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BOUNDEDNESS FROM BELOW OF COMPOSITION
OPERATORS ON ¢o-LOGARITHMIC BLOCH SPACES

XIAOSONG LIU AND SONGXIAO L1

(Communicated by G. Sinnamon)

Abstract. In this paper, we characterize the boundedness from below of composition operator on
o -logarithmic Bloch spaces.

1. Introduction

Let D denote the open unit disk in the complex plane C and dD be its boundary.
Let H(D) be the space of analytic functions on I and S(ID) be the set of analytic self-
maps of D. For a € D, let 0, be the automorphism of D exchanging 0 for a, namely
04(z) = £=%, z € D. Itis well known that o, ' = 0y,
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Let y be a Mobius mapping such that a = y(0). For z € D, by (1) we get
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Moreover, let y, 6 € S(D) such that 6(0) =0 and y = 0,0 0. Then by the Schwarz
lemma and (2), we obtain

Ll _ 1P 1-lo@P _1tld
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For z,w € D, the pseudo distance on I is defined by p(z,w) = |{=|. Let E CD.
For every w € D, if there exists a z € E such that p(z,w) < r, then E is called a
pseudo r-net. For w € C and 7 > 0, we denote by D(w,) the disk with radius # and
centered at w. For w e D and r € (0,1), we denote by A(w,r) the pseudo disk, where
A(w,r) ={z€D:p(z,w) < r}. Let D(w,t) and A(w,r) denote the closures of D(w,?)
and A(w,r), respectively.
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An f € H(D) is said to belong to the o -logarithmic Bloch space, denoted by
LRBY=LB*D),if

2
£l = sup(1 = |z[*)* In—=—=5| f'(z)| < o=.
zeD 1— ]

The space £ %% becomes a Banach space with the norm || f||.2 = | f(0)|+ || f]|.z%e -
If oo =1, the space .Z A% is the logarithmic Bloch space, which will be denoted by
L %. From [1] or [11], we see that ZZ(H* is the space of multipliers of the Bloch
space . Here H* is the space consisting of all bounded analytic functions and the
Bloch space is defined as follows.

#={feHD): Sgﬂg\f’(Z)\(l —[2?) < e}

The composition operator Cy defined by Cyf = fo ¢ for f € H(ID). The main
subject in the study of composition operators is to describe operator theoretic properties
of Cyp in terms of function theoretic properties of ¢. See [5] and the references therein
for the study of the composition operator.

See [8, 9, 10] for the study of composition operators on the logarithmic Bloch
space. In [8], Ye studied the boundedness and compactness of composition operator on
o -logarithmic Bloch spaces. For example, he proved that Cy, is bounded on .2 %% if
and only if sup,.p 79 (z) < co, where

(- ?)%In 2

_ 2 _ 2
(1-l()P)In 27

19/ (2)].

Ty (2) =

Recall that the operator Cy : £ B* — L P is said to be bounded, if there exists a
C >0, such that ||Cy f|| 2z« < C||f|| zz« forall f e £ %*. Abounded composition
operator Cyp on LB is said to be bounded below, if there exists a § > 0 such that

|Cofll.zz0 = 8| f|l .22

forall f € L%%.

The boundedness from below of composition operator Cy, on % was first studied
by Gathage, Yan and Zheng in [6]. See [2, 3, 6, 7] for some characterizations of the
boundedness from below of composition operator on . The boundedness from below
of multiplication operator on & was studied in [4].

In this paper, we investigate the condition for the boundedness from below of
composition operator on .Z 8% . We extend the results in [3] to the case of £ A*.

Throughout the paper, we denote by C a positive constant which may differ from
one occurrence to the next.
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2. Main results and proofs

In this section, we give our main results and their proofs. Before stating these
results, we need some auxiliary results, which are incorporated in the lemmas which
follow.

LEMMA 1. Let oo >0 and 0 < x,y < 1. Let f(x) = (l—x)alnl%c. Then

1 J(x) 1 1—x\a
<o o .
mﬂ%)“ f(») = aeln2 <l—y>

Proof. A short calculation shows that

l—x\e 11— 1
<_x> < —.

11—y 1—x e

Hence we get

flx) _ (1—x)%In

f6) T (1—yein
o l—x aln%—lnl%y 1 —x\
a (1—y> ln% <1—y>

< 1 +<l—x>0¢
S oaeln2  \1—y/ ’

The other inequality follows in a similar way. [l

LEMMA 2. [3,Lemma4.1] Let h C S(D) such that h(0) =0. If |/ (0)| > € >0,
then there exist 8,0, > 0, depending only on €, such that
(a) |W(2)| = 5§ for z€ D(0,6));
(b) D(0,8) € h(D(0,5)).

To state our main results, we need a definition and some notations. For o > 0, a
subset F' of D is called a sampling set for £ %%, if there exists a k > 0 such that

2
l—|z

| f]l.zze < ksup(l —[z|*)%In
zeF

P\f’(Z)I
hold for f € L%A*. For € >0, let
Of = {zeD:15(2) > e}, GY = ().

THEOREM 1. Let o >0 and ¢ € S(D) such that Cy is bounded on £ %B%*. Then
Cy is bounded below on £ %% if and only if there exists an € > 0 such that G¢ is a
sampling set for & 5%
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Proof. Suppose that GZ with an € > 0 is a sampling set for .2 2% . Then for any
fe LB, thereisa zy € D such that

¢(zr) € Gy, T(z) > ¢

and
2\o 2 /
[fllzze <k sup (1—[w|)%In 51 (w)]
weGY l—|W|
2
< 2k(1—|@(zf)*)%In f(o(zs))],
(1= lo(zp)[)"In |(P(Zf)|2| (o(zr))]
where k£ > 0 is independent of f. So,
2
1Co ()l zze > (1 - \Zflz)“lnm\(%(f))’&f)\
' 2
= 1%(z7)(1 = |@(zf))?)*In ———— | f'(0(z
o (@)1 =lo(zp)") 1—‘(P(Zf)‘2‘ (o(z5))]
> ellfll.zze
2k

Thus, C, is bounded below on .£.%% .
Conversely, we assume that Cy, is bounded below on .Z %%, i.e., ||Cy(f)| .2z >
O||f||.zze forany f € .Z2A* with 6 > 0 independent of f. Then, for any f € ¥ B*

with || f|| zz« > 0, there is a zy € D such that
2
o 1— 2 o /
T (27) (1 = lo(zf)]7) nil_‘(p(zf)‘z\f(fp@f))\
S =LA PSR TP
TP e T e
o 2 !/
=( —\Zf|2) lnw|(c<p(f)) ()]
8
> Z1flL e
In addition,
2
- 2 T —— ! G0 .
(1=lo(z)l") 1n1—|(P(Zf)|2|f () < Ifll 22
Thus,
o 6 2\o 2 / 5
Ty (27) 2 ) and (1—[o(zf)[") lnwlf (@(z))] = w”f“fﬁz’a-

Here M :=sup,.p 7¢ (z) < co. Taking € = %, we see that GY contains all ¢(zy) and
is a sampling set for £ %%*. 0O
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THEOREM 2. Let o > 1. A sampling set for %% is a pseudo r-net. Con-
versely, if E is a pseudo r-net, then for any 8 > 0, the set Es = J,cpA(z,0) is a
sampling set for £ B*.

Proof. Let w € D. Take

Z1—|w|2 1
(2) =2 du, z€D.
fw(2) /0 In (l—wu)o"H u, 2€

It is easy to check that f,, € L B* and || f|| 2z« > 1. Suppose that F is a sampling
set for £ A%, then there exists a z € F such that

2
| fivll 2 < k(1= 12[*)*In |2|fw<z>|. @)

1—-|z

Similarly to the proof of Lemma 2.2 in [9], we get

2
1 <k(1-|z»)%In——|f
(1= 1) A
(1~ [zP)%n 2 (1~ [wi?)
B |1n1 Hl—wz\"“rl

_ 2kin; Hz(l—\ZI) (1— [z (1 —|w]?)

[In 2= {1 —we ! 1= wzf?
<2kln =P (1 12— W)
< () 11— wz|?

1
o-loa=1

< kaax{l,(i_lm}(l —|ow(2)]?).
p(zw) = low(z)| <r=+1-1/Ca,

2a_1em
Co = 2kmax{ 1, —— |,
°‘ max{ oa—1 eln4}

Thus,

where

Therefore, F is a pseudo r-net.

Now, suppose that E is a pseudo r-net. We next to prove that E5 is a sampling set
for £ 2% for any 6 > 0. Suppose on the contrary that there are a § and a sequence
fu € LAB* such that

| full. e =1 forn=1,2,3.--- )

and

sup (1 —[z[*)%In _F P\fn( 2)| =€ —0 asn— oo, (6)

z€Es
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For n=1,2,3,---, let z, € D satisfy

2 1
L |za) %I — | (20)] > = 7
(1= zl") l_wz\f( )= 5 )
Since E is a pseudo r-net, we have a sequence z,, € E such that p(z,,z,) < r for
n=1,2,3,---. Let t, = 0y (zx) and g, = fyo0y forn=1,2,3,.--.

Let n > 1 be fixed. We have

|tn] = |0'z;,(Zn)| :P(Zn,Z;) <r (8)
For w € D, we obtain
2
(1—‘W‘2)051H1_7|W|2|g;(w)| 9)
2
2yo—1 2
= (L (= ) In g )
_ 2
= (1= W)™ (1= oy () ) n 7= 1o (w)]
(1= )" ' )
—|wl N ,
= 1—|o. p— , .
(1~ Jog (W) P)* Thn 20 x (1=]oy,(w)[") n1_‘GZ;I(W)‘2\JC,1(GZH(W))\

By (3), (5) and Lemma 1, we have

w2 No-
(1) =l < ey * (o)

1—|w o—1)eln2 1—|oy (w

1 (L+ ]z, [)*!

S (o—1)eln2 =~ (1—|g,[)*1

1 401
< . 10
(@ Tein2 T (1= (19
Set w =1, in (9). By (1), (7) and (8), we get
(1- \tn\2)°‘ln1_7‘t|2|g;(t,,)\ (11
(1- |fn\2)a_11n1_‘2—,n|2 2

- (1~ |0y, (1)) %In

— (0 ()]
(1 - ‘szl(tn”z)a_llnm 1- ‘szl(tn)‘z S
(1= ]t/ In 1 2 2
_ — |t (1 ‘ o /
= —|za))* In —— | £/ (zn)]|
(1—\zn|2)0‘—lln 1_‘2&1‘2 n 1—‘Zn‘2 n\<n
> 1 _ 1
= s 2yo—1\ 1 —
2((a711)e1n2 + ((11_‘;:“2))@—1 ) 2((a71)e1n2 + ‘Gz/;l(tn”a l)
1 1
2 >

_lZ 2T 1 1 :
2((0:—11)e1n2 + ((1J:;'2|(3¢,1) ) 2((a—l)eln2 + (1_,)2(:1—1))



BOUNDEDNESS FROM BELOW OF COMPOSITION OPERATORS 699

If jw| < &, then
p (0, (w),2,) = p(0z (W), 94,(0)) = [w| < 6.
Hence oy (w) € Es. Thus, by (6),

2 /
| [fa (0, (W))] < &,

(1- I%(W)FWHW

which combing with (10) and (3) imply

o 2 /!
(1—[w?) lnm\g,,(w)l (12)
(1 - ‘W‘z)a_l In 1—\2w\2 " 2 ,
- (1= oy (w)2)* T In—2 (1=loz (wW)[%) lnw\fn(%(“’))\

_ ) [2
o, () "

1 401
< ; < 6.
((Oc—l)eln2+ (1— Z§,2)°‘l>gn i

Forn=1,2,---, let

" 1 4o-1 -1, D
n = n ) E .

() ((oc—l)ean+ (l—|z§7|2)°‘—1> gnlw), W

By (10), A, is bounded locally uniformly in ID. Using Montel’s theorem, we may
assume that i, converges to a h € H(DD) locally uniformly in D, and 7, — 7y with
o] < r by (10). Letting n — oo in (11) and (12), we have

1 1

h(ty) >
2((e= Deln2+ sy ) (1= |to]) In =

and h(w) = 0. Thus, we arrive at a contradiction. Therefore Eg is a sampling set for
any 6. O

LEMMA 3. Let oo > 1. For € > 0, there exist §, € > 0, which only depend on
0(0), € and o only, such that

(GHs= |J AW,8) CGg.

w'eG¢
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Proof. Let w' = ¢(Z) € G¥, 1(7') > € and h = 6,y o0 0. By Lemma 1 and
(3), we get

S RIACI]

H(0)| =
|H'(0)] = WP
ryo—1 2
_ U= in e, 3
(l_|z/|)a_11n1,‘22/‘2 ¢
1
> 7o (2)
z 1 [0 1
wem + (o)

1
> ( )ezsl.
1 1+|p(0)[\o—1
eln2+( — )‘)

(a—T) 1—](0)]
By Lemma 2, there exists #1,#, > 0 satisfying (a) and (b) of Lemma 2 with & replaced
by iS5
For w € A(W',1;), let A = 6,/(w) € D(0,1;). By Lemma 2, there exists a £ €
D(0,#;) such that 2(§) = A and K/ (&) > € /2. Let z=0y(&). Then ¢(z) =w. By
Lemma 1, (1) and (3), we get

PP 1—ap (1% tn 2
= L L LR o (o )l 2) LT

[ IEPT- AP T— [P (1= ) In =5
£ (o =B o)L !
> 1 |6l (2)] |0, (A)]
2\ 1—|ou(z))*" ¢ 1— (AR 1—|A[? 1 Lol ya
‘Gz (Z)| ‘GW ( )| | ‘ (a—1)eln2 + ( 1|2 )OC :
€] 2 1
>80 :
o (1=t — (RO o
(a—T)eln2 1—|p(0)2

which implies that A(w',) C G%, for w' € GZ. The proof of the lemma is fin-
ished. O

THEOREM 3. Let 00> 1 and ¢ € S(D) such that Cy is bounded on £ %% . Then,
Cy is bounded below on £ %% if and only if there exist an € > 0 and an r with
0 <r <1 such that G? is a pseudo r-net.

Proof. First we assume that there exist an € > 0 and an r € (0,1) such that G¥
is a pseudo r-net. By Lemma 3, there exist §,&' > 0 such that (G¢)s C G%. From
Theorem 2, we see that (G¢); is a sampling set for £%%. Since (G¢)s C G, we
see that G/ is a sampling set for £ %% .

Conversely, assume that Cy is bounded below. Using Theorem 1, there exists an
€ > 0 such that GZ is a sampling set for £ %% . Therefore G¥ is a pseudo r-net with
r € (0,1) by Theorem 2, completing the proof. [J
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