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SOME NEW RESULTS OF TWO OPEN PROBLEMS
RELATED TO INTEGRAL INEQUALITIES

ARTION KASHURI AND ROZANA LIKO

(Communicated by A. Horwitz)

Abstract. In this paper, we have solved two open problems, and as consequence some interesting
integral inequalities are obtained.

1. Introduction

More recently, Liu et al. (see [1]) obtained the following theorem.

THEOREM 1.1. Let f(x) > 0 be a continuous function on |a,b| satisfying
b b .
/ FmintLBY () gy >/ (t — a)"™ 1Bz, Vx € [a,b] (1.1)

Then the inequality

b b
[ 1P wax > [ w-a) b (ax (12)
a a
holds for every positive real number o >0 and B > 0.

THEOREM 1.2. Let f(x),g(x),h(x) > 0 be continuous functions on [a,b] with

Sf(x) < h(x) for all x and such that % is decreasing and f(x),g(x) are increasing.
X
Assume that ¢(x) is a convex function with @(0) = 0.
Then the inequality

b b
[2700dx _ [ o(()g()dx w3
b = b :
Ja h(x)dx— [7 @(h(x))g(x)dx
holds.
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Liu et al. (see [2]) presented the following two open problems.

Open Problem 1. Under what conditions does the inequality

/ " o (1) > ( / (e )P <x>dx)A (1.4)

hold for o, 8 and A?

Open Problem 2. Assume that ¢(x) is a convex function with ¢(0) = 0. Under
what conditions does the inequality

14
2 edx _ (2 oUe)san) s
b = 2 .
Jahx)dx (11 g(h(x))g(x)d)
hold for & and A ?
2. Main results
THEOREM 2.1. Let f(x) > 0 be a continuous function on |a,b| satisfying
b . b
/ (1 — a)™n(1B) g7 < / FmnBY (1 dr, x € [a, b] @.1)
Then the inequality
b b A
/ F2B (x)dx > ( / (x—a)?fP (x)dx) VA1 2.2)

holds under each of the following conditions:
1. Forall B > 1 and o > 0 such that

_ o2
b=a)™
o+2
2. For B €(0,1] and a > 0 such that

(b _ a)oc+l3+1
o+p+1

Proof. If A =1 then (2.2) holds for every positive real number & >0 and § >0
by theorem 1.1. Let A > 1.
Then

</ab(x S (X)dx> l - </ub(x - (x>dx) ' (/ub(x —a)*fP (x)dx) .
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A-1

— (/ab(x—a)f"fﬁ(x)dx>l </abf°‘+ﬁ(x)dx<:> (/ab(x—a)"‘fﬁ(x)dx> <1

a

A—-1
= (/b(x—a)o‘fﬁ (x)dx) <l<=0< /b(x—a)o‘fﬁ (x)dx < 1. (2.3)

By using integration by parts, we obtain the following relation

/b(x— )% fB (x)dx = a/b(x— )% ! (/xbfﬁ (t)dt) dx 2.4)

a a

But, by the hypothesis of theorem 2.1
b . b
/ (t —a)™™ Py < / LBy () dr, Vx € [a,b]

We have the following two cases:
(1)Forall B > 1 and o > 0 such that

(b_a)a+2
a+2

S

by simple calculations inequality (2.3) follows.
(2) For B € (0,1] and o > 0 such that
(b— a)a+ﬁ+1
o+pB+1

by simple calculations inequality (2.3) holds. [

THEOREM 2.2. Let f(x),g(x),h(x) > O be continuous functions on [a,b] with

f(x) < h(x) for all x and such that % is decreasing and f(x),g(x) are increasing.
Assume that ¢(x) is positive and convex function with ¢(0) = 0.
Then the inequality

b [
s (2 oU)san)

=

(2.5)
Ja B (5 (g )

holds under each of the following conditions:
1. A=06=0and f(x)=h(x), forall x € [a,b];
2. A=906€[l,+e), forall x € [a,b];

3. o(f(a) = for 1<S8<A;

(b—a)g(a)
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4. o(f(b)) < for 1< A <$.

ot
(b—a)g(b)
Proof.

1. If A=0=0 and f(x) = h(x), for all x € [a,b] then inequality (2.5) turns into
an equality.

2. If A = 8 =1 inequality (2.5) coincides with theorem 1.2.

J2 f(x)dx

I h(x)dx
all x € [a,b] then d € [0,1]. By theorem 1.2 and the fact that ¢(x) is positive
and convex function with @(0) = 0, we have the following inequalities

Now let A =6 > 1 and denote by d = . Since 0 < f(x) < h(x), for

(f:<p<f<x>>g<x>dx> (f £(x)dx )5 _ LA
I (h(x))g(x)dx [P h(x)d d

since d € [0,1], for all & > 1. So inequality (2.5) follows.

3. For 1 < 6 < A there exists a real positive number r such that A = § + r. Using
case (2) for A = 6 € [1,+o0) we have

(£ otrtetiax)” _ (ff¢(f(X))g(X)dX>3. L

(I oteewax) \Je @S] (12 p(h(x))g()ax)
(f f(x)dx ) 1 _ 2 fdx
Jh@dx ) ([ g(nv)g(x)ax) pGTER

.
The last inequality above follows by the fact that ( fab (p(h(x))g(x)dx) > 1 for
1

(b—a)g(a)

r > 0, since we have assumed that @(f(a)) >
holds.

. So inequality (2.5)

4. For 1 <A < 0 there exists a real positive number r; such that 6 = A +r;. Using
case (2) for A = 6 € [1,+o0) we have

(I otr)swa)’ (g - .
a _ <fa (P(f(x))g(x)dx> (/ (p(f(x))g(x)dx)

(12 othtstods)”  \ I O(B)E)dx

Jo f@dx\ (b ) o e S ()dx
(Mx) ) ([ otrenstar) <&
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In the last inequality we have used the fact that < fab o(f (x))g(x)dx) B < 1 for

r1 > 0, since we have assumed that @(f (b)) <
follows. [J

1
— . So inequality (2.5)
(b—a)g(b)

3. Applications
COROLLARY 3.1. Ler f(x) = 0 be a continuous function on [0, 1] satisfying
1 Lo
/ min{LBY gy < / FmnBY (1 ar, e [0, 1] G.1)
Then the inequality
1 1 A
/ OB (x)dx > (/ x%fP (x)dx) , VA1 (3.2)
0 0
holds for o, 3 > 0.

COROLLARY 3.2. Let f(x) = 0 be a continuous function on [a,b] satisfying

b , b
/(t—a)mm{l’a}dt</ Frinthed (dr, Vx € [a, b] (3.3)
Then the inequality
b b A
[ ewasz ([ (0-aswa) vz G4

holds under each of the following conditions:

1. For o > 1 such that

(b_a)oH-Z <1
o+2

2. For a € (0,1] such that
(b _ a)2a+l
200+ 1

Proof. Let o« = B and applying theorem 2.1. [

COROLLARY 3.3. Let f(x),g(x),h(x) > 0 be continuous functions on [a,b] with

f(x) < h(x) for all x and such that % is decreasing and f(x),g(x) are increasing.
X

Assume that @(x) is positive and convex function with ¢(0) = 0. Then the inequality

e (1Lol)er )’
afx x> a 7 Vp)() (35)

Ja B (12 (g (v

holds under each of the following conditions:
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1. A=06=0and f(x)=h(x), forall x € [a,b];

N

. A=08€[l,+o0), forall x € [a,b];

3. 0(f(a) = Jor I<O<A;

b—a)g’a)

1

Proof. Let gp(x) = gP(x), for all x € [a,b] and for all p > 0. Since g(x) is in-
creasing function and g(x) > 0, then g,(x) are increasing functions for all p > 0. By
applying theorem 2.2, inequality (3.5) follows. [

COROLLARY 3.4. Let f(x),g(x),h(x) > 0 be continuous functions on [a,b] with

)

f(x) < h(x) for all x and such that hx) is decreasing and f(x),g(x) are increasing.

Then the inequality

(L0 @)’
>

S n(x)dx ~ (fabhk(x)gp(x)dx>w

Vk>1 and Vp >0 (3.6)

holds under each of the following conditions:
1. 2=38=0and f(x)=h(x), forall x € [a,b];

2. A=906€[l,+e), forall x € [a,b];

3. fk(a)Z for 1<o<A;

(b—a)gr(a)

4. f*p) < for 1< A <8,

(b —a)gr(b)

Proof. Let ¢(x) = x* where k > 1. ¢ is a convex function and ¢(0) = 0. By
corollary 3.3, inequality (3.6) follows. [J
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