Also we will
give mean value theorems and Cauchy means for these functionals.
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2. Main results

In this paper the terms positive, decreasing and increasing shall be interpreted as
nonnegative, nonincreasing and nondecreasing, respectively. We shall consider positive
real valued functions f,g defined on an interval (a,b), —eo < a < b < +e. Moreover,
the function denoted by g will be monotone throughout the paper and we assume that
the function denoted by f is integrable with respect to the measure generated by g,
i. e. that f:f(x)dg(x) < +eo for an increasing g and fabf(x)d[—g(x)} < 4o for a
decreasing g.

We start by considering the following results given in [1] and [5].

THEOREM 2.1. Let ¢ : [0,00) — R be a convex function differentiable on (0,c)
and such that ¢(0) =0 and let —oo < a < b < oo.

(a) If [ is C-decreasing and g is increasing, differentiable and such that g(a+0) =

0, then ,
¢(c | redstx ) / ) £(x)dg(x). @

(b) If f is C-increasing and g is increasing, differentiable and such that g(a+0) =

0, then ,
o(¢ [ 10} < & [ o Gwet) e @)

(c) If f is C-increasing and g is decreasing, differentiable and such that g(b—0) =

0, then
o(c [ sa-s) ¢ [ et ol @

(d) If f is C-decreasing and g is decreasing, differentiable and such that g(b—0) =

0, then
o & [ rodt-s) < ¢ [ (W) Sal-e).

(e) If the condition “¢ is convex” is replaced by “¢ is concave”, then all the in-
equalities (2)—(5) hold in reversed direction.

Now we will state our main result, which we will obtain from the above inequali-
ties.

THEOREM 2.2. Let ¢ : [0,00) — R be a convex and differentiable function such
that ¢$(0) =0 and let —oo < a<b < oo, Let k: (a,b) — [0,0) be a positive integrable
function, Ki(x) = [k(t)dt and Ky(x) = [*k(r)dt
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(a) If [ is C-decreasing and g is increasing, differentiable and such that g(a+0) =
0, then

[ ko (c [ s Jax= ¢ [ Kiod (e ). ©

(b) If f is C-increasing and g is increasing, differentiable and such that g(a+0) =
0, then

[ k0 ( & [ rras))ax< £ [ ko (et raseo. @)

(c) If f is C-increasing and g is decreasing, differentiable and such that g(b —0) =
0, then

[ ( [ o )dx>c [ @6 (7)1l
8)

(d) If f is C-decreasing and g is decreasing, differentiable and such that g(b—0) =
0, then

/ ( / f) )dx< / Ka(x)8' (f(x)g(x)) f(x)d [~ g (x)]-

€))

(e) If the condition “¢ is convex” is replaced by “¢ is concave”, then all the in-
equalities (6)—(9) hold in reversed direction.

Proof.

(a) Under the given conditions, we have the following inequality by Theorem 2.1

o(c [ rnasto) > [0 (1016 s0aeto).

Multiplying the above inequality with a positive function k, then integrating from
a to b and applying Fubini’s theorem on the integral on the R.H.S., we get

[ ko (c [ rtet)ar>c [k [ o' (g0 st

Denote L = ¢'(0). We have

/ab/af k(1)¢' (f(x)g(x)) f(x)dg(x)dt

= / ' / () <¢’(f(x)g(x)) —L>f(x)dg(x)dt +L / ' / k() () dg ()

(10)
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Since the functions under the integrals on the R.H.S. are positive, we can apply
Fubini’s theorem. Furthermore, since the second integral on the R.H.S. is finite,
we can change the order of integration in the integral on the L.H.S. Therefore,

[ koo (e [/ ras))ar = [ o' (st s ([ worar)asto.

i.e. (6) holds.
Similarly, we can prove the inequality given in (b).

(c) Under the given conditions, we have the following inequality by Theorem 2.1

o(c [ rodi-e1) = [0 (1st0) w)al-eto)]

Multiplying the above inequality with a positive function k, then integrating from
a to b and changing the order of integration in the integral on the R.H.S., we get

/ ( /f )dt C/ / Fx)g(x)) f(x)d[~g(x)]dr

= 6/ () ) ([ 0t al-e0)
i.e. (8) holds.

Similarly, we can prove the inequality givenin (d). O

REMARK 2.3. If the function ¢ in Theorem 2.2 is monotone (i. e., ¢’ is of the
same sign everywhere), then we can apply Fubini’s theorem directly to the integral on
the L.H.S of (10). In that case we do not need integrability of the function k¥ and
differentiability of ¢ at O.

REMARK 2.4. The function ¢ in Theorems 2.1 and 2.2 can be restricted to a
compact interval [0,c] if the functions f and g satisfy certain additional conditions.
For example, if f and g satisfy the assumptions in part (a) of Theorems 2.1 and 2.2
and, additionally, [” f(x)dg(x) < ¢/C, then

9= ["rwas) <c [ rnas) <c [ rwagt)

Furthermore, C [ f(¢)dg(r) < Cf f(t)dg(t) < ¢, so the expression on the L.H.S. and
R.H.S. of (2) and (6) are well defined for a function ¢ defined on the interval [0, c].

Similarly, if f and g satisfy the assumptions in part (b) of Theorems 2.1 and 2.2
and, additionally, f(b—0)g(b—0) < ¢/C, then f(x)g(x) < Cf(b—0)g(b—0) < ¢ for
every x € (a,b) and

L[ s < & [ s0aso < [ 7o-0)dg(0) = 5o 06-0) <.
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so the expression on the L.H.S. and R.H.S. of (3) and (7) are well defined for a function
¢ defined on the interval [0,c]. An analogous argument shows that the same holds
for functions f and g satisfying the assumptions in part (c) (respectively, part (d)) of
Theorems 2.1 and 2.2 and, additionally, fab Ff(x)d[—g(x)] < ¢/C (respectively, f(a+
0)g(a+0)<c/C).

From the proofs of Theorem 2.1 (see [5]) and Theorem 2.2 it is clear that they are
still valid in this case (i. e. for ¢ defined on [0,c]), as are the corollaries that we will
derive from these theorems.

COROLLARY 2.5. Let —o<a<b< o, p>=1, k:(a,b) — [0,), K(x) =
[P k(r)dt and Ka(x) = [*k(t)dt

(a) If [ is C-decreasing and g is increasing, differentiable and such that g(a+0) =

0, then
[ v (/f )dx>cl [ K@) an

(b) If f is C-increasing and g is increasing, differentiable and such that g(a+0) =

0, then
/ (/f )dx<C" 1/ K@) (@dlg" @) (12)

(c) If f is C-increasing and g is decreasing, differentiable and such that g(b—0) =
0, then

/ (/f )dx>c1 p/ Ky (x) P (x)d[—gP(x)].  (13)

(d) If f is C-decreasing and g is decreasing, differentiable and such that g(b—0) =
0, then

[r( [ rwien) < et [empwa-ew).

(e) If the condition “p > 1" is replaced by “0 < p < 17, then all the inequalities
(11)—=(14) hold in reversed direction.

Proof. Applying Theorem 2.2 (a)—(d) for ¢(x) = x” and taking into account
Remark 2.3 we get (11)-(14). O

COROLLARY 2.6. Let —c0o<a<b <o and p>1.

(a) If f is C-decreasing, then

[ om0 P 22) e o
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(b) If f is C-increasing then

[t ([rom) ame 25 = (52) o o

(c) If the condition “p > 1" is replaced by “0 < p < 17, then inequalities (15) and
(16) hold in reversed direction.

Proof. Take k(x) = (x—a) P and g(x) =x—a in (11) and (12). By considering
Remark 2.3 we get (15) and (16), respectively. [

REMARK 2.7. If we take a =0, b =o0 and C =1 in (15), then we get the
reversed Hardy inequality (1).

As a special case, we consider C-monotone functions with respect to the power
functions (see [11,[5]). For C,Cy > 1, —eo < 0 < 0 < oo, we say that f € Q% (Cy)
if f(x)x™™ is Cj-increasing and f € Qq, (C2) if f(x)x~* is C,-decreasing.

THEOREM 2.8. Let p > 1, k: (a,b) — [0,00), Ki(x) = ["k(t)dt and Ky(x) =
Ja k(@)dt
(a) If f € Q% (C), b= and o0 > 04, then the following inequality holds
R R —,
(17)
(b) If f € Qu, (C), a=0 and o > o, then the following inequality holds

/ (/ f(@) ) dx > p[C(o a)]l—p/OhKl(x)fp(x)x*pa%.

(18)

Proof.

(a) Since f € Q™ (C), by making substitutions f — f(x)x~* and taking g(x) =
x®~%in (13), we get (17).

(b) Since f € Qq,(C), by making substitutions f — f(x)x~* and taking g(x) =
x%2~%in (11), we get (18). O

3. Associated linear functionals and exponential convexity

The differences of the R.H.S. and L.H.S. of the inequalities from the previous
section are linear with respect to the convex function ¢. We will use this property to
construct new families of exponentially convex functions and to derive some related
results.



REVERSED HARDY INEQUALITY FOR C-MONOTONE FUNCTIONS 609

For the sake of simplicity and to avoid many notions, we introduce the following
definitions:
(M) Under the assumptions of Theorem 2.1(a), we define linear functional as

)=o(c [ rdsto) —¢ [0/ (et rodsto

(M3) Under the assumptions of Theorem 2.1(b), we define linear functional as

= 2 [ 0 et swase—o £ [ rasen).

(M3) Under the assumptions of Theorem 2.1(c), we define linear functional as

—o(c [ rwat-gtr) ~¢ [ (1) eIl

(My4) Under the assumptions of Theorem 2.1(d), we define linear functional as

0= & [ ¢ e a0 & [ ral-eto]).

(Ms) Under the assumptions of Theorem 2.2(a), we define linear functional as

as(0) = [ ko [ r0ase) Jas—¢ [ Ko (1eto) s

(Mg) Under the assumptions of Theorem 2.2(b), we define linear functional as

=L [ 66 (0s0) )~ [ koo (é / xf(t)dg(t))dx.

(M7) Under the assumptions of Theorem 2.2(c), we define linear functional as

@ (0) = [ ko (€ [ rat-e ) x—c [ Katw)o' (rw)e(o) rIal-et0].

(Mg) Under the assumptions of Theorem 2.2(d), we define linear functional as

= & [ w0 (et s - [ kwo(& [ r0dt-o0) Ja

REMARK 3.1. Under the assumptions of Theorem 2.1 and Theorem 2.2 a convex
function ¢ and the linear functionals € for k =1,...,8 satisfy Q;(¢) > 0.

Now we are ready to investigate the properties of functionals as defined above,
regarding n-exponential and exponential convexity.

We start this part of the section by giving some definitions and notions which
are used frequently in the results. Throughout this section [ is an interval in R. The
following results for n-exponentially convex functions are cited from [4].
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DEFINITION 1. A function f : I — R is n-exponentially convex in the Jensen

sense on [ if
Y s ("’“’) >0

i,j=1

holds for all choices & € R andevery x; €1, i=1,...,n
A function f: I — R is n-exponentially convex if it is n-exponentially convex
in the Jensen sense and continuous on /.

REMARK 3.2. It is clear from the definition that 1-exponentially convex func-
tions in the Jensen sense are, in fact, non-negative functions. Also, n-exponentially
convex functions in the Jensen sense are k-exponentially convex in the Jensen sense
forevery ke N, k < n.

By using some linear algebra and the definition of a positive semi-definite matrix,
we have the following proposition.

PROPOSITION 3.3. If f is n-exponentially convex in the Jensen sense then for
any x; €1, i=1,...,n, the matrix

(=)

is positive semi-definite for all k € N, k < n. In particular,

det [f (’%)

i,j=1

k

forall ke N, k<n

DEFINITION 2. A function f: I — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N. Moreover, a
function f: I — R is exponentially convex if it is exponentially convex in the Jensen
sense and continuous on /.

REMARK 3.4. A function f:I — R is log-convex in the Jensen sense, i. €.

2
£(M52) <rtnste). oranxer, o

if and only if
ELf(x1) +2816f (xl +x2> +& f(x2) =0



REVERSED HARDY INEQUALITY FOR C-MONOTONE FUNCTIONS 611

holds for every &;,& € R and xj,x; €1, 1. e, if and only if f is 2-exponentially convex
in the Jensen sensse. By induction from (19) we have

(e (17 50) ) < '

Therefore, if f is continuous and f(x;) = 0 for some x; € I, then from the last in-
equality and non-negativity of f (see Remark 3.2) we get f(x2) = limy_0 f (%kxl +

(1— %)xg) =0 for all x, € I. Hence, a 2-exponentially convex function is either

identically equal to zero or it is strictly positive and log-convex.

The following lemma is equivalent to the definition of convex functions [6, page
2].

LEMMA 3.5. A function f :1 — R is convex if and only if the inequality
(43 —x2) f (1) + (61 —x3) f (%2) + (x2 —x1) f(x3) = 0
holds for all xy,x3,x3 € I such that x; < xy < Xx3.

We will also need the following result (see e.g. [6]).

LEMMA 3.6. If @ is a convex function on an interval 1 and if x; < yi, xp <
Yo, X1 # X2, Y1 # Y2, then the following inequality is valid:

D(x) — D(x1) P D(y;) — D(yy)
x—x . y=y

(20)

If the function @ is concave then the sign of the above inequality is reversed.

Divided differences are found to be very handy and interesting when we have to
operate with different functions having different degree of smoothness. Let f: 7 — R
be a function, 7 an interval in R. Then for distinct points u; € I, i =0, 1,2, the divided
differences of the first and second order are defined as follows:

[wis f] = f(wi) (i=0,1,2),
fuivr) — f(ui)

Uiyl — Ui

s 33 ) — o 13 f]

Uy — U

[”iauiJrl;ﬂ: (i:Ovl)v

[uo, ur,u2; f] = 21

The values of the divided differences are independent of the order of the points
ug,u,ur and may be extended to include the cases when some or all points are equal,
that is

[uo, uo; f] = u}ifzto[uo’uﬁf] = f'(uo),

provided that f’ exists.
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Now, passing through the limit #; — u and replacing u, by u in (21), we have
[6, p. 16]

£ () — f(uo) — f (o) (u — uo)

u # ugy
(u— uo)2 ’ 7

(o, uo, us f] = lim [ug, ur,u; f] =
ujyp—ug

provided that f” exists. Also passing to the limit u; — u (i=10,1,2) in (21), we have

£ (w)
2 9

[uvuau;f] = ul.iinm[u():ulauZ;f} =
provided that f” exists.

REMARK 3.7. One can note that if for all distinct ug,u; € I, [ug,u;; f] = 0 then
f is increasing on I and if for all distinct ug,uy,up € I, [ug,ur,usz; f] >0 then f is
convex on /.

In order to obtain our main results regarding the exponential convexity, we define
several families of functions with certain properties. Let J C R be an interval and let

E,={¢ :[0,00) > R:1 € J, 1+ [up,us,uz; ] is n-exponentially convex on J

in the Jensen sense for every ug # uj # ua # ug € [0,00)}

for n € N and E.. be defined analogously using exponentially convex functions in the
Jensen sense instead of n-exponentially convex functions in the Jensen sense.

THEOREM 3.8. Let Q be linear functionals defined as in (My) for k=1,...,8
associated with a family E,. Then t — Q(@,) is an n-exponentially convex function
in the Jensen sense on J. If the function t — Qu(@;) is continuous on J, then it is
n-exponentially convex on J.

Proof. We prove n-exponential convexity in the Jensen sense of the function ¢ —
Qu(¢), fork=1,...,8. For § € R and t; € J, i = 1,...,n, and the family of functions
E, , define the function

n
h(u) = ¥, &&ion,; (u). (22)
ij=1 2
We have .
(o, ur,uzsh] = 3 &ijluo, ur,uz; @i, |.
ij=1 2

Since the function 7 +— [ug,uy,us; ¢] is n-exponentially convex in the Jensen sense on
J, the right-hand side of the above expression is non-negative which implies that /(u)
is convex on I (see Remark 3.7).

Hence, taking into account the assumption (M) with Remark 3.1, we have

Qi (h) >0, fork=1,...,8,
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that is,

Y &i&i <<Pt,+tj) > 0.
i,j=1 2
Therefore, we conclude that the functions 7 +— Qi (¢ ), k= 1,...,8, are n-exponentially
convex in the Jensen sense on J.

If the function 7 — Qu(¢y) is also continuous on J, then 7 +— Q(¢) is n-expo-
nentially convex by definition for k=1,...,8. [

The following corollary is an immediate consequence of the above theorem.

COROLLARY 3.9. Let & be linear functionals defined as in (My) for k=1,...,8
associated with a family Ee. Then t — Qu (@) is an exponentially convex function in
the Jensen sense on J. If t — Qu (@) is continuous on J then it is exponentially convex
onJ.

Proof. Follows from the previous theorem. [

COROLLARY 3.10. Let Q be linear functionals defined as in (My) for k =
1,...,8 associated with a family E,. Then the following statements hold:

(i) If the function t — Qu (@) is continuous on J then, for r,s,t € J such that r <
s <t, we have

(R (99)"" < (i) (ue(r))" (23)

(ii) If the function t — (@) is strictly positive and differentiable on J, then for all
t,r,u,v € J such that t <u,r <v, we have

B, E) < B(u,v; QL Ea), k=1,...,4,

where
1

40 %
exp (7(1[!(21(,({;3))) Jt=r

Proof. (i) By Theorem 3.8 the mapping 7 — Q(¢;) is 2-exponentially convex.
Hence, by Remark 3.4, this mapping is either identically equal to zero, in which case in-
equality (23) has zero on both sides, or it is strictly positive and log-convex. Therefore,
for r,s,t € J such that r < s <t with f(z) =logQ(¢,) in Lemma 3.5 gives

%(t7r;gk7E2): (24)

(t—5)log Qi (o) + (r—1)log Qi (¢s) + (s — r) log Qi (¢ ) = 0.

This is equivalent to inequality (23).
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(ii) By (i), the function  — ®;(f;) is log-convex on J, which means that the
function 7 — log @, (f;) is convex on J. Hence, by using Lemma 3.6 with 1 <u, r <v,
t #r, u# v, we obtain

logQu()) ~10gQ%(9,) _ log (@) — logQu(9.)

t—r u—vy

; (25)

that is,
%(I,F;Qk,Ez) < %(M,V;Qk,Ez).

Finally, if r = r < u, by taking the limit lim,__,,, we have
%(I,I;Qk,Ez) < %(u,v;Qk,Eg).

Other possible cases are treated similarly. [J

REMARK 3.11. The results given in Theorem 3.8 (respectively, Corollary 3.9;
Corollary 3.10) hold when two of the points ug,u;,u; € [0,o0) coincide, that is to say
when the family E, (respectively, E..; E;) is replaced with a family (¢y);e; of dif-
ferentiable functions ¢ such that for every ug # u; the function 7 — [ug, uo,u;; ¢] is
n-exponentially convex (respectively, exponentially convex; 2-exponentially convex)
in the Jensen sense. Moreover, the above results also hold when all three points co-
incide, i.e. for a family of twice differentiable functions ¢ such that the mapping
v [ug,uo,u0; 0] = ¢/'(ug)/2 satisfies analogous properties. These results can be
proved easily as before by using the extension of the divided differences to the case
when some or all of the points ug,u;,u, are equal.

In particular, if the functions ¢, are twice differentiable, then the families E, can
be defined as

d2
E,={¢:[0,00) > R:t€J,t+— d—2¢t (x) is n-exponentially convex on J
X

in the Jensen sense for every x € [0,00)}.

In order to obtain refinements of the reversed Hardy inequality for C-monotone
functions, we consider the following example of our interest and apply it to the func-
tionals €, k=5,...,8. Let a family of functions ¢, : [0,ec) — R, p > 0, be defined
by

P
® (x): Pp—1)° p>0,p#1 (26)
P xlogx, p=1,

with 0log0 = 0. Then ¢, (x) = xP~2, 50 ¢, is convex. The following Corollary is an
immediate consequence of Corollary 3.10.
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COROLLARY 3.12. Let a,b,f,g,k,K| and K, be as in Corollary 2.5. Then, for
p <q<r(p,q,r e R"\{1}) the following inequalities hold:

(@ | EADC L @ dg0)ax—C KW@t |
alqg—1)

_ [ Ik S () dg(0))Pdx—C 7 K (x)f7 (x)dg?(x) |
h p(p—1)

. lffk(X)(Cf;‘f(t)dg(t))(’dx—I)Cfle <x>fr(x)dg’<X>rp, @7)

()

LK (0 f1(0)dg?(x) — & [P k()(C [ f(1)dg())tdx] "
q(g—1)

<

LIPK (0P (0)dgP (x) — & [P k()(C [ F()dg(n))rdx] "
p(p—1)

LIPK (0 fr(x)dg(x) — & [P k(x) <Cf;f<r>dg<t>>fdx]

X , (28)

r(r—1)

(o) [ L KC L} Fdl-g@])dx—C [ Ko 0 d[ g ] |
qlg—1)

_ [ k)€ ! F(0)d=g0)])Pdx—C [ Kal) £ (d[—g” )] |
b p(p—1)

. lffk(x)<Cffxf<t>d[—g<r>]>rdx— Cli K] ,W[_gr(x)]] e

r(r—1)

()

L2 K () f1(0)d]—g9(x)] — & [P k(x)(C [P f()d]—g(t)])%dx | "
q(qg—1)
L2 K (0P () d[—g? (0)] — &5 J2 k(x)(C [P F(1)d]—g(t)])Pdx] "
p(p—1)

L2k (x) fr(x)d[—g" (x)] — & [2 k(x)(C [ f(r)d[—g(r)})’dx]
r(r—1)

<

X

. (30)

Proof. Notice that ¢, (x) = xP~2 = ¢(P=2)10g¥ and the mapping p — e(P—2)102¥ jg
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n-exponentially convex for every n € N since

T A L )

i,j=1

Therefore, by Theorem 3.8 and Remark 3.11, the mapping p — Q(¢,) is n-exponen-
tially convex in the Jensen sense. In, particular, it is 2-exponentially convex and it is
straightforward to check that it is continuous, so inequalities (27)—(30) follow from
Corollary 3.10(1). U

COROLLARY 3.13. Let a,b,k,K| and K, be as in Theorem 2.8. Then, for p <
q<r(p,q,r e R"\{1}), the following holds:
(a)If f € Q" (C), b=o0 and a > oy, then

[Clo—an)]? [ k() ([ f()r L Yadx — gClor— o) [ Ko (x) 4 (x)x 9% ]

q(g—1)
[Clo—0)]” [ k() ([ f ()L ) dx — pClot— o) [ Ko () P (x)x P )™
- p(p—1)
y [[C(a—al)]’ffk(x)(fff( YAy dx — rClo— 04) [ K (x) 7 (x)x d} r
r(r—1) '
(b)If f € 00, (C), a=0 and o > o, then
[Clon — o))" [0 k(x) (3 £()1~ % )9dx — gClon — o) [ Ky <x>fq<x>x—wﬂ
alg—1)
_ [ [C(on = o))" [y k) (g f ()1~ * ¢ )Pdx — pClon — 01) Jy Ki ()P () P ]
h p(p—1)
. l[c(az -] AU e et o) [ Ki (x)f’(X)xra%rp.
rir—1

Proof. (a) It follows from Corollary 3.12(c) by making substitutions f — f(¢)r~%
and taking g(7) =t~ %* in (29).

(b) It follows from Corollary 3.12(a) by making substitutions f — f(¢)r~* and
taking g(r) =¢t* % in (27). O

4. Mean value results

In this section we assume that the assumptions of Remark 2.4 are satisfied, so
Q;(¢) are well defined for ¢ € C?[0,c]. We will first state and prove a Lagrange type
mean value theorem for the linear functionals Q. , k= 1,...,8 defined by (M) — (Mg).
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THEOREM 4.1. Let Q, k=1,...,8 be the linear functionals defined by (M) —
(Mg) and ¢ € C?[0,c|, ¢ >0, such that ¢(0) = 0. Then there exists & € [0,c] such
that

Qu(9) = @Qk(xz)- (31)

Proof. Fix k=1,....8. Since ¢” is continuous on [0,c], it attains its maximum
and minimum value on [0,c]. Let us consider

m= min {¢"(x)} and M= max]{q)”(x)}.

x€[0,¢] x€(0,¢

Let us consider functions Fy,F; : [0,¢] — R defined by

2 x2

X
Fi(x) = M? —¢(x) and F(x)=¢(x) —m.
Then
F/(x)=M—-¢"(x)>0 and F/'(x)=¢"(x)—m=>0,
so F],F, are convex functions and it holds F;(0) = F>(0) = 0. Hence, from Theorem

2.1 and 2.2 with F} and F, respectively, we have

%(0) S TU)  and  Qul9) > TU(R),

i.e., by combining these two inequalities, we have

m M
EQk(xz) <Q(9) < 391«()62)-
If Q(x?) =0 then Q(¢) =0 and (31) holds for all & € [0,c]. Otherwise

2Q;(¢)
s Qi (x?)

<M.

Since ¢”(x) is continuous, there exists & € [0,c] such that (31) holds and the proof is
complete. [l

Next, we will state and prove a Cauchy type mean value theorem for the linear
functionals €.

THEOREM 4.2. Let Q, k=1,...,8 be linear functionals defined by (M) — (Mg)
and ¢,y € C?[0,c], ¢ >0, be such that () # 0 and ¢(0) = y(0) = 0. Then there
exists & € [0,c] such that either the following identity

Qo)  0"(&)
%y) V(&) G2

holds or ¢" (&) = y" (&) = 0.
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Proof. Fix 1 <k <8 and let L € C?[0,c] be given by

L=vi¢ -y,
where vi = Qi(y) and vy = Q(¢). Now, using Theorem 4.1 for the function L, we
have B B
<v1 ¢ gék) . 4 f"))gk(xz) —0. (33)

Since Q;(x?) # 0 (otherwise we have a contradiction with Q(y) # O by Theorem
4.1), either ¢” (&) = w"(&) =0 or (33) yields (32). O

Theorem 4.2 can be used in construction of Cauchy means. Suppose that ¢” /y”
has inverse. Then (32) gives

s=(3) (&) o

where & € [0,c]. We conclude that the expression on the R.H.S. of the above expres-
sion is a Cauchy type mean of the interval [0,c|. For the family of functions ¢, given
by (26) and r,/ € RT, the mapping ¢/’ (x)/¢, (x) = x/~" has an inverse and we denote
the Cauchy means

1

K Qk(¢z))”
M, = (Qk(¢r) ey (35)

Since €(¢,) and the Cauchy means Ml’fr for k =1,...,4 for the class of functions
defined in (26) were given explicitly in [1], we will give them here only for k =35,...,8.
But, before doing this, we will introduce some notations for our convenience. Let us
denote

b

1/p
Hp<a,b,1<,f,g>=( K(x)f”(X)d[g”(x)]> ,

~ b 1/p
Ayfabk.ro) = ( [ K0P @d-ew])

R(K.£0) = [ K410 (10e00) ) 7 ']

and
n

_ b 1
R(K.£0) = [ K097 +10(7090) ) 109 ] -/
We will first give the expressions for Q(¢,), k=5,...,8.
Qs( p): Iy(g—il)ffk(x)Hf(a7xalafag)dx_CHII;(a7b7K17f7g>7 P>07P7é1
C [ k()H] (a,x,1,f,8)In[CH] (a,x,1, f,g)ldx— CR}(Ki,f,8), p=1.

1 b ygp 1 b P
cJdHp (a,b,Kl,f,g)—C—p Jd k() HY (ax,1,f,8)dx
Qs(0y) = Pl | POl

LRU(K, f8) — & [P (k(x)H] (a,x,1,f,8) In[CH] (a,x, 1, f,g)])dx, p=1.
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CP [P k(x)HY (x,b,1,f.8)dx—CHE (a.b.K>.f.8)
Q1(9,) = -1 ) p>0,p#1

C [ (k(x)H} (x,b,1, f,g)In[CH] (x,b, 1, f,g)])dx — CR} (K, f.8), p= 1.

L AN (@b K.t .8)— g JLKH] (xb,1.f.g)dx
CJa”™'p
, p>0,p#l
QS(¢p): (p R

cRY(K2, f,8) = & [ (K(x)H] (x,b,1,f,8) In[CH| (x,b,1,f g)))dx, p=1.
These expressions for Q(¢,) inserted in (35) give the Cauchy means for / # r. Also,

we have continuous extensions of the Cauchy means in other cases. Therefore, by limit,
we have the following

1-2r | J2Ik(x)C"H] (ax,1,h,)In(CH] (ax,1,h.8))|dx—CRL(Ky h.g)
KP\ =0 T (kO ] (L g CHE (ab Ko g) ’ r#1
M2 =S g (1 o 2 RICH] (@x.1h.0)n(CH} .01 g)) Plds+ CHY (0. Ko i) ~CRE (K1 )
P 217 [CH} (ax,Ling) IN(CHY (a,x, 1)) Jdx—CRY (K 1.2)) ’
r=1.
1 1 gyl
=2 fR(m7m J? k(x) & H] (a.x.1.h,g) In(L H] (ax,1 h.g)))dx
P\t (LH! (K hg)— jfk(x)5H1’(a,x,1,h,g)dx) ) ’ r#l,
M, = exp __L+*éHHmhKhhm+%RﬁKhhﬂ*(ﬂﬂﬂéHﬂwmhhﬂUM%Hﬂmxhhw»qﬂ
2RV (K1 h,g)— [P [LH] (ax,1,h,8) In(LH] (a.x,1,h.¢))]dx) ’
r=1.
1-2r | Ju [Kx)CTH] (x,b,1,h,8) In(CH] (x,b,1,}1,8))|dx—CRL (K h.g)
exp r(r—1) + (ff (x )C'I?Ir(xb,l,h,g)dx Cﬁ’(aszhg)) ’ 1’75 1
M}, = ex _4_%1[()CHbeIM@UMCHbelM@Dﬂw%CHWaszhm —CR}(Ky h.g)
p 2(J2 [CH! (x,b,1,h,g) In(CH] (x.b,1,h,8))dx—CR} (K2,h.g)) ’
r=1.
1 2r | eRM K hg)— [P [k(x) & H] (x,p,1,h.) In( £ H (x.b,1,h.g))ldx
P T (L abkag) [0k g (b L)) ’ r#l
ﬂﬁr= exp [ -1+ CHMuh@ﬁinR%&hs)ﬁJHﬂéﬁﬂmhhhwﬂﬂ%ﬁﬂxhhhw»qﬂ
P 2(LRY (Ko hg)— [2 [T} (5,1 g In( L) (0, g) ) ’
r=1.

By Corollary 3.10(ii), the means Mlk_r given by (35) are monotonic, i.e. for
rl,u,v € RT such that [ < v, r < u we have

M}, < M}

,u?

k=5,....8

The monotonicity of the Cauchy means for k = 1,...,4 was proven in [1].

5. Further Examples

In the earlier sections we applied Theorem 3.8 to the family of functions ¢, given
by (26) and constructed exponentially convex functions. By using properties of ex-
ponentially convex functions, we refined the reverse Hardy inequality and constructed
Cauchy means. In this section, we apply Theorem 3.8 to other families of convex func-
tions to get other exponentially convex functions and Cauchy means.
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EXAMPLE 5.1. Consider the family of functions
={4:]0,0) - R:l R}

defined by

-1
ll(x) _ 2[2 9 )
r. 1=0.

Notice that 4;(0) =0 and the mapping / — ‘;T’ll( ) = e!* is exponentially convex (see

the proof of Corollary 3.12). By Corollary 3.9 and Remark 3.11 the mapping [ —
Qr(A), k=1,...,8, is exponentially convex in the Jensen sense. It is easy to verify
that this mapping is continuous so it is exponentially convex.

For this family of functions, B(I,r;Q, Y1), k=1,...,8, from (24) is equal to

()™ e
B(l,r;Q, Y1) exp(QQk'dA;ll —%),l:r;«éo,

i (id-2o)) .
exp(mkw))), l=r=0,

where id is the identity function. Also, by Corollary 3.10, it is monotonic in the param-
eters [ and r. Applying Theorem 4.2 for ¢ = A; and y = A, we see that there exists
&, k=1,...,8, such that
G-nE& _ ()
Qk(xr)

Therefore
My (Y1) =1ogB (1, r; Q. Y1)

is a Cauchy mean.
EXAMPLE 5.2. Consider the family of functions
={w:[0,00) >R:1>0}

defined by

L 41,
a)l(x) _ logl

Notice that @;(0) = 0 and the mapping [ — —( y=1"= (lx) Jo e "Lt s the
Laplace transform of a non-negative function (see [8]). For é,- € R and [; > 0 we have

2&5,(’”) 1/<zg,ezf>2wdt>o,

i,j=1
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so the mapping [ — %( ) is exponentially convex on (0,0) (see [3]). By Corollary
3.9 and Remark 3.11 the mapping [ — Qi (@y), k= 1,...,8, is exponentially convex in
the Jensen sense. It is easy to verify that this mapping is continuous, so it is exponen-
tially convex.

For this family of functions, B(l,r;Q,Y>), k=1,...,8, from (24) is equal to

1
Q (@) \ -7
( (@) ) y l?’éh
B(l,r;Q,Y2) = exp( glzé‘!;dw(;’l @),l:r;&l,
Q(id-oy)) o
eXp(—gé);(Tll))>, l—r—l,

where id is the identity function. Also, by Corollary 3.10, it is monotonic in the param-
eters [ and r. Applying Theorem 4.2 for ¢ = @; and y = ®, we see that there exists

&, k=1,...,8, such that
(-2
r Qo)

M}, (Y2) = —L(1,r)log B(1,r;Q, Y2)

Therefore

is a Cauchy mean, where L(I,r) is the logarithmic mean defined by
T
[, [=r.
EXAMPLE 5.3. Consider the family of functions
={;:[0,00) > R:1 >0}
defined by

—xv1
e —1
i) = ——.

Notice that 1;(0) = 0 and the mapping [ — —( )= eVl = =Jo

also the Laplace transform of a non-negative function (see [8]). Analogously as in

Example 5.2, we can show that the mapping / — %(x) is exponentially convex in
the Jensen sense and, by Corollary 3.9 and Remark 3.11, the mapping [ — Q (),
k=1,...,8, is exponentially convex in the Jensen sense. It is easy to verify that this
mapping is continuous so it is exponentially convex.

For this family of functions, B(I,r;Q;,Y3), k=1,...,8, from (24) is equal to

()" e

Qlidyw) 1 _
exp( i) T =,

%(lvr;Qkan’) =
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where id is the identity function. Also, by Corollary 3.10, it is monotonic in the param-
eters [ and r. Applying Theorem 4.2 for ¢ = ; and v = U, we see that there exists
&, k=1,...,8, such that

o aVi-yp) _ i)
Qi (1r)

Therefore
M}, (Y3) = —(VI+/r)logB(1,r;Q, Y3)

is a Cauchy mean.
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