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SCHUR CONVEXITY OF STOLARSKY’S EXTENDED MEAN VALUES

K. MURALI AND K. M. NAGARAJA

(Communicated by J. Pecari¢)

Abstract. In the recent years, the Schur convexity and Schur geometrically convexity of Sto-
larsky’s mean values have grabed the focus of many mathematicians and researchers. In this
article, the Schur convexity of Stolarsky’s extended type mean values are discussed.

1. Introduction

The importance and applications of means and their inequalities to science and
technology is explored by prominent researchers and scholars, see [1]. In literature
([8], [9], [15]) various results on means and inequalities including contra harmonic
mean have been studied. In [20], reseachers have investigated the different properties
of the Stolarsky (extended) two parameter mean values, which are defined for positive
values of a, b and a # b as follows;

1
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a a=b>0.

Here let us recall some of the popular means which are essential for this paper.
The Weighted arithmetic mean is

Ars(a,b) =ra+sb=A(a,b;r.s).

Where a,b > 0 and r, s are the weights such that r+s=1.
The Stolarsky means E, ;(a,b) € C* on the domain (p,q,a,b) : p,q €R; a,b >
0. Clearly, Stolarsky means E, ;(a,b) are symmetric with respect to @,b and p,q.
Many of the classical two variable means can be deduced from E, ,(a,b).
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For example, we have

a+b
E1,2(a7b) = 2 )
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2ab
E | _ b)=——
1, 2((1, ) a+b7
a—>b
Foaleb) = 4 Ty
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Eii(a,b) = ’ (b_”) )
and .
a+b\r
Er72r(aab) = ( ) ) .

The above are Arithmetic, Geometric, Harmonic, Logarithmic, Identric and '/ power
means respectively.

The primitive properties of Stolarsky means, comparison theorems, log- convexi-
ties, and inequalities are discussed in papers ([6], [22], [23]).

In the recent past, the Schur convexity and Schur geometrically convexity of var-
ious means have grabed the focus of a number of researchers ([2]-[4], [7], [1 1]-[14],
[16], [17]). Qi [18] initially proved that the Stolarsky means E, ,(a,b) are Schur con-
vex on (—eo,0] x (—e0,0] and Schur concave on [0,) X [0,e0) with respect to (p,q)
for fixed a,b > 0 with a # b. Yang [25] improved Qi’s result and proved that Stolarsky
means E, 4(a,b) are Schur convex with respect to (p,q) for fixed a,b >0 with a # b
if and only if p+ ¢ < 0 and Schur concave iff p+¢g > 0.

Qietal. [17] tried to obtain the Schur convexity of E}, ;(a,b) with respect to (a,b)
for fixed (p,q). Shi et al. [19] worked on the same and obtained a sufficient condi-
tion for the Schur convexity of E, ,(a,b) with respect to (a,b). Chu and Zhang [3]
improved Shi’s results and gave a necessary and sufficient condition. This complectly
solved the Schur convexity of E, ;(a,b) with respect to (a,b).

For the Schur geometrical convexity, Zhang and Chu [2] proved that Stolarsky
means E), 4(a,b) are Schur geometrically convex with respect to (a,b) € (0,00) X (0,00)
if p4+q > 0 and Schur geometrically concave if p+¢g < 0. Li et al. [7] also studied
the Schur geometrical convexity of generalized exponent mean I,(a,b).

The purpose of this paper is to investigate Schur convexity of Stolarsky’s extended
type mean values N, 4(a,b;r,s).

In [1], the weighted contra harmonic mean is defined on the basis of proportions
by
ra® + sb?

ra+sb
where a,b > 0 and r, s are weights such that r4+s=1.

This work has led to introduce the Stolarsky’s extended type mean values in weighted
forms in two and n variables.

Crs(a,b) = =C(a,b;1,s);
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For any a,b > 0, p,q € R and r,s are weights such that r+s = 1. Consider the
new mean in the form;

1

2 ~
. _|P C(aq7bq;r7s) _A(aq7bq;ras) -r
Np4(a,birs) = |:_q2 Cla? brors) —A(@ b7 s) .

Which is equivalently,

1
p? [(raP +sbP\ [ ra*d+ sb* — (ra9+sb9)* \ 177
Npgla,bir,s) = | — 5 5 5
' q* \ rad+ sb4 ra®P 4 sb*P — (ra? 4 sbr)

Which is equivalently,

1
2 P P qa_pa\2|Tr
) _|p” [raP’+sb al—>b
Np7q(a7b9r7s)_ l? (raq+sbq> (ap—bp) ‘| :

In [21], author has introduced and investigated the different properties and log-

convexity results of the class W of weighted two parameter means which are defined
as below;

1
2 q q__ . 1q1L,5q a—p
[S—z (%ﬂ” ! pa(q—p)(a—>b)#0;
1
[ () | gla—b)#0, p=0;
vaq(a7b;r’s) = _ 7q 1S
exp (2 + MR T g
a(r+1)/3b(.\'+l)/3 a;éb, p:q:()’
a a=b>0.
(1.2)

The N 4(a,b;r,s) can be arranged in the following form;

1 112
o [raP4-sbPTar | (p (a?—bT)\ P
Npqla,bir,s) = [ra‘f—i-sb’i} l(; (aP —br) .

The different properties and identities related to Ny, 4(a,b;r,s) are also studied by
K. M. Nagaraja and et. al.

The laborious calculations give the following different cases of the mean value
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Np4(a,b;rs).
.
’ p i q_pd q-p
[Z_z (%E@) (%> } pa(q—p)(a—b)#0;
2]4q
L_ (- )(a‘izﬂ)} (a—b)#0, p=0;
) T+ 5bd J . |
vaq(a7b;r,s) = |:ln (a/b) raq+s 7
oup (3 - gt | eyt g g,
al=rpl=s a#b, p=qg=0;
a=b>0.
(1.3)

2. Definition and properties

Schur convexity was introduced by Schur in 1923 [10], and it has many impor-
tant applications in analytic inequalities [5], linear regression, graphs and matrices,
combinatorial optimization, information theoretic topics, Gamma functions, stochastic
orderings, reliability , and other related fields. For convenience of readers, we recall
some of the definitions.

DEFINITION 2.1. [10] Let x = (x1,x2,...,X,) and y = (y1,¥2,...,yn) € R"

1. x is majorized by y (in symbol x < y) If fozlx[,-] < Zf-‘zlym, and Y x;) =
i1y where xj) >,...,> x|, and yyy) >,...,> y, are rearrangements of x
and y in descending order.

2. x>y means x; > y; forall i=1,2,....,n. Let Q € R"(n > 2). The function
¢ : Q — R is said to be increasing if x >y implies @(x) > ¢(y). ¢ is said to be
decreasing if and only if —¢ is increasing.

3. Q CR" is called a convex set if (ox; + Byi,....,0x, + By,) € Q for every x
and y € Q where o, € [0,1] with a+=1.

4. Let Q C R". The function ¢ : Q — R be said to be a Schur convex function on
Q if x <y on Q implies @(x) < @(y). @ is said to be a Schur concave function
on Q if and only if —¢ is Schur convex.

DEFINITION 2.2. [24] Let x = (x1,x2,...,x,) and y = (y1,y2,...,y») € RLQ CR"

is called geometrically convex set if (x‘f‘yll3 , ....,xf‘y? )€ Q forall x and y € Q where
o,B €[0,1] with a+=1.

Let Q C R . The function ¢ :  — R is said to be Schur geometrically convex
function on Q if (Inxy,...,Inx,) < (Inyy,...,Iny,) on Q implies @(x) < @(y). @ is
said to be a Schur geometrically concave function on Q if and only if —¢ is Schur
geometrically convex.
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DEFINITION 2.3. Q C R" is called symmetric set if x € Q implies Px € Q for
every n X n permutation matrix P.

The function ¢ : Q — R is called symmetric if for every permutation matrix P,
o(Px) = ¢(x) forall x € Q.

LEMMA 2.1. [25] Let Q C R" be symmetric convex set with non empty interior
set Q0 and let @ : Q — R be continuous on Q and differentiable in Q°. Then @ is
Schur convex (Schur concave) on Q if and only if ¢ is symmetric on Q and

(m—m)(a"’ a"’) >0(<0). 2.1)

ox1 Ix

holds for any x = (x1,x2,...,x,) € Q.

3. Main results

Here, we shall prove some of the lemmas needed for establishing the main theo-
rem.

LEMMA 3.1. Stolarsky’s extended type mean N 4(a,b;r,s) are Schur convex or
Schur concave with respect to (a,b) € (0,00) x (0,00) if and onlyif g(t) >0 or g(t) <0
forall t >0, where

g(t) :gmq(t)

[ (p—q)SinhAz{ %Cosh (p+q)t+ %Cosh (p—q)t}—(pSinhCr+4¢Sinh Bt ){ %Cosh (p+q)t+ %Cosh (p—q)t}
| pa(p—q)
pa(p—q) #0;
'3qtcosht+thosh(l72q)t;rZSinh(172q)tfsinh(1+2q)t} p=0,q%0;
= '3ptC05ht+ptCosh(1—2p)t1-',7-28inh(1—2p)t—Sinh(1+2p)t} p 7& 0, g=0;
Sinht(%+%Cosh2qt)—th05ht(l+3f1(2)sh2qt)—Sinh(1—2q)t(%+%Cosh2qt):| Py——
[—2:2Sinh] p=q=0:
3.1
and
A=p+q—1, B=p—q+1, C=p—qg—1. (3.2)

Proof. We have the Stolarsky’s extended type means N =N, 4(a, b;r,s) for pq(q—
p)#0 as;

1

2 P p q_pa\ 2| P
B ) | p” (ra® +sb a?—b
N =Npq(a,brs) = [q—z (musbq) (ap_bp> ] (3.3)

Let r=s.
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Taking log on both sides and differentiating partially with respect to a give

ON N [ga'  pa”' pa’  gat (3.4)
da p—qlai+bi aP+bP “aP—bP  Tal—bd|’ '
Similarly,
IN _ N [agb"  pbrtpbrt L gb! (3.5)
ob  p—qlai+bi aP+bP “aP—bP " ad—bd '
then,
dN ON (a—b)N
b)) ——=— ) =LA 3.6
(a )<8a 8b) P—q [A] (36)
where,
Al [a@ b et pla i) glat )
al+ b4 al + bp aP — br al — b4

Substituting In/a/b =t and using Sinhx = 1 (e* —e™*); Coshx = § (¢" +¢7%),
we have

1 Sinh (g — 1)t Sinh(p— 1)t Cosh(p— 1)t Cosh(g— 1)t
A_ L [ Sinhlg=1)r Sinh(p— 1) Cosh(p—1)_, Cosh(g—1)i]
vab Coshgt Cosh pt Sinh pt Sinh gt
For pq(p—q) # 0, using the product-sum formula of hyperbolic functions, we get
JON ON pq)N(a—b
@0 (5~ 5 ) = e e =0 a0, G
da  db v/ ab2Sinh ptSinh gtCosh ptCosh gt
where,
(p —q)SinhAt{1Cosh (p + q)t + %Cosh (p—q)t}
8pqlt) = (3.8)
pa(p—q)
(pSinhCt + ¢Sinh Bt){3Cosh (p + q)t + $Cosh (p — q)t}
pa(p—4q) '

In case of p # g =0. Since N, , € C”, we have

aNno _ lim INp 4 8NF70 _ lim INp 4
da q—0 da ’ ob q—0 ob ’

3Np7p ~ lim 8N177q 3Np7p ~ lim QNIW
da g—p da ’ db g—p db "’

dNoo . 3Np7p INoo B 3Np7p

=1 =1l .
da 20 9a b 20 ab
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Thus for p # g =0, we have

_ aN%O 8Np0 _ aNI“i 3NP7‘1
(a b>< da ) ,ﬁo{(“ b) ( aa b

( Dobale =0 g,,0))
abZSmh ptSmh qtCosh ptCosh gt

o(a—b)Csch2pt
P \/%Z [gp,()(t)} .

likewise for g £ p =0

INog INog\ .. INpg  INpg
(“_b>< da b )‘},‘i‘%{(“_b% da b

: (Pg)Np,q(a—Db)
S 8pale)
p—0 \ v/ ab2Sinh ptSinh gtCosh ptCosh gt

_ (Q)Noﬂ("\/_a_l’jt)cs‘:hzqt [204(1)] -

forg=p#0
ON,, ON ‘ (Pg)Np.q(a—b) )
—_p) | =P J) =1 ( P4 ‘
(a—b) ( da b 4o V/ab2Sinh?2prCosh?2 pt 8p4(0)
2p*N, ,(a—b)Csch?2pt
_ 4 17,17( \/a_b) P [gp,p(t)]~
forgq=p=0
INoo 91\’0.0) . ( (p*)Npp(a—b) )
b 02000 ’ t
(a=b) < da db Pt 2V/abSinh2ptCosh?2 pt 87 (1)
N()_()(a—b)
= —— ).
\/%th [g0,0( )]

From all the above cases, we conclude that

2qu(u7b)(\:/S%12ptCSch2qt [8pa()]  palp—q) #0;
ool e DA [20,4(1)] P=0,q#0;
2 Naple DO (0 (] =g £ 0;
R [g0o(0) p=a=0

Since (a —b) (B—N - a_zv) is symmetric with respect to a and b, without loss of

da db
. . . 2N(a—b
generality we assume a > b, then t =1In+/a/b > 0. Itis easy to verify that % >0,
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>0 if pg # 0 for t > 0. Thus by Lemma 2.1 N, ,(a,b) are Schur

convex (Schur concave) with respect to (a,b) € (0,00) x (0,0) iff (a —b) (%—IZ - %—g)

(>)(<)0, if and only if g(r) = gp4(t)(=)(<)0 forall > 0.
Hence the proof of Lemma 3.1. [

Smh 2pt Smh 2qt

LEMMA 3.2. The function g(t) = gp4(t) and g'(t) = a[""’() both are symmetric
with respect to p and q, and continuous with respect to p and q on RXR.

Proof. It is can be easily verified that g, ,(r) and ag,,?()

respect to p and ¢. That is % ‘9”‘“’( 984p(1)
From lemma 3.1, we observe that g( ) = &p,¢(t) is continuous with respect to (p,

_ 98pq()

- ot

are symmetric with

q) on R x R. Finally, we shall prove that g'(z)
to(p, g)on RxR.
Easy calculations result the following cases.

Case (i) pqg(p—q) #0

ACoshAt[1.5Cosh (p — )t +0.5Cosh (p + g)t]

is also continuous with respect

g(t)=
() B
_ (pCCoshCt + BqCoshBt)[0.5Cosh (p — )t + 1.5Cosh (p + )]
p(p—a)q
N SinhAr[1.5(p — q)Sinh(p — ¢)t 4+ 0.5(p + ¢)Sinh (p + q)1]
rq
_ (pSinhCt 4 ¢SinhBt)[0.5(p — g)Sinh(p — g)t + 1.5(p + ¢)Sinh (p + g)1]
pr—a)q '
Case (ii)) g=0, p#0
98p4(t)
| _ P4
g( ) - at
_ 3pCosht + (1 —2p)Cosh(1 —2p)t + pCosh (1 —2p)t — (1 +2p)Cosh(1+2p)t
- 2
p
3ptSinhz + (1 —2p)ptrSinh(1 —2p)r
+ 3 .
p
Case (iii) p=0, g#0
98p4(t)
glt)=—5"
_ 3¢Cosht + (1 —2q)Cosh (1 —2g)t + gCosh (1 —2q)t — (1 +2q)Cosh (1 +2q)t
- 2
q

n 3gtSinhz + (1 —2g)gtSinh (1 — 2q)t
5 .
q
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Case (iv) p=q#0

98pq(t)
gl ==—5
~ 0.5Cosht — gCosht + 1.5CoshtCosh2gt — 3qCoshtCosh 24t
- 2
q
n —1.5(1 —2g)Cosh (1 —2g)t — 0.5(1 — 2¢g)Cosh2qtCosh (1 — 2¢)t — gt Sinht
7
n —3qtCosh2qtSinht — 6¢*tCoshtSinh2gt + 3¢SinhSinh 2gt
P
qSinh2qsSinh (1 —2q)t
_ o )
Case (v) p=q=0
dgpqt
gl(1) = g”a%j() = —2¢*Coshr — 4¢Sinhz.

It is clear that % is continuous with respect to ( p, ¢) on R x R, with pg(p —q) #

0. Further, we have

9gpq(?) _ dgpo(t) .
ot o’

Lim q—0

98pq(t) _ 98pp(t).
ot o’

Hence, g'(¢) is continuous forall ( p, g )€ RxR. O

Hence the proof of Lemma 3.2.
LEMMA 3.3. Limt_>0,t>og”+3(t) = ‘Tz(p +q+3).

Proof. We see that 1 and 2" derivatives of g, ,(t) are zero at t = 0. Now, we
shall find the limiting value of ””t# , by considering the following cases.

Case (i) pq(p — q) # 0. Using L-Hospital’s rule (three times), we have;

"

4 gpq(t) . 8pq(t) -2
let—>07t>0 [13( ) = let—>07t>0 pq2 =..= let—>07t>0 A = _(P+‘I+ 3)-
t 3t 6 3

Case (ii) p=0, g#0
. goqgt) . 204(1) . 0,1) 2
leta071>0/t+() = lezao,t>0;T =...=Lim; ;>0 g = ?(Cl‘f' 3).
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Case (iii) g=0, p#0

n

. gpolt) golt) polt) =2
Lim;_0s>0 3 Lim;_0s>0 32 T letﬂO,t>0T = T(P + 3)~
Case (iv) p=q#0
. gpplt) gpplt) . gplt) =2
let—»O,t>0%() = let—>0.,t>0 p,p2 =..= let—>0,t>0L = _(217"'3)-
t 3t 6 3
Case (v) p=q=0
. 0,0(# . gé)’o(t) . gg:o(t)
le,H()7,>og t3( ) = Lim;_0,>0 3.2 =...=Lim; ;>0 6 =-2. 0

By summarizing the above cases, we conclude the proof of Lemma 3.3.
The proof of our main theorem stated below follows from the preceding lemmas:

THEOREM 3.1. For fixed (p,q) ERXR and r =5,

1. Stolarsky’s extended type means Ny 4(a,b;r,s) are Schur convex with respect to
(a,b) if p+g+3<0.

2. Stolarsky’s extended type means Ny 4(a,b;r,s) are Schur concave if p+q+3 >
0.

4. Conclusion

In the case when r # s, the convexity and concavity of Stolarsky’s extended type
means N, 4(a,b;r,s) is an open problem.

Acknowledgement. The authors are thankful to anonymous referees for their care-
ful reading and valuable suggestions.
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