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NEW INEQUALITIES FOR G-FRAMES IN HILBERT C*-MODULES

ZHONG-QI XTANG

(Communicated by J. Pecaric)

Abstract. In this paper, we establish several new inequalities for g-frames in Hilbert C* -modules
which are different in structure from those previously obtained by Balan et al. for Hilbert space
frames. We also present some equalities and inequalities for g-frames in Hilbert C* -modules
with Moore—Penrose inverses and show that they are more general and cover some results in
[Xiao, XC, Zeng, XM: Some properties of g-frames in Hilbert C*-modules. J. Math. Anal.
Appl. 363 (2), 399408 (2010)].

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [1] to study
some deep problems in nonharmonic Fourier series. The importance of frames was not
realized until 1986 when Daubechies et al. [2] found a fundamental new application,
to wavelet and window Fourier transform. Since then, frames have become the focus
of active research, both in theory and in applications, such as the characterization of
function spaces, digital signal processing, scientific computations etc. The interested
reader can consult [3, 4] for an introduction to frame theory and its applications. Some
authors devoted their efforts to the extension of frame theory in Hilbert spaces and
thereby leads to various generalizations of frame concept, in which g-frames, proposed
by Sun in [5], include many other generalizations of frames, e.g., frames of subspaces
[6], oblique frames [7], pseudo-frames [8], outer frames [9], etc.

Frames and g-frames for Hilbert spaces have natural analogues for Hilbert C*-
modules [10, 11]. Although Hilbert C*-modules are generalizations of Hilbert spaces,
there are many essential differences between them. For instance, a closed topologi-
cally complemented submodule may not be orthogonally complemented, meanwhile
the fundamental Riesz representation theorem concerning the bounded linear function-
als in Hilbert spaces may also be not true in Hilbert C*-modules. This suggests that
the generalization of frame theory from Hilbert spaces to Hilbert C*-modules is not a
trivial task. G-frames in Hilbert C*-modules have been studied intensively, for more
details see [12—-15].

We need recall some definitions and basic properties of g-frames in Hilbert C*-
modules.

Mathematics subject classification (2010): 46199, 42C15, 46H25.
Keywords and phrases: Hilbert C* -module, frame, inequality, Moore—Penrose inverse.

© M, Zagreb 889

Paper JMI-10-72


http://dx.doi.org/10.7153/jmi-10-72

890 Z.-Q. XIANG

Throughout this paper, the symbols J and o7 refer, respectively, to a finite or
countable index set and a unital C*-algebra. ¢, #" and % ’s are Hilbert C* -modules
over 7, and set (x,x) = |x|* for every x € J#. We denote by End*, (7, %) the
set of all adjointable operators from .7 to %", and End}, (¢, .7) is abbreviated to
End}, ().

A sequence {A; € End}, (', %;)} jey is called a g-frame for .7# with respect to
{#} jey, if there exist two constants C,D > 0 such that

C{f.f) < Y (Af, A f) < D(f, f) (1.1)

jel

for all f € 7. We call C and D the lower and upper g-frame bounds, respectively.
The g-frame {A;} ey is said to be A-tight if C =D = A, and said to be Parseval if
C =D =1. The sequence {A;}jcy is called a g-Bessel sequence with g-Bessel bound
D if we only require the right hand inequality of (1.1).

Let {Aj € End}, (%))} jcy be a g-frame for 7 with respect to {%}} jcy, then
the g-frame operator S : .77 — ¢ defined by

Sf=Y NAf (1.2)

jel

is a positive, self-adjoint and invertible operator. Denote A j=A;S7! foreach j €],
then it is easy to check that {A j}jey is still a g-frame for 7 with respect to { %} jey,
which is called the canonical dual g-frame of {A;} jey. Forany K C J, let K = J\K,
and define adjointable operators Sk, Ske : S — JZ as follows:

Sxf= 2 NiAjf, Sgef= Y, AjA;f. (1.3)

jeK jekKe

Balan et al. [16] discovered a new identity for Parseval frames in Hilbert spaces
when working on algorithms for computing the reconstruction. Moreover, in [16] the
following inequality was obtained:

THEOREM 1.1. Let {f;}jey be a Parseval frame for a Hilbert space ./ , then for
every K C J and every f € .4, we have

2
> AP+ > %llfH? (14)

JjeK

RO

jeKe

Later on, Givruta in [17] generalized inequality (1.4) to general frames:

THEOREM 1.2. Let {f;} ey be a frame for a Hilbert space .4 with canonical
dual frame {f;}jcy. Then for all K C J and all f € .4, we have

» 3
> WP+ X Seef . Fi)1P = 7 X ELP (15)

jeK jeJ jel
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Recently, Xiao and Zeng in [12] showed that g-frames in Hilbert C*-modules
also have their equalities and inequalities. In Section 2 of this work we first establish
several new inequalities for g-frames in Hilbert C*-modules which differ in structure
from those in Theorems 1.1 and 1.2. We then give some equalities and inequalities
for g-frames in Hilbert C*-modules with Moore—Penrose inverses and we show that
Theorems 4.1 and 4.2 in [12] are special cases of our results.

2. The main results and their proofs

Let {A; € End}, (S0, %)} jey. {T'j € End}, (', %)} jey and {©; € End, (7,
;) }jer be g-Bessel sequences for .7 with respect to {%]} jey. In [12], the authors
defined an adjointable operator as follows:

L: A —H, Lf=YTiNf, Vfe. (2.1)
jel

It is easily seen that the operator Q : 7% — ¢ defined by
Of = Y,(T;=©)°A;f, VfeH, 2.2)

jel

is well defined and adjointable.
In order to derive our main results, we need the following lemmas.

LEMMA 2.1. (see [18]) Suppose that T € End, (¢, % ) has closed range, then
there exits a unique operator T € End*, (¥, ), called the Moore—Penrose inverse
of T, satisfying

7T =71, T'TT =717, (TT)*=7T", (T'T)"=T"T. (2.3)
The notation 77 is reserved to denote the Moore—Penrose inverse of T (if it exists).

LEMMA 2.2. Suppose that T € End’, () is a self-adjoint operator. Let a,b,c €
R and U = aT? + bT + cId . We have the following statements.
(1)If a > 0, then

dac — b?
WUF.1) 2 == 1), Vet
(2)If a< 0, then
dac — b?
UF.f) < =—{ff), VFEH.

Proof. (1) A direct calculation shows that

dac — b*
4da

1d e .

b 2
U:a<T+—Id%J) +
2a
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Since (T + 2b—uId ) 1s self-adjoint, its square is positive. Hence

ac — b?
da

Wrp s e vres.

(2) It is a direct consequence of (1). [

LEMMA 2.3. Suppose that L,P,Q € End’,(5¢), that P+ Q = L, and that L has
closed range. Then
L'L'"P+Q*L'Q=Q*L'L+P*L'P. (2.4)

Moreover; if L and LL'Q are positive and self-adjoint, then for all f € A,
; . 3
(L'L'P+Q'L'Q)f . f) > Z (LS. f)- 25)

Proof. The formula (2.4) follows from the following:
L'L'P—PL'P=(L" —P)L'P=Q*L"(L— Q)= Q"L'L— Q*L' Q.

Next we show that inequality (2.5) holds. Set T = L3LQ, then T* = Q*LTL?.
Now for all f € 7, we compute

(LL'P+QLQ)f. f) = (LL (L= Q)+ Q'L'Q)f . )
= (LA )~ AT — 3 (TR LA +(TA TS
WrLbny+ (SLr-Tr Ly -11 ) >

)

3 3
1 Z<Lf,f>~

O

THEOREM 2.4. Let {A; € End;,(J,.%})} jey be a g-frame for S with respect

to { K} jey with canonical dual g-frame {Kj}je,]]- Then for any K C J and any f €
JC, we have

~ 1
0< Y A1 = X 1A fP < 3 XL NG (2.6)
JjeK jel jel
1 ~ ~
5 2 A< X IASKS P+ X A Swe [P < X AP 2.7)
je€l Jje€l JjeJ JjeJ

Proof. Denote S the g-frame operator of {A}jcy. It is easy to check that {T'; =
AJ-S’%}jeJ is a Parseval g-frame for .7 with respect to {%}}jcy. Let Sxf =
Yjex il f and Sgef = ¥ jege [T f for each f € 7, then

Skf+Skef= Y Ti0if+ Y Tiif = Y TiTif =,

jeK jeKe jel
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equivalently, §K + §]Kc =1d . Thus,
0< §K§Kf = §K(Idjf — §K) = §K — g]%(
From Lemma 2.2 we see that
=~ = 1
Sk — Sk < Zld%.

Noting that

893

(2.8)

(2.9)

Sxf= EAS" AS”)f S”ZA*ASTf STISxS“if, Vfe s,

jeK jeK
we have §K = S_%SKS_% . Combination of (2.8) and (2.9) we get

1
_Id%a

0< 8 2(Sx — SeS~1Sx)S ™2 < 7

implying that

—_

0 < Sg —SkS~ 'Sk < =S.

~

Since

(Sxfof) — (SkS'Sxf.f) = (Skf.f) — (S'Sk f. Sk f)
= (Sxf.f) — (S 'Sk f, S 'Sk f)

= Y (A Af) = D ANAS Sk f.S™

jeK jel
= Y IAP =Y A8k
jeK jel

for each f € 57, it follows from (2.11) that

0< Y AP =Y A8k f? < Z AP

jek Jjel /GJ
It remains to show that (2.7) holds. Since
S% 4+ 8% = 8% + (Id s — Sk ) = 287 — 28k + 1d e,

again by Lemma 2.2 we have

Since Sy — 8% > 0, it follows from (2.13) that

S% 4 5% =1dyp —2(Sk — S%) <1dsp.

Sk f)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Applying the fact Sx = S~7SxS~? and Sge = S 3SgeS~? to (2.14) and (2.15) yields

Sldr < S™3(SkS™ Sk + SeSLSke ) ST < Id e
Therefore,

1

58 < SrS™ISk + SkeS ™ Ske < S. (2.16)
Finally, for each f € 7 we have

(SkST'SKfL f) + (SkeS ™ Ske f, f)
= (SS7'Sk f, ST Sk f) + (S5 Ske f,8 7 Ske f)
= Y (NAS T Sk f, ST Sk f) + X (ATA;S T Ske f,8 7 Ske f)

jel jel
=Y NSk fPP+ Y A Swe I (2.17)
Jjel jel

This along with (2.16) leads to (2.7). [
If {A; €End;, (A, )} jecy is a Parseval g-frame for .7 with respectto {#}} jcy,
then S =1d». Forany K C J and any f € .7, we have

S ASkf? = X (NS, AiSicf) = X (NS, NSk f) (2.18)

JjeJ jel jel

= Y ANASk S, Sk f) = (Skf.Sxf) = | D, A ,f

Jjel jek
Similarly, we have
2
S IASkefIP = | Y AAGf| (2.19)
jel jeKe

Thus, Theorem 2.4 leads to an immediate consequence as follows.

COROLLARY 2.5. Let {Aj € End}, (5, %))} jcy be a Parseval g-frame for 7
with respect to {#;} jey. Then for any K C I and any f € S, we have

2
—(f. 1) (2.20)

0< Y [Af1*— <3

jekK

2 AjAif| <

jeK

f) < ZA}‘-Ajf

JjeK

IRV e

jekKe

(f,0)- (2.21)

Since each A -tight g-frame in Hilbert C*-modules can be turned into a Parseval
g-frame by a change of scale, by Corollary 2.5 we immediately obtain the following
result.
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COROLLARY 2.6. Let {A; € End}, (S, %))} jcy be a A-tight g-frame for F°
with respect to {#;} jey. Then for any K C I and any f € S, we have

0<A Y AP = | X AA Jf <f ). (2.22)
jeK jeK
7L2 2
<| LA ,f > NAf| SAXLL). (2.23)
jek jeRe

We next give equalities and inequalities for g-frames in Hilbert C*-modules with
the Moore—Penrose inverses of adjointable operators.

THEOREM 2.7. Let {A}}jcy be a g-frame for F with respect to {#;} jcy. Let
{T';} jey and {©;} jc1 be g-Bessel sequences for 7 with respectto { .} jcy. Suppose
that the operator L defined by (2.1) has closed range. Then for all f € 7 we have

> (A, 0;(L7)Lf) + <2LTF —-0;)" ifaZ(rj_ej)*Ajf>

jel jel Jjel
=Y (T, =©)L'LFAjf) + <2 L'OIA;f, Y, ®§A,ff>~
jel Jjel jel
Moreover, if L and LLQ are positive and self-adjoint, then for all f € J#,
B 3
S 0RO LA+ (SLT -0 it BT, At ) 1.1
jel jel jel
where the operator Q is defined by (2.2).
Proof. Let Pf =% ;cyOA;f for f € 7 and Q be defined by (2.2). Clearly
Pr+Of =Y OA;f+ Y (T;—0;)*A;jf = Y TiA;f =Lf.
jel jel jel
By Lemma 2.3, we obtain
S 0RO L LA+ (L -0, At -0, A )
jel jel Jjel
= (Pf.(L')'Lf)+(L'Of,0f) = (L'L'Pf. f) +(Q°L'Of. f)
=(L'L'P+QL'Q)f.f) = (Q'L'L+P'L'P)f. f)
=Y ((T;—O©,)L'Lf,A;f) + <2LT®*A,f, 2@*A,f>
jel jel
By Lemma 2.3 again, we have

> (Aif.0; (LT Lf)+ <2LTF 0,)" /’faZ(Fj_@j)*Ajf>

jel jel jel

(Lf.f). O

1w

= (Pf,(L"Y'L) +(L'Qf,0f) = (L'L'P+ Q*LTQ) f, f) >
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COROLLARY 2.8. Let {Aj € End}, (', %)} jey be a g-frame for S with re-
spect to {A;}jcy, and {A;}jcy be the canonical dual g-frame of {A;}jcy, then for
any K C J and any f € 52, we have

S AP+ DA Ske fP =Y, AP+ Y A Sk f] = 2 A fP

JjeK jel jeKRe jel JGJ

Proof. Foreach j e J,set I'; = A;. Let S be the g-frame operator of {A;}jc7,
then L=S and LT =S~!. Foreach j € J, let

o _ [AifjeK,
7700 if jeKE

Then, clearly, {©;} jcy is a g-Bessel sequence for # with respect to {.%}} jey, and
(I'; — ©;) has a form as follows:

[0 ifjeK,
Ii=6;= {AJ- if j € KC.
For each f € 2 we have
> (A0, (LT)Lf) + <Z L'(T;—©;)"Ajf, > (Tj— ®j)*A,-f>
jel jel jel
= Y (Ajf,0,f) + (S5 Sxce f, 57 Siee f)
jel

= X AP+ X A Swe .

jeK jel
Similarly, we have
S A((T;—0;)LLf, A f) + <2L @*A,f,Z@j.A,-f>= SN A Sk S
jel jel jel jeKe jel

Hence, by Theorem 2.7, we obtain

S AP+ Y A Skef P =Y AP+ Y A Sk s

jeK jel je]K" jeJI
<Sf f= Z A7 O
/GJ

Let {A; € End}, (7, %)} jey be a Parseval g-frame for ./ with respectto { %} jcy,
then S = L = LT =1d . Hence, combination of formulas (2.18), (2.19) and Corollary
2.8 yields:

COROLLARY 2.9. Let {Aj € End}, (5, %))} jcy be a Parseval g-frame for F
with respect to { #;} jey, then for any K C J and any f € H, we have

2
MM+ Y AAf| = X AP+ YA Jf

jekK jeKe jeKe jek

ff>
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REMARK 2.10. Corollaries 2.8 and 2.9 are respectively Theorems 4.1 and 4.2 in
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