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BOUNDEDNESS FROM BELOW OF COMPOSITION
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Abstract. In this paper, we characterize the boundedness from below of composition operator on
α -logarithmic Bloch spaces.

1. Introduction

Let D denote the open unit disk in the complex plane C and ∂D be its boundary.
Let H(D) be the space of analytic functions on D and S(D) be the set of analytic self-
maps of D . For a ∈ D , let σa be the automorphism of D exchanging 0 for a , namely
σa(z) = a−z

1−az , z ∈ D. It is well known that σ−1
a = σa ,

|σ ′
a(z)|

1−|σa(z)|2 =
1

1−|z|2 ,
(1−|z|2)(1−|a|2)

|1− az| = 1−|σa(z)|2. (1)

Let ψ be a Möbius mapping such that a = ψ(0) . For z ∈ D , by (1) we get

1−|a|
1+ |a| � 1−|ψ(z)|2

1−|z|2 = |ψ ′(z)| � 1+ |a|
1−|a|. (2)

Moreover, let ψ , σ ∈ S(D) such that σ(0) = 0 and ψ = σa ◦σ . Then by the Schwarz
lemma and (2), we obtain

1−|z|2
1−|ψ(z)|2 =

1−|z|2
1−|σ(z)|2

1−|σ(z)|2
1−|σa(σ(z))|2 � 1+ |a|

1−|a| , z ∈ D. (3)

For z,w∈D , the pseudo distance on D is defined by ρ(z,w) = | z−w
1−wz | . Let E ⊂D .

For every w ∈ D , if there exists a z ∈ E such that ρ(z,w) � r , then E is called a
pseudo r -net. For w ∈ C and t > 0, we denote by D(w, t) the disk with radius t and
centered at w . For w ∈ D and r ∈ (0,1) , we denote by Δ(w,r) the pseudo disk, where
Δ(w,r) = {z ∈ D : ρ(z,w) < r} . Let D(w,t) and Δ(w,r) denote the closures of D(w,t)
and Δ(w,r) , respectively.
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An f ∈ H(D) is said to belong to the α -logarithmic Bloch space, denoted by
L Bα =L Bα(D) , if

‖ f‖L Bα = sup
z∈D

(1−|z|2)α ln
2

1−|z|2 | f
′(z)| < ∞.

The space L Bα becomes a Banach space with the norm ‖ f‖L = | f (0)|+‖ f‖L Bα .
If α = 1, the space L Bα is the logarithmic Bloch space, which will be denoted by
L B . From [1] or [11], we see that L B

⋂
H∞ is the space of multipliers of the Bloch

space B . Here H∞ is the space consisting of all bounded analytic functions and the
Bloch space is defined as follows.

B = { f ∈ H(D) : sup
z∈D

| f ′(z)|(1−|z|2) < ∞}.

The composition operator Cϕ defined by Cϕ f = f ◦ϕ for f ∈ H(D) . The main
subject in the study of composition operators is to describe operator theoretic properties
of Cϕ in terms of function theoretic properties of ϕ . See [5] and the references therein
for the study of the composition operator.

See [8, 9, 10] for the study of composition operators on the logarithmic Bloch
space. In [8], Ye studied the boundedness and compactness of composition operator on
α -logarithmic Bloch spaces. For example, he proved that Cϕ is bounded on L Bα if
and only if supz∈D τα

ϕ (z) < ∞ , where

τα
ϕ (z) =

(1−|z|2)α ln 2
1−|z|2

(1−|ϕ(z)|2)α ln 2
1−|ϕ(z)|2

|ϕ ′(z)|.

Recall that the operator Cϕ : L Bα →L Bα is said to be bounded, if there exists a
C > 0, such that ‖Cϕ f‖L Bα � C‖ f‖L Bα for all f ∈ L Bα . A bounded composition
operator Cϕ on L Bα is said to be bounded below, if there exists a δ > 0 such that

‖Cϕ f‖L Bα � δ‖ f‖L Bα

for all f ∈ L Bα .

The boundedness from below of composition operator Cϕ on B was first studied
by Gathage, Yan and Zheng in [6]. See [2, 3, 6, 7] for some characterizations of the
boundedness from below of composition operator on B . The boundedness from below
of multiplication operator on B was studied in [4].

In this paper, we investigate the condition for the boundedness from below of
composition operator on L Bα . We extend the results in [3] to the case of L Bα .

Throughout the paper, we denote by C a positive constant which may differ from
one occurrence to the next.
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2. Main results and proofs

In this section, we give our main results and their proofs. Before stating these
results, we need some auxiliary results, which are incorporated in the lemmas which
follow.

LEMMA 1. Let α > 0 and 0 � x,y < 1 . Let f (x) = (1− x)α ln 2
1−x . Then

1
1

αe ln2 +
(1−y

1−x

)α � f (x)
f (y)

� 1
αe ln2

+
(1− x

1− y

)α
.

Proof. A short calculation shows that

(1− x
1− y

)α
ln

1− y
1− x

� 1
αe

.

Hence we get

f (x)
f (y)

=
(1− x)α ln 2

1−x

(1− y)α ln 2
1−y

=
(1− x

1− y

)α ln 2
1−x − ln 2

1−y

ln 2
1−y

+
(1− x

1− y

)α

� 1
αe ln2

+
(1− x

1− y

)α
.

The other inequality follows in a similar way. �

LEMMA 2. [3, Lemma 4.1] Let h ⊂ S(D) such that h(0) = 0 . If |h′(0)|� ε > 0 ,
then there exist δ1,δ2 > 0 , depending only on ε , such that

(a) |h′(z)| � ε
2 for z ∈ D(0,δ1);

(b) D(0,δ2) ⊂ h(D(0,δ1)) .

To state our main results, we need a definition and some notations. For α > 0, a
subset F of D is called a sampling set for L Bα , if there exists a k > 0 such that

‖ f‖L Bα � k sup
z∈F

(1−|z|2)α ln
2

1−|z|2 | f
′(z)|

hold for f ∈ L Bα . For ε > 0, let

Ωα
ε = {z ∈ D : τα

ϕ (z) � ε}, Gα
ε = ϕ(Ωα

ε ).

THEOREM 1. Let α > 0 and ϕ ∈ S(D) such that Cϕ is bounded on L Bα . Then
Cϕ is bounded below on L Bα if and only if there exists an ε > 0 such that Gα

ε is a
sampling set for L Bα .
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Proof. Suppose that Gα
ε with an ε > 0 is a sampling set for L Bα . Then for any

f ∈ L Bα , there is a z f ∈ D such that

ϕ(z f ) ∈ Gα
ε , τα

ε (z f ) � ε

and

‖ f‖L Bα � k sup
w∈Gα

ε

(1−|w|2)α ln
2

1−|w|2 | f
′(w)|

� 2k(1−|ϕ(z f )|2)α ln
2

1−|ϕ(z f )|2 | f
′(ϕ(z f ))|,

where k > 0 is independent of f . So,

‖Cϕ( f )‖L Bα � (1−|z f |2)α ln
2

1−|z f |2 |(Cϕ ( f ))′(z f )|

= τα
ϕ (z f )(1−|ϕ(z f )|2)α ln

2
1−|ϕ(z f )|2 | f

′(ϕ(z f ))|

� ε‖ f‖L Bα

2k
.

Thus, Cϕ is bounded below on L Bα .
Conversely, we assume that Cϕ is bounded below on L Bα , i.e., ‖Cϕ( f )‖L Bα �

δ‖ f‖L Bα for any f ∈ L Bα with δ > 0 independent of f . Then, for any f ∈ L Bα

with ‖ f‖L Bα > 0, there is a z f ∈ D such that

τα
ϕ (z f )(1−|ϕ(z f )|2)α ln

2
1−|ϕ(z f )|2 | f

′(ϕ(z f ))|

=
(1−|z f |2)α ln 2

1−|z f |2 |ϕ
′(z f )|

(1−|ϕ(z f )|2)α ln 2
1−|ϕ(z f )|2

(1−|ϕ(z f )|2)α ln
2

1−|ϕ(z f )|2 | f
′(ϕ(z f ))|

= (1−|z f |2)α ln
2

1−|z f |2 |(Cϕ ( f ))′(z f )|

� δ
2
‖ f‖L Bα .

In addition,

(1−|ϕ(z f )|2)α ln
2

1−|ϕ(z f )|2 | f
′(ϕ(z f ))| � ‖ f‖L Bα .

Thus,

τα
ϕ (z f ) � δ

2
and (1−|ϕ(z f )|2)α ln

2
1−|ϕ(z f )|2 | f

′(ϕ(z f ))| � δ
2M

‖ f‖L Bα .

Here M := supz∈D τα
ϕ (z) < ∞ . Taking ε = δ

2M , we see that Gα
ε contains all ϕ(z f ) and

is a sampling set for L Bα . �
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THEOREM 2. Let α > 1 . A sampling set for L Bα is a pseudo r -net. Con-
versely, if E is a pseudo r -net, then for any δ > 0 , the set Eδ =

⋃
z∈E Δ(z,δ ) is a

sampling set for L Bα .

Proof. Let w ∈ D . Take

fw(z) = 2
∫ z

0

1−|w|2
ln 4

1−wu

1
(1−wu)α+1 du, z ∈ D.

It is easy to check that fw ∈ L Bα and ‖ fw‖L Bα � 1. Suppose that F is a sampling
set for L Bα , then there exists a z ∈ F such that

‖ fw‖L Bα � k(1−|z|2)α ln
2

1−|z|2 | f
′
w(z)|. (4)

Similarly to the proof of Lemma 2.2 in [9], we get

1 � k(1−|z|2)α ln
2

1−|z|2 | f
′
w(z)|

=
2k(1−|z|2)α ln 2

1−|z|2 (1−|w|2)
| ln 4

1−wz ||1−wz|α+1

=
2k ln 2

1−|z|2 (1−|z|2)α−1

| ln 4
1−wz ||1−wz|α−1

(1−|z|2)(1−|w|2)
|1−wz|2

�
2k ln 2

1−|z|2 (1−|z|2)α−1

ln 4
|1−wz|(|1−wz|α−1)

(1−|z|2)(1−|w|2)
|1−wz|2

� 2kmax

{
1,

2α−1e
1

α−1

(α −1)e ln4

}
(1−|σw(z)|2).

Thus,
ρ(z,w) = |σw(z)| � r =

√
1−1/Cα,

where

Cα = 2kmax

{
1,

2α−1e
1

α−1

(α −1)e ln4

}
.

Therefore, F is a pseudo r -net.
Now, suppose that E is a pseudo r -net. We next to prove that Eδ is a sampling set

for L Bα for any δ > 0. Suppose on the contrary that there are a δ and a sequence
fn ∈ L Bα such that

‖ fn‖L Bα = 1 for n = 1,2,3. · · · (5)

and

sup
z∈Eδ

(1−|z|2)α ln
2

1−|z|2 | f
′
n(z)| = εn → 0 as n → ∞. (6)
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For n = 1,2,3, · · · , let zn ∈ D satisfy

(1−|zn|2)α ln
2

1−|zn|2 | f
′
n(zn)| � 1

2
. (7)

Since E is a pseudo r -net, we have a sequence z′n ∈ E such that ρ(zn,z′n) � r for
n = 1,2,3, · · · . Let tn = σz′n(zn) and gn = fn ◦σz′n for n = 1,2,3, · · · .

Let n � 1 be fixed. We have

|tn| = |σz′n(zn)| = ρ(zn,z
′
n) � r. (8)

For w ∈ D , we obtain

(1−|w|2)α ln
2

1−|w|2 |g
′
n(w)| (9)

= (1−|w|2)α−1(1−|w|2) ln
2

1−|w|2 |g
′
n(w)|

= (1−|w|2)α−1(1−|σz′n(w)|2) ln
2

1−|w|2 | f
′
n(σz′n(w))|

=
(1−|w|2)α−1 ln 2

1−|w|2
(1−|σz′n(w)|2)α−1 ln 2

1−|σz′n (w)|2
× (1−|σz′n(w)|2)α ln

2
1−|σz′n(w)|2 | f

′
n(σz′n(w))|.

By (3), (5) and Lemma 1, we have

(1−|w|2)α ln
2

1−|w|2 |g
′
n(w)| � 1

(α −1)e ln2
+

( 1−|w|2
1−|σz′n(w)|2

)α−1

� 1
(α −1)e ln2

+
(1+ |z′n|)α−1

(1−|z′n|)α−1

� 1
(α −1)e ln2

+
4α−1

(1−|z′n|2)α−1 . (10)

Set w = tn in (9). By (1), (7) and (8), we get

(1−|tn|2)α ln
2

1−|tn|2 |g
′
n(tn)| (11)

=
(1−|tn|2)α−1 ln 2

1−|tn|2
(1−|σz′n(tn)|2)α−1 ln 2

1−|σz′n (tn)|2
(1−|σz′n(tn)|2)α ln

2
1−|σz′n(tn)|2

| f ′n(σz′n(tn))|

=
(1−|tn|2)α−1 ln 2

1−|tn|2
(1−|zn|2)α−1 ln 2

1−|zn|2
(1−|zn|)α ln

2
1−|zn|2 | f

′
n(zn)|

� 1

2
( 1

(α−1)e ln2 + (1−|zn|2)α−1

(1−|tn|2)α−1

) =
1

2
(

1
(α−1)e ln2 + |σ ′

z′n
(tn)|α−1

)

� 1

2
( 1

(α−1)e ln2 + (1−|z′n|2)α−1

(1−r)2(α−1)

) � 1

2
(

1
(α−1)e ln2 + 1

(1−r)2(α−1)

) .
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If |w| � δ , then

ρ(σz′n(w),z′n) = ρ(σz′n(w),ϕz′n(0)) = |w| � δ .

Hence σz′n(w) ∈ Eδ . Thus, by (6),

(1−|σz′n(w)|2)α ln
2

1−|σz′n(w)| | f
′
n(σz′n(w))| � εn,

which combing with (10) and (3) imply

(1−|w|2)α ln
2

1−|w|2 |g
′
n(w)| (12)

=
(1−|w|2)α−1 ln 2

1−|w|2
(1−|σz′n(w)|2)α−1 ln 2

1−|σz′n (w)|2
(1−|σz′n(w)|2)α ln

2
1−|σz′n(w)|2 | f

′
n(σz′n(w))|

�
(

1
(α −1)e ln2

+
4α−1

(1−|z′n|2)α−1

)
εn, |w| � δ .

For n = 1,2, · · · , let

hn(w) =
( 1

(α −1)e ln2
+

4α−1

(1−|z′n|2)α−1

)−1
g′n(w), w ∈ D.

By (10), hn is bounded locally uniformly in D . Using Montel’s theorem, we may
assume that hn converges to a h ∈ H(D) locally uniformly in D , and tn → t0 with
|t0| � r by (10). Letting n → ∞ in (11) and (12), we have

h(t0) � 1

2
(
(α −1)e ln2+ 1

(1−r)2(α−1)

) 1

(1−|t0|2) ln 2
1−|t0|2

and h(w) = 0. Thus, we arrive at a contradiction. Therefore Eδ is a sampling set for
any δ . �

LEMMA 3. Let α > 1 . For ε > 0 , there exist δ , ε ′ > 0 , which only depend on
ϕ(0) , ε and α only, such that

(Gα
ε )δ =

⋃
w′∈Gα

ε

Δ(w′,δ ) ⊂ Gα
ε ′ .
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Proof. Let w′ = ϕ(z′) ∈ Gα
ε , τα

ϕ (z′) � ε and h = σw′ ◦ϕ ◦σz′ . By Lemma 1 and
(3), we get

|h′(0)| =
(1−|z′|2)|ϕ ′(z′)|

1−|w′|2

=
(1−|w′|)α−1 ln 2

1−|w′|2
(1−|z′|)α−1 ln 2

1−|z′|2
τα

ϕ (z′)

� 1
1

(α−1)e ln2 +
( 1−|z′|

1−|w′|
)α−1 τα

ϕ (z′)

�
(

1
1

(α−1)e ln2 +
( 1+|ϕ(0)|

1−|ϕ(0)|
)α−1

)
ε = ε1.

By Lemma 2, there exists t1,t2 > 0 satisfying (a) and (b) of Lemma 2 with ε replaced
by ε1 .

For w ∈ �(w′, t2) , let λ = σw′(w) ∈ D(0,t2) . By Lemma 2, there exists a ξ ∈
D(0,t1) such that h(ξ ) = λ and h′(ξ ) � ε1/2. Let z = σz′(ξ ) . Then ϕ(z) = w . By
Lemma 1, (1) and (3), we get

τα
ϕ (z) =

(1−|z|2)α ln 2
1−|z|2

(1−|w|2)α ln 2
1−|w|2

|ϕ ′(z)|

=
1−|z|2
1−|ξ |2

1−|ξ |2
1−|λ |2

1−|λ |2
1−|w|2 |σ

′
w′(λ )h′(ξ )σ ′

z′(z)|
(1−|z|2)α−1 ln 2

1−|z|2
(1−|w|2)α−1 ln 2

1−|w|2

� ε1

2

(
1−|z|2

1−|σz′(z)|2
|σ ′

z′(z)|
1−|λ |2

1−|σw′(λ )|2 |σ
′
w′(λ )|

)
1−|ξ |2
1−|λ |2

1
1

(α−1)e ln2 +( 1−|w|2
1−|z|2 )α−1

� ε1

2
(1− t21)

1
1

(α−1)e ln2 +( 1+|ϕ(0)|2
1−|ϕ(0)|2 )

α−1
,

which implies that Δ(w′,t2) ⊂ Gα
ε ′ , for w′ ∈ Gα

ε . The proof of the lemma is fin-
ished. �

THEOREM 3. Let α > 1 and ϕ ∈ S(D) such that Cϕ is bounded on L Bα . Then,
Cϕ is bounded below on L Bα if and only if there exist an ε > 0 and an r with
0 < r < 1 such that Gα

ε is a pseudo r -net.

Proof. First we assume that there exist an ε > 0 and an r ∈ (0,1) such that Gα
ε

is a pseudo r -net. By Lemma 3, there exist δ ,ε ′ > 0 such that (Gα
ε )δ ⊂ Gα

ε ′ . From
Theorem 2, we see that (Gα

ε )δ is a sampling set for L Bα . Since (Gα
ε )δ ⊂ Gα

ε ′ , we
see that Gα

ε ′ is a sampling set for L Bα .
Conversely, assume that Cϕ is bounded below. Using Theorem 1, there exists an

ε > 0 such that Gα
ε is a sampling set for L Bα . Therefore Gα

ε is a pseudo r -net with
r ∈ (0,1) by Theorem 2, completing the proof. �



BOUNDEDNESS FROM BELOW OF COMPOSITION OPERATORS 701

Acknowledgement. This project was partially supported by the Macao Science and
Technology Development Fund (No. 083/2014/A2), NSF of China (No. 11471143) and
NSF of Guangdong, China (No. S2013010011978).

RE F ER EN C ES

[1] L. BROWN AND A. SHIELDS, Multipliers and cyclic vectors in the Bloch space, Michigan Math. J.,
38 (1991), 141–146.

[2] H. CHEN, Boundness from below of composition operators on the Bloch spaces, Sci. China Ser. A, 46
(2003), 838–846.

[3] H. CHEN AND P. GAUTHIER,Boundness from below of composition operators on the α -Bloch spaces,
Canad. Math. Bull., 51 (2008), 195–204.

[4] H. CHEN AND M. ZHANG, Boundness from below of multiplication operators between α -Bloch
spaces, Canad. Math. Bull., 53 (2010), 23–36.

[5] C. COWEN AND B. MACCLUER, Composition Operators on Spaces of Analytic Functions, Studies in
Advanced Math., CRC Press, Boca Raton, 1995.

[6] P. GHATAGE, J. YAN AND D. ZHENG, Composition operators with close range on the Bloch spaces,
Proc. Amer. Math. Soc., 129 (2000), 2039–2044.

[7] P. GHATAGE, D. ZHENG AND N. ZORBOSKA, Sampling sets and close range composition operators
on the Bloch spaces, Proc. Amer. Math. Soc., 129 (2004), 1371–1377.

[8] S. YE, Cyclic Vectors of Analytic Function Spaces and Related Operator Theory, PhD Dissertation,
Shantou Unversity, 2010.

[9] S. YE, A weighted composition operator on the logarithmic Bloch space, Bull. Korean Math. Soc., 47
(2010), 527–540.

[10] R. YONEDA, The composition operators on weighted Bloch space, Arch. Math. (Basel), 63 (2002),
310–317.

[11] K. ZHU, Operator Theory in Function Spaces, Marcel Dekker, New York, 1990.

(Received April 12, 2015) Xiaosong Liu
Department of Mathematics, Jiaying University

Meizhou 514015, China
e-mail: gdxsliu@163.com

Songxiao Li
Institute of System Engineering

Macau University of Science and Technology
Avenida Wai Long, Taipa, Macau

e-mail: jyulsx@163.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


