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Abstract. 1t is shown that if the higher order Marcinkiewicz-Zygmund type inequality holds,
then some generalized Marcinkiewicz-Zygmund type inequality holds, in particular, the lower
order Marcinkiewicz-Zygmund type inequality also holds. No additional assumptions are made
on the random variables. As applications, a generalized C, -inequality and a weak law of large
numbers for pairwise independent random variables are obtained.

1. Introduction

Probability and moment inequalities play an important role in the properties of
sums of random variables. A number of inequalities have been established for indepen-
dent random variables. One of the most interesting inequalities is the Marcinkiewicz-
Zygmund inequalities. For a sequence {X;,1 <i<n} of independent random variables
with mean 0 and E|X;|? < e, 1 < i< n, for some p > 1, there exist positive constants
Ap and B), depending only on p such that

n p/2 P n p/2
AE | Y X} SE|YX| <BE|YX| . (1.1)
i=1 i=1 i=1

If 1 < p <2, then we can immediately obtain from (1.1) that

p

E|Y. Xi| <B,Y EXi" (1.2)
i=1 i=1

The above inequalities (1.1) and (1.2) were extended to a sequence of martingale dif-
ferences by Burkholder [3] and von Bahr and Esseen [2], respectively. Hadjikyriakou
[6] extended the Marcinkiewicz-Zygmund inequalities to the case of nonnegative N-
demimartingales. Asadian et al. [1] proved that (1.2) holds for a sequence of negatively
orthant dependent mean zero random variables. Burkholder [3] also proved that the
Marcinkiewicz-Zygmund inequalities holds for the maximum of partial sums of mar-
tingale differences. Therefore, (1.1) also holds for the maximum of partial sums of
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independent random variables with mean 0. That is, there exist positive constants C,

and D, depending only on p such that
p N p/2
<D,E (2){3) ) (1.3)
i=1

n /2
CpE (2){?) < E max EX

= 1<k<n
i=1

If 1 <p <2, then
P

<D, Y E|Xi|?. (1.4)
i=1

E max
1<k<n

ZX
Shao [12] proved that (1.4) holds for a sequence of negatively associated mean zero ran-
dom variables. The inequality (1.2) is called the p-th order Marcinkiewicz-Zygmund
type inequality for the sum of random variables. The inequality (1.4) is called the p-
th order Marcinkiewicz-Zygmund type inequality for the maximum of partial sums of
random variables.

Let f(x) =xP, x> 0, where 1 < p <2. Then we can rewrite (1.2) and (1.4) as

Ef( zx) < Y EF(IX) (1.5)
i=1 i=1
and
Ef (1131512(" EX ) <Cr Y Ef(IXi)) (1.6)
i=1

respectively, where the first Cy = B, and the second Cy = D,,. The inequalities (1.5)
and (1.6) are called the generalized Marcinkiewicz-Zygmund type inequalities if the
function f(x) is more general than f(x) = x”.

In this paper, we prove that if the g-th order Marcinkiewicz-Zygmund type in-
equality holds for the sum of random variables, then the generalized Marcinkiewicz-
Zygmund type inequality (1.5) with f € @, (®, is defined below) holds, in particular,
the p(1 < p < q)-th order Marcinkiewicz-Zygmund type inequality also holds. No ad-
ditional assumptions are made on the random variables. We also prove the same result
for the maximum of partial sums of random variables. As applications, we obtain a gen-
eralized C,-inequality for real numbers and a weak law of large numbers for pairwise
independent random variables.

Now we introduce two notions and one lemma.

For any g > 0, let @, be the set of all continuous and strictly increasing functions
f(x) from [0,0) to [0,c0) satisfying

(i) £(0)=0

(i) f(x) < Cpxf'(x) for almost all x € (0,c0),

(iii) [ [g(s)]"9ds < Cyx[g(x)] =9 for all x € (0,0),

(iv) Jilg(s)]tds < C’” [¢(x)]! forall x € (0,00),
where C, Cf, C}' are posmve constants depending only on f(x), and g(x) is the
inverse functlon of fx).
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For any g > 0, let ¥, be the set of all continuous and strictly increasing functions
f(x) from [0,0) to [0,c0) satisfying the above (i), (ii) and (iii).

Obviously, ®, C ¥, ®, C @, and ¥, C ¥y if ¢ < q'. We present some exam-
ples of functions in ®, and ‘¥,,.

EXAMPLES. (1) Forany 1 < p <gq and o € R, set f(x) =x? if x € [0,1] and
fx) =xP(Inx+1)* if x € (1,00). Then f € @,.
(2)Forany 1 < p<gqgand a € (1—p,q—p), set f(x) =x"In*(x+1). Then
fed,.
(3)Forany 1 <p<g, a €R and a> 1, set f(x) =x"In*(x+a). Then f € ®,.
4) Forany l <p<g, c €R, a>1 and Ina > —a/p, set f(x) =x"In%a if
€[0,a] and f(x) =x”In%x if x € (a,o0). Then f € ®,.
(5)Forany ¢ > p >0 and o € R, set f(x) =x if x€[0,1] and f(x) =x"(Inx+
)% if x € (1,e). Then f € ¥,.
(6) For any ¢ > p >0 and o € (—p,q— p), set f(x) =x"In%(x+1). Then
fevYy,.
(7)Forany ¢ >p>0, a €R and a> 1, set f(x) =x"In%(x+a). Then f €¥,.
(8) Forany ¢ > p >0, « €R, a>1 and Ina > —a/p, set f(x) =x"In%a if
€[0,a] and f(x) =xPIn%x if x € (a,e0). Then f € ¥,.
The following lemma is well-known. It can be proved by the Fubini theorem.

LEMMA 1.1. Let Y be a random variable and let r and b be positive constants.
Then the following statements hold.

(1) E|Y|"=r [y s 'P(]Y| > s)ds.

) E|Y'I(JY| < b)=r [0 'P(|Y| > s)ds — b'P(]Y| > b).

(3) EIYI'I(|Y|>b)=r [ s 'P([Y| > s)ds+b"P(|Y| > b).

Throughout this paper, I(A) denotes the indicator function of the event A.

2. Generalized Marcinkiewicz-Zygmund type inequalities

The following theorem shows that if the higher order Marcinkiewicz-Zygmund
type inequality holds for the sum of random variables, then some generalized Marcin-
kiewicz-Zygmund type inequality holds, in particular, the lower order Marcinkiewicz-
Zygmund type inequality also holds.

THEOREM 2.1. Let {X,,n > 1} be a sequence of random variables with finite
means. Assume that for some q > 1, there exists a positive function o,(x) such that

4 n
<ag(n) Y EIXi(x)|?  foralln>1andx>0, (2.1)

E i(X, X) —
i=1

where X;(x) = X;I(|1X;i| < x) +xI(X; > x) —xI(X; < —x). Then for f € ®,,

o

™M=

(X; — EX;)

i=1 i=1

) < (2atg(n)-gCHCL+4C,CY) S EF(IXi]).
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In particular, for 1 < p < g,

p

ix EX;)

q—p

Proof. By Markov’s inequality and (2.1), we have that

( )

i X; — EX;)
i=1

By Lemma 1.1 and the Fubini theorem, we get
/ 8] E X8l >>|qu
= qu/ (|X\ >yl/q)
:/ (il > ') dy/ iy I
<C}/0 y’lf l/q) P(|Xi| >y1/‘1)dy (by (i)

:qC}/ xLf(x)P(|Xi| > x)dx (by taking y = x9)

/

<qCiCY / FOP(Xi| > x)dx (by (ii))
—quC}Ef(\X ).

4 n
<2qaq(n) 7 4 —) 3 E[Xi|?.
r=1,3

(2.2)

(2.3)
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We also get

| e E = Xi( ()

= [ st tas [ P> vay
—/ (1Xi| >y dy/ ]~ ldx

<cl / L )P(X;| > y)dy (by (iv))
o / £ O)P(X:| > y)dy (by (i)
= cfc}”E F(xil). (2.4)

Substituting (2.3) and (2.4) into (2.2), we obtain the desired result. [J

The following theorem shows that if the higher order Marcinkiewicz-Zygmund
type inequality holds for the maximum of partial sums of random variables, then some
generalized Marcinkiewicz-Zygmund type inequality holds, in particular, the lower or-
der Marcinkiewicz-Zygmund type inequality also holds.

THEOREM 2.2. Let {X,,n > 1} be a sequence of random variables with finite
means. Assume that for some q > 1, there exists a positive function By(x) such that

q
<B ZE\X )T foralln>1 and x >0,

k

E max Z
1<k<"i21

(Xi(x) — EXi(x

(2.5)
where Xj(x) = X;I(|1X;i| < x) +xI(X; > x) —xI(X; < —x). Then for f € ®,,

max
1<k<n

In particular, for 1 < p < q,

k
Zx EX;)
i=1

) < (29B4(n) - qCyCF + 4C}c}’) Y Ef(1Xi).

P
4

E max
1<k<n

k
EX EX;)
=1

< (28 * )EEXP

q—

Proof. The proof is similar to that of Theorem 2.1. By Markov’s inequality and



842 P. CHEN AND S. H. SUNG

)

k
EX —EX))
=1

(2.5), we have that

max
1<k<n
:/ P | max
0 1<k<n

k
ZX EX;)
=1

())dx

oo k
</O P(g,f‘én ;(Xi(g(x))_EXi(g(x))) >g(x)/2> dx
o0 k
* P(ES&; 2 (%~ Xi(g(x)) ~ E(Xi —Xi(s (1)) >g(x)/2> dx

o k q
<20 [ g 9E max 3 (%(s9) ~ EXi(g(2))| d
k
+2/ ' max ; ))— E(X;— Xi(g(x))))| dx

<28, . [ 6] E Pleto)l s
+4z/ )7'E X — Xi(g(x))| dx.

The rest of the proof is the same as that of Theorem 2.1 and is omitted. [J

REMARK 2.1. The 2nd order Marcinkiewicz-Zygmund type inequalities ((2.1)
and (2.5) with ¢ = 2) hold for dependent random variables as well as independent
random variables.

(1) Let {X,,,n > 1} be a sequence of pairwise independent random variables. Then
(2.1) holds trivially for ¢ =2 and oy (n) = 1. By Theorem 3 of Méricz [9], (2.5) holds
for ¢ =2 and B,(n) = (In2n/1n2)>.

(2) Let {X,,,n > 1} be a sequence of pairwise negative quadrant dependent random
variables (for the definition of negative quadrant dependence, see Lehmann [7]). Then
(2.1) holds trivially for ¢ =2 and o (n) = 1. By Theorem 3 of Mdricz [9], (2.5) holds
for ¢ =2 and B,(n) = (In2n/1n2)>.

(3) Let {X,,,n > 1} be a sequence of negatively associated random variables. Then
(2.1) holds trivially for ¢ =2 and oy(n) = 1, and (2.5) holds for ¢ =2 and B,(n) =2
(see Matula [8]).

(4) Let {X,,n > 1} be a sequence of ¢-mixing random variables. Then (2.5)
holds for g = 2 and a constant function f,(x) if X7, @'/%(n) < o (see Yang [14]).

(5) Let {X,,n > 1} be a sequence of identically distributed ¢-mixing random
variables. Then (2.5) holds for ¢ =2 and a slowly varying function 3,(x) (see Shao
[10]). In particular, if Y, (p1/2(2") < oo, then (2.5) holds for ¢ = 2 and a constant
function f,(x).
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(6) Let {X,,,n > 1} be a sequence of p -mixing random variables. Then (2.1) holds
for ¢ =2 and a constant function f,(x) if Y7, p(n) < oo (see Yang [14]).

(7) Let {X,,n > 1} be a sequence of identically distributed p-mixing random
variables. Then (2.5) holds for ¢ =2 and a slowly varying functions f3,(x) (see Shao
[11]). In particular, if ¥, p(2") < oo, then (2.5) holds for ¢ =2 and a constant
function f,(x).

(8) Let {X,,,n > 1} be a sequence of p*-mixing random variables. Then (2.5)
holds for ¢ =2 and a constant function f3,(x) (see Utev and Peligrad [13]).

COROLLARY 2.1. Let 1 < p <2 and let {X,,n > 1} be a sequence of pairwise
independent random variables with EX,, = 0 and E|X,|P < e for n > 1. Then

8 4 /!
< —+—> E|X;|P,
( ) 3 el

2-p

P 2
In2

< n2n 8 EE\X\
In2 2— p p—

Proof. The result follows from Theorems 2.1 and 2.2 together with Remark 2.1
(H. O

p

S

i=1

k

E max 2
1<k<n -1

X;

REMARK 2.2. Under the same conditions as Corollary 2.1, Chen et al. [5] proved

that
p

E

XX
i=1

CP 2E|Xi‘p7
=1

where C,, = infoce< f(€) and f(€) =2+¢€+ (1;—5)2 <2E—p)2 . We compare the coef-
ficient C,, with that of Corollary 2.1. Since 8/(2 —p)+4/(p—1) diverges as p > 1
goes to 1, 8/(2—p)+4/(p—1) > C, for all p > 1 sufficiently close to 1. Since
2-p)f(e)>4/2—p)>8+4(2—p)/(p—1) forall p <2 sufficiently close to 2,
8/(2—p)+4/(p—1) <C, forall p <2 sufficiently close to 2. Hence, we cannot
compare the coefficients.

COROLLARY 2.2. Let 1 < p <2 andlet {X,,n > 1} be a sequence of p*-mixing
random variables with EX, = 0 and E|X,|P < e for n > 1. Then

P n
E <C E|X;|P
x| XX <G 2 Bl

ZX

where C), is a positive constant independent of n.

Proof. The result follows from Theorem 2.2 together with Remark 2.1 (8). [

REMARK 2.3. When {X,,n > 1} is a sequence of asymptotically linear negative
quadrant dependent (ALNQD) random variables with mean 0, Zhang [15] proved that
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P n p/2
<C,E (2){3) , (2.6)

i=1

for p > 1,
n

E|Y X
i=1

where C), is a positive constant independent of n. From (2.6), we get that for 1 < p <2,
a (P
E|Y. X
i=1

If ALNQD condition is strengthen to p*-mixing, then (2.7) holds for the maximum of
partial sums (see Corollary 2.2).

In the symmetric case, the condition f € @, can be weaken to f € ¥, (see the
following theorem).

n
Cy Y E|Xi|". (2.7)
i=1

THEOREM 2.3. Let {X,,n > 1} be a sequence of random variables. Assume that
for some q > 1, there exists a positive function 0y(x) such that

n 4 n

EX,-(x) < oy(n) ZE IX;(x)|? forall n>1 and x > 0, (2.8)
i=1 =

where X;(x) = X;I(|X;| < x)+xI(X; > x) —xI(X; < —x). Then for f € ¥,

Ef( 3 X,

=1

) < (1+ () -CiCY) Y EF(X).
i=1

In particular, for 1 < p < q,

n |
E|Y X <1+aq )ZEX 7.
i=1
Proof. Note that
i=1
oo n
=/ P2 Xi|>gx) |dx
0 i=1

n

2 Xi(s(x))

i=1

> g(x)) dx

ZEf X)) + oty (n 2/ ) T9E | Xi(g(x))|7dx.
i=1
By (2.3), we complete the proof. [

When f € W, the generalized Marcinkiewicz-Zygmund type inequality holds
without any assumptions.
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THEOREM 2.4. Let {X,,n > 1} be a sequence of random variables. If f € ¥y,
then
Ef( Sx ) < GO EF(D
and
Ef(fgggn X ) <cicl élEf(Xi)-

Proof. Note that

Ef( )
)

;I/P\X|>g dx+/ (

n

< EAGXD) + 3, [ s ERRIX] < 5(0)

Mx

Xi

i=1

IIMx

DX (1Xi| < g(x)

> g(x)) dx

By Lemma 1.1, we have that forany 1 <i <

oo

S—

[ s LEIXil1(1Xi] < g(x))dx

/ 1 ([ el >y —ep (x> ) ) s
=/ (IXil > ) dy/ | ldx— Ef(|Xi])
/ T OP(Xi| > y)dy = Ef(1Xi])

<cc / F0)P(1Xi] > y)dy — Ef(Xi])
= (CyCF — DEf(1Xi])-

So the first result is proved. Observing that

f(f?;f‘i‘n 2. Xi ) <f<,§ Xi|>,

the second result follows from the first. [
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3. Applications

Generalized Marcinkiewicz-Zygmund inequalities can be applied to estimate the
moments and tail probabilities of sums of random variables. In this section, we present
only two of many such applications. As a simple application of Theorem 2.4, we can
obtain a generalized version of the C,-inequality.

THEOREM 3.1. Let {x,,n > 1} be a sequence of real numbers. If f € V1, then

Xi ) < C}C}/Ef(\xl\)
i=1

As an application of Theorem 2.1, we can obtain a weak law of large numbers for
pairwise independent random variables.

i=1

THEOREM 3.2. Let {X,,n > 1} be a sequence of pairwise independent random
variables with EX,, = 0 for all n > 1 and satisfying f(f € ®,)-uniform integrability
in the Cesaro sense, i.e.,

n
lim supn™ 'Y Ef(IXi[)I(1Xi] > x) = 0.
—>o<)n>1 =
Assume that for any € > 0,

Fleg(m) 2w

where g is the inverse function of f. Then g1 (n) ¥, X; — 0 in probability as n — oo.

=0(l) and

Proof. Let € > 0 be given. Then we get by Theorem 2.1 that for any x > 0,

,‘>£>

> (1] <) — Xl (] <)

> Sg(n)/2>

N (Xl (1Xi| > x) — EX;I(|1X:] > x))
=1

> Sg(n)/2>

2

S (GI(1X] < x) — EXI(Xi] <))
i=1

+f eg /2Ef<

< 4872g72( )E

n
N (Xl (1X;| > x) — EXI(|X;| > x))
i=1

)

<de g 2 (n)nx® + (8CCF+4CCY) £ (e8(n)/2) ZE FUXI(|1X:] > x))
i=1

<de g (n)nx® + (8C,CY +4C5CY) £ (eg(n) /2)nsupm™ IEEf 1X:|) I(|Xi| > x).

m>1
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It follows by the assumptions that

n

DX

i=1

o)

< O(1) (8CCF+4C,CY ) supm™" Y Ef (1Xil) 1(|X:| > x) — 0,
mz1 i=1

limsup P (gl (n)

as x — oo. Hence the result is proved. [J

COROLLARY 3.1. Let 1 < p <2 and o € R. Let {X,,n > 1} be a sequence of
pairwise independent random variables with EX,, =0 for all n > 1 and satisfying

lim supn™' Y E|Xi|” In® |X;|I(|X;| > x) =0.

X001 e

Then n='/P(Inn)®/P ¥ X; — 0 in probability as n — oo.

Proof. Let a> 1 and Ina > —a/p. Set f(x) =x"In%a if x € [0,d] and f(x) =
xPIn%x if x € (a,0). Then f € ®, by Example (4). Note that

n

n
limsupn ' Y Ef(|Xi|)I(|X;| > x) = lim supn~! Y EX;|?In” |X;|1(|X;| > x) =0.

X7zl =1 n=1 i=1
Since /
I/p
X
a/p
X) ~ ———— asx— oo
g(x)~p ()77 ,

n/f(eg(n)) = O(1) forany € >0 and n/g?(n) — 0 as n — oo, where g is the inverse
function of f. Hence the result follows from Theorem 3.2. [

REMARK 3.1. When ¢ =0, Corollary 3.1 (p =1 and 1 < p <2, respectively)
were proved by Chandra [4] and Chen et al. [5].
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