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SOME HARDY INEQUALITIES ON THE SPHERE

YINGXIONG XIAO

(Communicated by S. Stevic)
Abstract. In this paper we establish some Hardy inequalities related to the geodesic distance on

the sphere and compute the corresponding sharp constants. Moreover, some Rellich inequalities
have been also established and the constants are also sharp.

1. Introduction
Let Q be a bounded domain in RY, N >3, and 0 € Q. The Hardy inequality

reads, for all f € Cy(Q),
2
/\Vled w-2° [ Lax (1)

Jef?

Furthermore, the constant (NZZ)Z in (1) is sharp and never archived. It is well-known
that Hardy inequalities play an important role in the study of linear and nonlinear partial
differential equations (see e.g. [1, 2, 3,4, 5, 8,9, 17]).

In the case of Riemannian manifold M, Carron [6] obtained some weighted [?
Hardy inequalities. It reads that, for f € C (M —p~'{0}),

/|Vf| e e Vel
v pB - 4 M pZtB’

2)

where C — 3 — 1 > 0 and the weight function p satisfies the Eikonal equation [Vpl=1
and Ap > C/p in the sense of distribution. Recently, Kome and Ozaydin [12, 13]
proved, among other results, that if M = B", the Poincaré conformal disc model, and

p =log HI I , the corresponding geodesic distance, Hardy inequalities reads, for n > 3,

[ IVisPav > / ,1 ©)

where f € Cj(B"). Furthermore, the constant ("_42)2 is sharp. For more Hardy in-
equalities on Riemannian manifold, we refer to [7, 11, 16].

One of the aims of this paper is to look for the sharp constants of Hardy inequalities
related to the geodesic distance on the sphere. For some basic properties on the sphere,
we refer to [10], page 161 and page 167. The main result is the following theorem.
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THEOREM 1. Let n >3 and p € S". Denote by Vs the gradient on S". There
exists a positive constant Cy such that for f € C*(S"), there holds

2 2 (”—2)2 ( f2 f2 )
Q[ pave [ WasPav> 2= [ dep? T dmp)r )

where d(x,p) is the geodesic distance from x to p on S". Furthermore, the constant
(n=2)
7

is sharp in the sense that

(n—2)% e Ol f2dV + [ |Vsf?dV
4 rece(\{0} Jor imav
and
(=2 o Gl fdV+ fu|VsfPaV
4 fec=(sm\{0} Jig Mﬁ v .

REMARK 1. If f(—x) = f(x) forall x€ ", then [, 7LaV = [, —L——av.
Therefore, by Theorem 1.1, we have /
—2)? f?
c / 2dV+/ veri2av > av.
1 S”f - | Sf‘ D) - d(x,p)2

We note a similar phenomenon occurs in the Moser-Trudinger inequality. In fact, Moser
([14]) shows

sup / AV < oo, )
Jg2 V=02 [V fPav<1/S?

Furthermore, if f(—x) = f(x) forall x € S”, then the constant 47 in (4) can be replaced
by 8m (see [15]).

We also obtain a sharp Rellich inequality on S".

THEOREM 2. Let n > 5 and p € S". Denote by Ag the Laplace-Beltrami opera-
tor on S". There exists a positive constant Cy such that for f € C*(S"), there holds

£ 2 (n(n—4>)2 ( f /s )
Cz/sn sinzd(x,p)dv+/gn|ASf fav> (= / " d(x,p)4+(ﬂ—d(x,p))4 v

2
Furthermore, the constant (M) is sharp in the sense that

2
(l’l(l’l—4)>2 B - C2fS” sin dxp dV"‘fSn ‘Agf| dV
4  fec=(SM\{0 _rr
(SM\{0} Jon d(x7p)4dV
and
2
<n(n_4)>2_ - ZfSn smdxp dV+fSn|ASf‘ dV
4 fec=(8M\{0} dV '

fSn (m— dxp)
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2. Notations and preliminaries

Denote by
= {x=(x1,x2, -, %p11) E R x| =1}

the unit sphere of dimension n. Let (61,0,,---,6,) be the angular variables on S" and
0, satisfies x,1 = |x|cos6,. To simplify notation we set 0 = 6, and 6 will be the
only relevant angular variable in this paper. The polar coordinate associated with 6 on
S" is
T
[gav=[ [ r-(siney~tacas, ser(s), )
4 sn=1.J0

where do denotes the canonical measure of the unit sphere $"~!.
A function on S" is called radial if f dependsonly on 6. If f is radial, then

2
Asf = % + (n— l)cote% = (sin 9)1—n% <(Sin9)n_l%> ©

and
IVsfl=1f'(6)]. (7)

We end this section with the following lemma:

LEMMA 1. Let n >3 and 0 < 0 <n—2. There exists a positive constant A, o >0
such that for all f € C*(S"), there holds

2 2 H N2 2
2 dV+/ Vs/I® pyy s (2= ) / " 8)
S S" sin

s sin® 0 n sin® 0 4 inZt® g

n,o

Proof. The proof is similar to that in [12], page 6193. Using the substitution
f={(sin0)~ = Q, we get

n—2—a n—2—o
Vs f\z (nOS)%—HO Vs (smO) \+2(sm6) 2 @(Vs(sin®)” 2 ,Vso)
Vso|? 2 : (n—2—a) 2
~ng)y 2@ + @~|V(sin 9) (Vg(sm 0)" ,Vso?).
Therefore,
|VSf\2
st sin 9
_ 1 [Vsol|? 2y o 1 : —(n—2—a) 2
- s Sil’lae [(Sine)n2a+|VSn(sm6) 2 | (0] + <VS(SIHO) 7VS(P > dv

VS Slne) (n—2-a) VS(p >

dv
sin% 0

> Ve (sin0) 72 2qV /
/S Vo (sin0)*F 2av +

—2_a)? 2_
= (n a) ,('0 cos® 0dV + “

i ing) (n—2) 2
4 s sin” @ 2(n—2) /S” (Vs(sin®) ,Vso)dVv

(n—2—a)? ¢? ) n—2—a
- Y | —
4 s 9 2i—2) Js

@>Ag(sin0)~"2av.
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By (6),
As(sin0)~ "2 = (sin)'~ nd (sme)"—li(sine)z—" = (n—2)(sin0)>"
do do

Therefore, we have

/Sn Zj{‘; av > 24— )’ | Sifje cos?0qv — 122 i_ a /S ¢*(sin0)2"dV
_n- 24_ o)’ ., Sifz g (1- sin® 0)dV — ”_2%“ ., @*(sin0)>~"dV
_ 2
_ (n 24 06) ., Slf o dV —Ang ., (sinq;ﬁdv
_ 2 2
_(n 24 )’ /S n sini’“@dv_ Anc |, FI{ i
where A, o = M + "’ZT’O‘ . The desired result follows. [

3. The proofs

We firstly prove Theorem 1.1.

Proof of Theorem 1.1. It is enough to show that

2 2 (n—2) f? f?
c [ fav [ Vsffav s /Sn(m+(n_6)2)dv ©)

2
and (";2> is sharp. Choosing o =0 in Lemma 2.1, we have

) 2 2
A,,/ fde+/ Verlav > =2 S
Sn sn 4 s sin“ 0

)

i.e.
2)2 1 1 1
Ay 2av (n— / == —— —— v /V zav
/f T 4 nf 62+(n—9)2 sin? 6 + Sn‘ s/]

2("—4 )? /sn <£_2+(nf29)2)dV,

WhereAn:Ano—( )—1-72 SetVl(O):&+ﬁ 26),0<9<7r We
claim V;(6) is bounded in (0

(10)

, 7). In fact, since sin 6 has the asymptotlc expansion

1
sin6:0—863+0(03)7 6 — 0, (11)
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it is easy to check that

1 1 1
lim Vi(0) =— + lim = ———
o0+ 1(6) 7'c2+91>%1+<92 sin29>

L (L[,
w2 -0+ \ 0O sinf 6 sin6

L 09, 9y L L

-2 -0+ 02sinf sin ) w2 3’
11
lim Vi(0) = lim Vi(m—1) = lim Vi (1) = — — =
i V1(8) = i Vi(m—1) = B Vil1) = 77 3

Therefore, V; is bounded in (0, 7). Thus, if we set

—2)2
C1:An+(n4) sup |V1(0)] < oo,

0€(0,m)

then, by (10), inequality (9) holds. This proves the first part of Theorem 1.1.

(n=2)
i

Now we show the constant is sharp. It is enough to show

1 CiJgn f2dV + Jor |VsfPPaV _ (n—2)
fec=(E\(0) Jon Lzav Co4

The proof is similar to that in [16], page 9-13. Let ¢ : R — [0, 1] be a cut-off function
which is equal to one in [—1,1] and zero outside [—2,2]. Set H(t) =1 — ¢(¢) and

0, 0=0;

fe(8) = {H(g)ezz", 0<0<m

Without loss of generality, we may assume 0 < & < 1/2 and 0 < ¢(r) < 1,7 €R. Then
f&(0) is a radial and smooth function on S". By (5), we have

" (6
/fng:\S"—H/ H? (g) 62" (sin )" d6
NE 3
82

T n.2_
g‘Sn—l|/ 92—n . en—lde _ ‘Sn—1| .
€

2 :
fg n—1 /ﬂ 2 0 N n—1
LE YV = H —
én 92d ‘S | i e 6 (sm@) dae

T T
> [ H? <9> 0" (sin6)"'do — \S"’l\/ 6" (sin6)""'d8,
2e € 2¢
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where |S"~!| is the volume of S"~!. Moreover, by Minkowski’s inequality,

1
2
(f, Iveselav)
Sn
—|§" )2 (/” H’ (9> Lo 221y (9> 03
£ £) ¢ 2 €
1
il (/ w(®) 2
) £ )
1
) T 0 2
kST (/ H (—) e—"(sine)"—lde)
2 £ E
1
_Ise (/28 H/(Q) ’
) £ )
1
_9 T b
+ S (/ H> <9> e"(sine)"lde)
2 £ E

1
St 2e 2
ST H'(1)]- (/ 92—"-9"—1d9)
£ €02 p

1

_ 3 2
+”72\S"*1\% (/ 6”(sin6)”1d6)
l

=[S"" 1\2 max \H ()] \/7 \S" 1|2 (/ 07" (sinB)"~ ld(9>

Therefore,

1
2 2

(sin 9)”%19)

1
2
6% "(sin 9)"1d9>

1
2
6% "(sin 9)”%19)

inf C1 fSn fde—i— fS" ‘VSf|2dV C1 fSn fde—i— fSn ‘Vng‘de

fec=(sm\{0} Jon 62a'v Jor s 92 av
e n? —¢?
T2 [0 (sinf)1d6 12)
2
1
max;c(o 2] [H' ()] - \f T " (sinB)"'d6)?
(0 "(siny 1d6) 2 (fzg n(sin0)"~1d0)?
Notice that .
lim 0 "(sin0)" " 1dO = co.
e—0+ J2¢e
We have
. 2 — g2 _ o maxeo [H'(1)]- f
1m

=0.
en0+ [EO(sin0)1dO  e0+ (0" (sin )"—1dB)1/2
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Therefore, passing to the limit as € — 0+ in (12) yields

Nl—

1 Ci o f2AV + Jor [VsfPaV _(n=2)* | .~ (J£ 6 "(sin6)""'d0)
fec=(sm)\{0} Jin g—idV sS4 =0t ([ 9-n(sin @)~ 1d0)3
(n—2)? . Jre"(sin0)""'ao

4 e=0+ [5.07"(sin6)""1d6
(n—2)
PR
To get the last equality above, we use the L’Hospital’s rule
T N—n(; n—1 e n—1
lim fgn 0 (s1‘n 0)"'de  lim € (s1T1£) _
e—0+ [ 07"(sin@)"~1dO  e—0+ —2(2¢)"(sin(2¢)) !

Therefore,
Ci Jon f2AV + [u|Vsf?dV  (n—2)?

1
fec=(S\{0} Jor Lrav 4

Similarly, taking f¢ (7 — 0) as the test function and following the proof above, one
2
can also check that @ is sharp in the sense that

(n—2)? - C fon f2dV + Jou |Vsf?aV

4 fece(sm\{0} Jon (nf—ze)zdv

The proof of Theorem 1.1 is thereby completed. [J
Before the proof of Theorem 1.2, we need the following lemma.
LEMMA 2. If f € C*(S"), then
—2fAsf =2|Vsf? — Asf*.
Proof. 1t is enough to show that for all ¢ € C*(S"), there holds
2 [ orasfav =2 [ olVorPav— [ onssav.
In fact, by integration by parts, we have
2 [ orasfav =2 [ (Vs(of).Vef)av
=2 [ @(Vaf.Vef)dV+2 [ (Vep.Vsf)av
=2 [ gIVssPav+ [ (Vop,Vor)dv

:z/ <p|vgf\2dv—/ OAsf2dV.
Sl‘l Sl‘l
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The desired result follows. [

Proof of Theorem 1.2. It is enough to show that

£ 2 (n(n—4>>2 ( f /s )
Cz/sn sinzd(x,p)dv+/gn|ASf\ v > (= / d(x,p)4+(ﬂ—d(x,p))4 v

2
and the constant (@) is sharp.

By Lemma 3.1,
—2fAsf =2|Vsf* - Asf*.
Integrating this inequality over S" with weight (sin6)~? yields

A Vsf|? Asf?
ST gy g [ V8] dV—/ s/ gy
s» sin” @ sm sin” @ s» sin” @ (13)

-2

\V/ 2
=2 |‘S,f v - / F2As(sin©)2aVv.
sn sin” @ S
By (6),
As(sin0) 2 :(sin@)lf"ﬁ (sinG)"I%(sin9)2)
_ : l—ni : n—4 14
=—2(sin0) e ((sin@)" *cos0) (14)
2 cos? 6
= —2(n—4)———.
sin” 0 (n )sin49
Combing (13),(14) and (8) yields
SAsf (n—4)? f? f?
-2 av > dV —2A ———dV
s sin 6 2 s sin* 6 "2 Jon sin® @
-2 s dv +2(n—4) f cos? 0dV (15)
s sin’ 6 s sin* 0
nn—4) f? f?
= dV —2(A,,—n+3 dav.
2 s sin* O (Ana=n+3) s sin? 6
On the other hand,
A A
—2/ fffdvng 8T 4y
" sin” 0 st sin“ O

(16)
n(n—4) 12 4 / ’
< v + Ve f|?dv.
4 s sin* 0 n(n—4) S"‘ s/l

To get the second inequality in above, we use the following elementary inequality

nn—4) , 4 )
2ab < b, 0, b>0.
a 7 a+n(n_4) a > >
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Combing (15) and (16) yields

4
n(n—4) Jo

i.e.

_ 2 2
nn ) Sy s —nt3) [ —L—av,

Vsf|?dv >
IVs/] 4 sn sin® O s sin% O

— — 2 2
(Anp—n+3)n(n—4) v fzevz(e)dV+/S Vs f|*av

2 s sin” 6 s sin

() L (5 whom)

where

a7)

(=N ., 1 1 1
V2(9)—< 1 sin“ 0 - O——i-m—m ,0<0<m.

We note V5 is bounded in (0,7) since
. C(n(n=4)\ . [sinf6 1
OIE(IJLVZ(O)_( 4 ) eli%l+< 6%  sin?6
nn—4)\" .. 1 sin® @
1 ——+1
( 4 ) ei»r(IJl+<9 sin’ 9)( o+ )
(") i (- 5)
9—>O+ sin” @
n(n—4)\* __ sin6—6 0
1 1
( 4 ) 6—0+ 62sin0 ( +sin0>
2 n(n—4) 2'
3 4 ’

2
lim V2(0) = lim Va(r—1) = lim V;(2) = —

0—n— t—0+ t—0+

W
7N
S
—~
S
il
N
=z
~__
|3

Therefore, if we set

G =

+ sup |V5(6)],
0¢c(0,m)

’ (A —n+3)n(n—4) ’
2

then, by (17),

N2
& [, ﬁzx,md”/sn Ao ffav> (¥) L (d(il)”(n—dﬁ,pw) ¢

2
Now we show the constant (n("4—_4)) is sharp. It is enough to show

=

C Jon <

sin% 0

inf
fec=(sm\{o} Jsn -e—4dV

dV+fSn |Asf|>dV _ (n(n_4))2
X 4 .
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Let ¢ be the cut-off function defined in the proof of Theorem 1.1 and H =1—¢. We
take g¢(0) = H () 0~"7" as the test function. By (5), we have

/ av =" 1\/ H2< )94 "(sin0)"3d0
s sin® O
<|Sn71‘/ 947n.9n73d9:|8n71|.n’ — €
/ g‘fdv_|§" 1\/ H2< ) "(sin0)""'d0
>|S”‘1\/ H? (—) 6" (sin6)""'d6
2¢ €

T
:|S'H\/ 6" (sin6)"'d6.
2e

By (6), we have

d2 d 0 _n-4
Asgg—<d—92+(n—1)cot0%)H<E>6 P
n— " n— !/ n—
=H (9) (9_T4> +21H’ <Q> 9—74) +i2H” (Q) 9—74
€ € € € €
1 n— ned N/
+(n—1)cotd [—H’ <9> 0'T +H 9) <G_T4> ]
€ € €

:H@) [WQSJFWQTCmG}

1 ,/6 2-n d4-n L, (0 4

Therefore, by (5) and Minkowski’s inequality,

1
2 2

< (/;Hz (9> ‘ (4_”)4(2_">9*% LU=l oe g (sine)"ld9>

£ 2
1( 2¢e
A
e\ Je €
+ 1 /2£H” %) o'
ez \ Je €

=(I)+ (II)+ (III).

2 3
0

H (—) {(4—n)92%" + (1) cote}

(sin 0)"1d0>
1

2
(sin 9)”%19)

2
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It is easy to check

/RH2<9)‘W95+w022"c0t92 :

. n—1
4 5 (sinB) d@)

1
2

(sin 9)”1d0> ;

4-—n)2—n),,_n (4—n)(n— 1>92%" cotf ’

1
2 2

(sin 6)”1d0>

H (g) [(4—n)92%" +(n—10"7" cote}

1

1
<— max H'(t)

€ 1€[0,2] (

2¢e
/ |(4—n)sin6 + (n—1)0cosO]> 6> " (sin 0)"3d0>
€

2¢
<— max H'(r) [(n—4)0+ (n—1)6]>6>"0" 3d0>
€ 1€(0,2] £
6n—15
= H'(t :
[1611[3)2(] ®) 2

:j max H" (¢t
2 €02
Thus,
nf O Jor g dV+fS" A/ Iy < Co Jon 5 edVHén |Asge|?dV
fec=(SM\{0} fS" o dV fSn e—idv
2_ .2 B 2
<C == (1) + (11) + (1)
L2 -
JZ 6" (sin e)n,lde \/ 70 "(sin0)1d6
C HZESZ n maxte[0,2]H (1) 6" 15 4 \/—max,e[o 2]H "(t)
2 .
fzﬂg 67 (sin6)"ld6 \/fzg n(sin@)"~1d6
2

1
@ n) g~ 7+w67—cot0‘ (sin6)"~'d0)?

(|
_|_
\/fzg "(sin0)"~1d6
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Passing to the limit as € — 0+ yields

fec=(sm\{0} fS,, Lav
n — — —n 2
Jr|Emam g5 | Bl g3t cotg| (sin0)"1dO
< lim

S0+ Jr. 0 (sin0)"~1d6

(r-ny

To get the last equality above, we use the L'Hospital’s rule

n —n)(n— 2—n 2 . _
[F|@mnen -5 | G-t g2, cote) (sin0)"~1d0
i
et JE6"(sin0)"1d0
N B B 2
. _’wff-{-Ws%cote‘ (sing)*!
= Jim —2(2¢) " (sin2e) |
_(n(n—4) 2
-(")
Therefore,
. czfsns-n edv+fSn |Asf|?aV (n(n_4)>2.
Fec(S\(0) Jor Leav 4

Similarly, taking g, (7 — 0) as the test function and following the proof above, one

2
can also check that (M) is sharp in the sense that

(n(n_4))2_ . Co fon - .f dV+fSn\Agf|2dV
4 fec=(sM\{0} fgn ! 4dV

The proof of Theorem 1.2 is thereby completed. [J
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