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Abstract. Let the functions f(z) = z+apz> 4 --- and its inverse f~! be analytic and univalent
in the unit disk. Such class of functions are called bi-univalent and denoted by ¢ [9]. In an
article, Pommerenke [10] remarked that, for an m-fold symmetric functions in the class 2, the
well known lemma stated by Caratheodary for a one fold symmetric functions in & still holds
good. Making use of this remark, we introduce two new subclasses of bi-univalent functions

A

in which both f and f~! =g are m-fold symmetric analytic functions with (1 — A)Z; ((i) +
b4

1 / "
A <1 + Zf, (Z)> and (1—A4) wg' (w) +A (1 + Wéj (W)) in & and obtain coefficient bounds
f'@@) g(w) g'(w)
for functions in this new classes.
1. Introduction and definitions
Let <7 denote the class of functions of the form:
f@) =2+ Y ad", z€T, (1.1)

n=2

which are analytic in the open unitdisk U= {z € C: |z| < 1}.

Further, by ., we mean the class of all functions in <7 which are univalentin U.
For more details on univalent functions, see [3]. It is well known that every function
f €.7 hasaninverse f~!, defined by

T (fR) =z (zeU) (1.2)

and

WV

At =w (Wl <n(s nin=;). 13)
Indeed, the inverse function may have an analytic continuation to U, with
Y w) =w—aw? + (2a3 — a3)w* — (543 — 5azaz + ag)w* + - - (1.4)
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A function f € & is said to be bi-univalent in U if both f(z) and f~!(z) are
univalentin U.

Let o denote the class of bi-univalent functions in U, given by equation (1.1).
Lewin [9] investigated the class of bi-univalent functions ¢ and obtained a bound
|az| < 1.51. Motivated by the work of Lewin [9], Brannan and Clunie [1] conjectured

-z’ 2 1-z
and —log(1 —z) (see also the work of Srivastava et al. [12]). The coefficient estimate
problem for each of the following Taylor-Maclaurin coefficients: |a,| (n € N, n = 3)
is still open ([12]).

In recent times, the study of bi-univalent functions gained momentum mainly
due to the work of Srivastava et al. [12]. Motivated by this, many researchers (see
[4,7,8,12,13, 14, 16, 17, 18, 19]) recently investigated several interesting subclasses
of the class ¢ and found non-sharp estimates on the first two Taylor-Maclaurin coeffi-
cients. In a very recent article, Sivasubramanian et al. [11] obtained covering theorem,
distortion theorem, growth theorem and the radius of convexity for the functions of the
class o which answered some of the questions raised by Goodman [6, pages 170-172,
question number 2].

For each function f in ./, the function

1 I+z
that |as| < V2. Some examples of bi-univalent functions are li —log < i)

h(z) = ¥/ f(z")

is univalent and maps the unit disk U into a region with m-fold symmetry.
A function is m-fold symmetric (see [10]) if it has the normalized form

a1 ?™, Z €T, (1.5)

flz)=z+

k=1
and we denote the class of m-fold symmetric univalent functions by .#,, which are
normalized by the above series expansion. In fact, the functions in the class . are one
fold symmetric.

Analogous to the concept of m-fold symmetric univalent functions, we here in-
troduce the concept of m-fold symmetric bi-univalent functions. For details of the the
concept of m-fold symmetric bi-univalent functions one may refer to the work of Sri-
vastava et al. [15]. Each function in the class f in o, generates an m-fold symmetric
bi-univalent function for each integer m. The normalized form of f is given as in (1.5)
and f~! is given as follows. The series expansion for f~! is given by

g(w) — W_a;n+lwm+l + [(m_|_ 1>a31+1 _a2m+1] w2m+1

1
— §(m+1)(3m—|—2)a,3n+1—(3m—|—2)am+1a2m+1—|—a3m+1 wrmHlL L (1.6)

where f~! = g. We denote the class of m-fold symmetric bi-univalent functions by
Oy, . For m = 1, the formula (1.6) coincides with the formula (1.4) of the class o©.
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Co . " A"
Some examples of m-fold symmetric bi-univalent functions are < 1 m) ,
-z

1 147" n Lo, . .
(5 log < 1 i Zm )) and (—log(1—2"))" with the corresponding inverse functions
-z

m

1 . 1
w m 2w m e —1\" .
, <e2 ,nﬁl> and — respectively.
L+wm e+l ev

Denote also, by &, the class of analytic functions of the form p(z) =1+ pi1z+
paz® +--- such that R (p(z)) >0 in U.

Pommerenke [10] remarked that, for an m-fold symmetric functions in the class
&, the well known lemma stated by Caratheodary for a one fold symmetric functions
in & still holds good. As an application of this remark, we introduce some new sub-
classes of bi-univalent functions in which both f and f~! are m-fold symmetric ana-

lytic functions with (1 — l)% +A (1 + ijc,(gz))) and (1 — l)—wg”)(fvv;) +A (1 + ngy)

in & and obtain coefficient bounds of |y, 11| and |az,1| for functions in this new
classes.
We use the following lemma of Caratheodary class to derive our main result.

LEMMA 1.1. If h € P, then |ci| < 2 for each k, where 97" is the family of all
Sfunctions h analytic in U for which R(h(z)) > 0 and

h(z) =14ciz+c22+...  for zeU. (1.7)
. . . l+z
and the extremal is obtained for the function h(z) = T
-z

In view of Pommerenke [10], the m-fold symmetric functions in the class & is
of the form

p(Z) =1+cnd"+ C2m22m +---
2. Coefficient bounds for the class .#; ,;[ct, 7]

DEFINITION 2.1. A function f(z), given by (1.5), is said to be in the class
M |0, A] if the following conditions are satisfied;

arg ((1-1)3{5) ) (1+ZJJZ/((ZZ)>)>' < % (zeU;0<a<l) (2.1)

f € om,

and

arg ((1—/1)ng(/v(:;) A <1+w§/(/$;>)>'< % wel;0<a<l) (2.2

where the function g(w) is given by (1.6).

For the case of one fold symmetric functions with A = 0, the class .#5 [0, A]
reduces to the class .72 [a] introduced and studied by Brannan and Taha [2].
We first state and prove the following theorem.
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THEOREM 2.1. Let f(z), given by (1.5), be in the class Mg m[ot,A], 0 < ax < 1

and 0 < A < 1.
Then

200
my/(1+Am)(oc— Aam+Am+1)

lamy1] <

and

2(m+1)0? o
m*>(1+Am)>  m(2Am+1)

‘a2m+1‘ <

Proof. From (2.1) and (2.2) we get

012 (1) e

and

) w00\
=2 ”(” 00 )‘["( )

where p(z) and g(w) in & with the series representation
P(2) = L+ pud” + pam?™ + pame" + ...
and
gw) = 14+ g™ + @™ + q3,w>" + . ...
Now, equating the coefficients in (2.5) and (2.6), we get

(1+Am)may 1 = opp,

o(ae—1)

2m(2Am+ 1) aguyy — (1 +2Am+ Am¥)ma2,, | = opan+ 5 P2,

—(1+Am)may1 = oqm
and

o(o—1) ,
2

(14+2mA2AmA3Am*)ma?, , | —2m(2mA-+1) a1 = Oqam+
From (2.9) and (2.11), we get

Pm = —qm

and

2(1 4 Am)*mPay,, = o (pp,+ q)-

A

(2.3)

(2.4)

(2.5)

(2.6)

2.7

(2.8)

(2.9)

(2.10)
2.11)

(2.12)

(2.13)

(2.14)
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Also from (2.10), (2.12) and (2.14), a simple computation shows that

olo—1
2m?*(1+ /lm)a,2n+1 = o(pam+ qom) + %(an +45,)
oo —1)2(14Am)>m?
= at(pan+qm) +—— AN
o
Therefore, we have
2 o? (sz +q2m)

Gt = T Amym? (o — Aom+ Am+ 1)
Applying Lemma 1.1 for the coefficients py,, and gy, , we get
20
my/(1+ Am)(oc— Aam+ Am+1)

|am+l| <

This gives the desired estimate on |a;| as asserted in (2.3).

Next, in order to find the bound on |ay,,+1|, by a simple computation using (2.12),
(2.10) and (2.13), we get

4m* (2Am 4 1) (Am+ a1
= o [(1+2m+2Am +3Am®) pay + (1 +2Am + Am?)qom|
o(o—1
+¥ [(1+2m+2Am+3Am*)py, + (1 +2Am+ Am*)q]  (2.15)
Applying Lemma 1.1 again for the coefficients p,,, pam, ¢m and qa,,, we get
(m+1)o?

m*(14+Am)
This completes the proof of Theorem 2.1. [

laomi1] <

For the case of one fold symmetric functions with A = 0, Theorem 2.1 reduces to
the results of Brannan and Taha [2].

COROLLARY 2.1. ([2]) Let f(z), given by (1.1), be in the class Z[a], (0 <
o< 1). Then

20
and
|as| <202 2.17)

For the case of one fold symmetric functions with A = 1, Theorem 2.1 reduces to
the results of Brannan and Taha [2].

COROLLARY 2.2. ([2]) Let f(z), given by (1.1), be in the class 6s[ct], (0 < ot <
1). Then
a2 < @ (2.18)

and
3| < o2 (2.19)
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3. Coefficient bound for the function class .7 ,,(8,1)

DEFINITION 3.1. A function f(z), given by (1.5), is said to be in the class
M5 (B, A) if the following conditions are satisfied;

zf"(2)
f'(2)

fe Gmandiﬁ<(l—7t)zf/(z) +A (1+

/@) )>>ﬁ’ el 0<B<l) G

and

g (w) wg" (w) we U
9?((1 ) 00 +7L<l+ o) >>>B,( eU;0<B<1) (32

where the function g is given by (1.6).

It is easy that for the choice of one fold symmetric functions with A = 0 and
A =1, the class .#; ,,(B,A) reduces to the classes .-75(f) and €5 () respectively.
The later classes were introduced and studied by Brannan and Taha. ([2].

THEOREM 3.1. Let f(z), given by (1.5), be in the class M ,,(B,1), 0< B < 1.

Then
L /2(1-B)
ana| < [ (3.3)
e (1=B)(m+1)
—p)m+
‘a2m+1‘ < m 3.4

Proof. The argument inequalities (3.1) and (3.2) can be written in the following
forms,

o 2f'(2) @)\ _ B
(=235 +x<1+ f,@)_m(l B)p(2) (3.5)
" ) ()
o wgw wg" (W) _ B v .
(-0 (142500 )~ (1= Blatw) 66)

where p(z) and g(w) in & and have the forms (2.7) and (2.8) respectively. As in the
proof of theorem 2.1, by equating the coefficients in (3.5) and (3.6),we get

(1 +Am)may 1 = (1= B)pm, 3.7
2m(Q2Am 4 Vagmi1 — (1 +24m+ Am*)maz, | = (1— B)pam, (3.8)
—(14+Am)may+ = (1 — B)gm (3.9)

and

(L+2m+2Am+3Am*)maz, —2m(2mA + Vazmi1 = (1 — B)qom (3.10)
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From (3.7) and (3.9), we get

Pm = —qm (3.11)

and
2(1+amy’m’ay,, = (1= B)*(py,+45)- (3.12)

Also from (3.8) and (3.10), we get
2m* (14 Am)dp, = (1= B)(pam+ qom)-
Thus, we have

(1 =B)(Upam| +laam]) _ _4(1=B)
2m2(1+ Am) S 2m2(14+Am)’

‘aerl ‘2 <

This gives the bound on |a,, | as asserted in (3.3).
Next, in order to find the bound on |ay,,+1/|, by a simple computation using (3.10)
and (3.8), we get

4m*(22m~+ 1) (Am+ 1) agu
= (1—B) (1 +2m+2Am+3Am*)pay + (1 + 22m+ Am*)qam)

or equivalently

(1=B) (1 42m~+22m+3Am*) pay + (14 2Am -+ Am*)qo)

]l = 3.13
@2m1 4m2(22m+1)(Am=+1) (3-13)
Applying Lemma 1.1 for the coefficients py,, and gy,,, we get
(1—-B)(m+1)
mil| < ———7—— 3.14
|a2 +1| m2(1+21m) ( )

which is the bound on |ay,,+1]| as asserted in (3.4). O

For the case of one fold symmetric functions with A = 0, Theorem 3.1 reduces to
the following results of Brannan and Taha ([2]).

COROLLARY 3.1. ([2]) Let f(z), given by (1.1), be in the class .7%(B), (0 <
B <1). Then

laz] < /2(1-B) (3.15)

and
jas| <2(1 - B). (3.16)

For the case of one fold symmetric functions with A = 1 in Theorem 3.1, we get
the following results of Brannan and Taha [2].
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COROLLARY 3.2. ([2]) Let f(z),given by (1.1), be in the class E5(B), (0< B <
1). Then

az| < /(1 —B) (3.17)

and
las] < (1—B). (3.18)
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