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HEISENBERG UNCERTAINTY INEQUALITY FOR GABOR TRANSFORM

ASHISH BANSAL AND AJAY KUMAR

(Communicated by A. Meskhi)

Abstract. We discuss the Heisenberg uncertainty inequality for groups of the form K x R", K is
a separable unimodular locally compact group of type I. This inequality is also proved for Gabor
transform for several classes of groups of the form K x R”.

1. Introduction

The uncertainty principle states that a non-zero function and its Fourier transform
cannot both be sharply localized. The most precise way of formulating this principle
quantitatively is the inequality known as Heisenberg uncertainty inequality. Let f be
any function in L?(IR). The Fourier transform of f is defined as

F@) = [ ) 2w

The following theorem gives the Heisenberg uncertainty inequality for the Fourier
transform on R:

THEOREM 1.1. Forany f € L*>(R), we have

2 1/2 R 1/2
Vhc([euwra) ([ olferao) . (L

where || - || denotes the L*-norm.

For proof of the theorem, refer to [7]. Various uncertainty inequalities were pre-
sented in [3] and [4] on stratified Lie groups and groups of polynomial volume growth
respectively.

The representation of f as a function of x is usually called its time-representation,
while the representation of f as a function of ® is called its frequency-representation.
The Fourier transform has been the most commonly used tool for analyzing frequency
properties of a given signal, but the problem with this tool is that after transformation,
the information about time is lost and it is hard to tell where a certain frequency occurs.
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To counter this problem, we can use joint time-frequency representation, i.e., Gabor
transform.

Let y € L*(R) be a fixed non-zero function usually called a window function.
The Gabor transform of a function f € L?(R) with respect to the window function y
is defined by

Gu,f:RxI@—NC

such that
Guf(1,0) = [ f0) plr=1) e = ax,

for all (1,w) € R x R. The following uncertainty inequality of Heisenberg-type has
been proved by Wilczok [15].

THEOREM 1.2. Let W be a window function. Then, for arbitrary f € L*(R), the
following inequality holds

1/2

5 1/2
”W”jryf‘b < (/Rx2 \f(x)|2 dx) (/Rz ? |wa(t’a))‘2 dt da)) . (1.2)

The continuous Gabor transform for second countable, non-abelian, unimodular
and type I groups has been defined by Farashahi and Kamyabi-Gol in [5].

In section 2, we shall state the Heisenberg uncertainty inequality for Fourier trans-
form on the groups of the form K x R", where K is a separable unimodular locally
compact group of type I and prove it for the semi-direct product K x R" (where K is
a compact subgroup of the group of automorphisms of R"). In section 3, we shall
discuss continuous Gabor transform and prove Heisenberg uncertainty inequality for
Gabor transform on K x R” (where K is a separable unimodular locally compact group
of type I) that satisfy the Heisenberg uncertainty inequality for Fourier transform. The
explicit forms of Heisenberg uncertainty inequality for Gabor transform are obtained
for K x R", K is a compact subgroup of Aut(R"); R” x K, K is separable unimod-
ular locally compact group of type I; Heisenberg group Hi,; Thread-like nilpotent Lie
groups; 2-NPC nilpotent Lie groups and several classes of connected, simply connected
nilpotent Lie groups.

2. Extensions of R”

Let G=KxR", where K is a separable unimodular locally compact group of type
I. For y € R, let Gy, Ky denote the stabilizer subgroup of y in G and K respectively
and let

Gy={ve Ey : V|gn is a finite multiple of y}.
Then for v € éy, the representation m, = indgy v is irreducible and
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Since R” is abelian, any v € Gy is of the form v = 6 ® 7y, v(kx) = o(k)¥(x), k € K,
x€R" and 0 € Ky.
We consider the induced representations

o = indg, (720).
The Plancherel formula for G (for details, see [9]) takes the following form:

PROPOSITION 2.1. (Plancherel formula) For all f € L*(G), we have
Lir@rag= [ [ 1%} diy(o) diteu ()
G R/G JKy

We now state the Heisenberg uncertainty inequality for Fourier transform on G
which has been proved, in particular cases of R" (see [7]); Heisenberg group (see [14],
[12] and [16]); R" x K (where K is a separable unimodular locally compact group of
type I), Euclidean motion group M(n) = SO(n) x R" and several general classes of
nilpotent Lie groups which include thread-like nilpotent Lie groups, 2-NPC nilpotent
Lie groups and several low-dimensional nilpotent Lie groups (see [2]).

THEOREM 2.2. Forany f € L2(G) and a,b > 1, we have

1
141 2a
1A < C( / [ £ (k, ) [? lx dk)
KxRn

S

x ( L /I? 112700 () s dity(o) ann@)) , (H)

”/G
where C is a constant.

We do not know whether the inequality (H) is true for K x R", however we now
prove the Heisenberg uncertainty inequality for Fourier transform when K is a compact
subgroup of Aut(R").

Let G be the semi-direct product K x R", where K is a compact subgroup of
Aut(R"). The Haar measure on G is dg = dv(k) dx, where dv(k) denotes the nor-
malized Haar measure of K and dx denotes the Lebesgue measure on R”. We shall
now give more explicit description of the unitary dual space of the group G in this case
which can be determined by Mackey’s theory. For more details, refer to [10].

Let ¢ be a non-zero real linear form on R” and let ), be the unit character of R"
defined by y,(x) = ¢'¥)  The natural action g - ¢ of G on the dual vector space of R”
is given by

(g-6,x) = (t,g'xg),
for g € G and x € R". Therefore, if g acts on R by

g xe(x) = xe(g 'xg),
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we get g+ Yy = X,.¢. Define
Kp={keK: k- =y}

Then, the subgroup K, x R" is the stabilizer of ), in G. We take the normalized Haar
measure dv; on Ky and a normalized K -invariant measure dv, on K/K; so that

Jewavi= [ [ EGK) avik) ancko).
K K/K[ Ky

Regarding the action of K on R which is isomorphic to R”, we set by d/ the
image of the Lebesgue measure on R”/K by the canonical projection R" 5 £+ ¢ :=
K. € R"/K such that

[Lowae=[ [ oltyavial

Let o be an irreducible unitary representation of K; and %7, be the completion
of the vector space of all continuous mapping & : K — % which satisfies & (ks) =
o (s)*(&(k)) for k € K and s € K; with respect to the norm

el = ( [, I@ i3 dv(k))m.

The induced representation
, _—ind% ,
T = 04 20 (0@ 10),
realized on the Hilbert space /77 by
0 Ly oy
10 (k)6 () = e E (K1) = IE (K s),
for & € A} s, (k,x) € G and s € K, is an irreducible representation of G. Furthermore,
every infinite dimensional irreducible unitary representation of G is equivalent to some
representation 7y .

The Plancherel formula [6, Theorem 7.44] can be stated in this particular case as
follows:

PROPOSITION 2.3. (Plancherel formula) Let f € L'(G)NL*(G), then

2 o , 2 —
/wa | f(k,x)| dxdk—/Rn/Kgg;?[Hnw(f)HHsdé. (2.1)

The proof of the following Heisenberg uncertainty inequality for Fourier transform
on G is similar in nature to that for the Euclidean motion group which has been proved
in [2], so we only outline the proof.
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THEOREM 2.4. Forany f € L2(G) and a,b > 1, we have

D <e ([ I avar)”

S

< L 2 NP I o sl | 2

O'EK

where C is a constant.

Proof. As in [2], it suffices to prove the inequality (2.2) for functions in . (G),
the space of C”-functions which are rapidly decreasing on G.
Let f € .7(G). Proceeding as in [2, Theorem 3.2]), we obtain

1 1
Hf”;r“ / 2a 2 u / - (9f
s < . [lx[| | f (k, x)|~ dx dk R"/KGX'A o o
(2.3)

€Ky
For each non-zero linear form ¢ on R” and each irreducible unitary representation &
of Ky, consider the representation 7y s realized on the Hilbert space 777 5 as

n[,o'(er)é (S) _ ei(f,s”x&)é (k—ls) _ ei(s.[,x)é (k—ls)7

for & € # 5, (k,x) € G and s € K. For h € R and x=(x1,x2,...,x,), 1=(1,0,0,...,0)
€ R", we can write

T (k,xr —hxa, . x,) E(s) = eihllslers) 7o (kyxr,xa, ., x0) € (s).

Since f € .(G), we observe that
o (55 ) 606 = iles™ers) malDE)

Since s+ s~ 'eys is a continuous map from K to R", so {s 'e;s:s € K} is bounded.
For any orthonormal basis {&;} of /% 5, we have

(2.

So, (2.3) can be written as

1/2
5 /

dl
HS

1

/ i(E57 e15) 7o (1)E5(5) ds

< const. 7Y, /K 12a(£)8(5) ds = const. 1P o) .
J

1 12

l+g / 2a 2 )2" / 2 2 7

“gC k,x)|? dx dk 12 || d7
I e ([ I ds o Z 1P lca s

(2.4)
Using Holder’s inequality in the second integral on R.H.S. of the inequality (2.4), we
obtain the required inequality (2.2). [
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3. Continuous Gabor transform

Let .7 be a separable Hilbert space and let Z(.7°) denotes the set of all bounded
linear operators on .%°. An operator T € A () is called Hilbert-Schmidt operator if
and only if

DI Tex]|? <o,
k

for some, and hence for any, orthonormal basis {e;} of 7. We denote the set of all
Hilbert-Schmidt operators on .7# by HS(.#). For each T € HS(.%¢), the Hilbert-
Schmidt norm [|T[[us of 7 is defined as

IT s =X I Teel
k

Also, HS(#7) forms a Hilbert space with the inner product given by

(T,S)us(w) =t (S*T).

For more details, refer to [6].

Let G be a second countable, non-abelian, unimodular and type I group. Let
dx be the Haar measure on G. Let dm be the Plancherel meaure on G. For each
(x,m) e GXG,let

Hxm) = T(X)HS (A7),

where 7(x)HS(#7) = {7 (x)T : T € HS(H#7)}. Then, 7, ) is a Hilbert space with
the inner product given by

(T()T, 7 (x)S) 1, =0 (S°T) = (T,S)pas )

One can easily verify that J#, ) = HS(/7) for all (x,7) € G x G. The family
{'%p(xm)}(x. 7)€Gx G of Hilbert spaces indexed by G x G is a field of Hilbert spaces over
GxG. Let #%(G x G) denote the direct integral of {%’@m)}(x, reGxG Withrespect to
the product measure dx dr, i.e., the space of all measurable vector fields F on G x G
such that

IFI gy = [ NPT gy dr e <
I (G x (A}) is a Hilbert space with the inner product given by

(F.K) sp26x6) = /Gxatr[F(x, m)K(x,m)*] dx dr.

Let f € C.(G), the set of all continuous complex-valued functions on G with
compact supports and y be a fixed non-zero function in L?(G) which is sometimes
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called a window function. For (x,7) € G x G, the continuous Gabor Transform of f
with respect to the window function y can be defined as a measurable field of operators
on G x G by

Gyf(x,m) = /G FO) W ) xly)* dy. G.1)

The operator-valued integral (3.1) is considered in the weak-sense, i.e., for each (x,7) €
G x G and &,m € J;, we have

(GyftemEm) = [ 0) Wi ) (m(y)'E,m) dy
For each x € G, define fxw :G— C by

KO) =) v ty).

Since, f € C.(G) and y € L*(G), we have f € L'(G)NL*(G), for all x € G. The
Fourier transform is given by

m) = [£20) n0) dy= [ ) WO D) 20)" dy = Gy (x.m).

Also, using Plancherel theorem [6, Theorem 7.44], we see that f\ (1) is a Hilbert-
Schmidt operator for almost all = € G. Therefore, Gy f(x,7) is a Hilbert-Schmidt

operator for all x € G and for almost all 7 € G. Asin [5], for f € C.(G) and a window
function y € L*(G), we have

1GwS N 2 6xi) = 1WIl2 1Lfl2-

The above equality shows that the continuous Gabor transform Gy, : Co(G) — 52 (G x
G) defined by f — Gy f is a multiple of an isometry. So, we can extend Gy, uniquely

to a bounded linear operator from L2(G) into a closed subspace H of #2(G x G)
which we still denote by Gy, and this extension satisfies

1Gy 1 2wy = IIWIl2 [1f1l2, 3.2)
for each f € L*(G). We now prove an important lemma.
LEMMA 3.1. Let f € L*(G) and y € L*(G) be a window function. Then
Gyf(x,m) = f(m).

Proof. Let f € L*(G). Since C.(G) is dense in L?(G), there exists a sequence
{¢,} in C.(G) such that f = lim ¢, in the L?-norm. It follows that
Nn—oo

Gy :L*(G) — H C #*(G xG)
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satisfies Gy f = lim Gy ¢, in the 7%(G x G)-norm and
n—so0

Gyn(x, ) = (9n) ().

Now, [[Gyf = Gynlaigrgy = . [-1Guf (5.) = Gy ) s dx

= [ L1Gustxm) = (@) (x)s drar

and w3103 = [ WP dx [ 1(F= g0 dy
= [ 1= 0)0F Wl )P dvay
= [ L150) v = 0,0) W )P axay
= [ L1s¥ = @0 dxdy

= [ [187m - @)Yl dx dr.

Hence, Gy f(x,) = E"(n) forall f€L*(G). O

We now establish Heisenberg uncertainty inequality for Gabor transform on G =
K x R", where K is a separable unimodular locally compact group of type I. The con-
tinuous Gabor Transform of f with respect to the window function y can be defined
as follows:

Gy f (1,7, 0) = /G £ (k%) Ty (k)" dx dk, (33)

where £, (k,x) = f(k,x) w((u,0) " (k,x)), (u,t) € G, y € R" and & € K. Also, the
equality in Lemma 3.1 takes the following form:

Gy f(u,t,7,0) =Ty (fi)- (3.4)

THEOREM 3.2. Let G = K x R" satisfies the inequality (H) and v be a window
function. For a,b > 1, we have

S o P i)
I 1187 < e [ P koo ax

S

2b
Gyf(ut,y,0)|s d g (7) du dt
(o oo Jo 1 16w 000 s i) a7 )
(3.5)
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Proof. Assume that both integrals on the right-hand side of (3.5) are finite. Since
fiy € L*(G) forall (u,t) € G, so by using inequality (H) for a = b = 1, we have

1/2
Ifblz<cC ( [ 2 1A )P dk)
KxR"

</ /H””2 17y.o (fin) s diy(o )dﬁw(?_’))l/2~ (3.6)

Also, by Proposition 2.3 and (3.4), we have
S J 16w s 1.0 s i) ditzs (7
R"/G JK
- [ o / 1770 (£ 1B dity(0) dTgn (7) = [ £4,]3- (37

On combining (3.6) and (3.7), we obtain
L o Jo 1w .0.7.0) s duy(0) dFten (7)
R'/G /Ky
1/2
<o [ I 1al ) avar)
KxR"

12
x ( Lo /I? 112 170 21 dy(0) dfEgs (7)) ,

which holds for almost all (u,z) € G. Integrating both sides with respect to du dt and
then applying Cauchy-Schwarz inequality, we have

2 o
/Kan /An/G/,?y HG"’f(u’t’%G)HHs dity(0) diiga(7) du dt

1/2
C(/ / x||2f%<k,x>|2dxdkdudt>
KxR" JKxR"? ’
1/2
(o o Jo 1 V0 2l i) e 7
KxR" JR"/G JKy

=€ o o o 169 FE TR dxdkdudt)l/z

12
o o Jo 1712 W 2 Vs i) e ()
KxR" JR"/G JKy
12
=Cllvl: ( [ P L P ax dk)
KxR"

1/2
(Lo o Jo 1712 Vo (2 s i) e () )
kxR JR /G JK,
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Using (3.2) and (3.4), we get
Iyl 11£113

1/2
<o [ P ko axar)
KxR"

1/2
o o o Jo 1712 16yt 1.0l diy(0) () anar)
kxR JR G JK,

Applying Holder’s inequality, we have

: 1-
(/ [ £ (k,x)|? dx dk) (/ £ k) dx dk)
KxR" K xR

> [ P 1) dxdk
KxR"

Q=

and

(o o o Jo 1A UGt 1)l ) it () it
kxr" JRY/G JK,

1
1=3

(oo o Jo VGt 1.0l diy(0) a7 anar
kxR JR /G JK,

> [ L P Gt 1,0) s dity(©) diss (7) du
kxRt JRY/G JKy
Combining (3.8), (3.9) and (3.10), we have
w2 I1£115

1
% 11
<o [ I P axar) ™ (st
K xR

(3.8)

(3.9)

(3.10)

2

Lo o Jo 172 Gt 7.0) s (o) d ()
kxR JR1 /G JK,

1

1oL
< (Iwlz lIF13)2 5.
Thus, we have the required inequality (3.5). [J

S

EXAMPLE 3.3. We give the explicit expression of the Heisenberg uncertainty in-

equality for Gabor transform in the following cases:
1. Euclidean group R”.

1

I 1188 < ([ Il o ar) ™

x (/R" /]R@ o]*” ||wa(l7w)||ﬁs dt d(u)

2

S
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. R"x K, where K is a separable unimodular locally compact group of type I.
1
1 141 . 2
WIS IS < ([ 1P P avar)
RxK

(L Lo I 160 s d ayar )
"xK JR"xK

. Heisenberg Group H,, (see [14]).

|~

2

5

1
1 1,1 " %a
TS bkc( AT dm)

2

S

([ AP 16w D)l i ana ar)
H, JR*

. KxR", where K is a compact subgroup of the group of automorphisms of R”.

1
1 1,1 . 2
WIS IS < ([ e avax)

L
2b

x PP |Gy f (u,1,€,0) s d € du dt
Jeese S 2 VP 16,0 s d

€Ky
. A class of connected, simply connected nilpotent Lie groups G for which the

Hilbert-Schmidt norm of the group Fourier transform 7¢ (f) of f attains a par-
ticular form (see [2]).

I 118 < ([ e e ax)

1 !
< ([, V16w s prgmagy i @)

. For thread-like nilpotent Lie groups (see [8]).

I\)‘,_

IS 118 < (f e ar)

) </c/w’52” 1Gyf () Ifas 1] de‘)ﬁ.

. For 2-NPC nilpotent Lie groups (see [1]), let {0} =go C g1 C---C g, =g be
a Jordan-Holder sequence in g such that g, = 3(g) and h = g,_». We have the
following two cases:
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(a) dim [gvngrl} =2.

ik e <c( JACESE dx) :

IS
S

1
< ([ [ VeI 16y 0.0l gz %)

(b) dim g, gm+1] = 1.

IS 118 < (f e ar)

< ([ Ve 16wl 1pre)1 0z )

8. For connected simply connected nilpotent Lie groups G = expg such that g(&) C
[g,g] forall & € % (see [13]).

hwld 1) <c( R f<x>|2dx) 8

” L, PEEPT L\
(/G/Wé ||wa<y,&>||HsWd€) -

9. For low-dimensional nilpotent Lie groups of dimension less than or equal to 6
(for details, see [11]) except for Ge g, Ge 12, Ge,14, Ge,15, Ge,17, One can write
an explicit Heisenberg uncertainty inequality for Gabor transform.
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