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A GENERALIZATION OF THE CAUCHY-SCHWARZ INEQUALITY

DAESHIK CHOI

(Communicated by J. Pecari¢)
Abstract. N. Harvey generalizes the Cauchy-Schwarz inequality to an inequality involving four

vectors. Here we show a stronger result than the inequality. Moreover we generalize the result
to an inequality involving any number of real or complex vectors.

1. Introduction

Throughout the paper, ||-|| will denote the Euclidean norm (i.e. the 2-norm) for
vectors. In [1], the author generalizes the well-known Cauchy-Schwarz inequality

llalPBI* > (a"b)?, Va,b € R,
into
llal P51 +[lel Pllal? (1.1)
> 24a"cb"d + (a"b)* + (cTd)? — (a"d)* — (b7 ¢)? Va,b,c,d € R"
In this paper, we will show the following stronger result
lla| (16| + |[c|Pl|d| > = (a"b)? + (cTd)? +2|aT cbTd — aT dbT ¢|, Ya,b,c,d € R"
and furthermore we will generalize the inequality as follows:

m

];1||a(k)|\2||b(k)||2 > Y (alybw)’

k=1
2 T T T T
+——1 2 lagapbibe) —apbnbian
1<k<i<m
forany aq),bx € R", k=1,...,m and
m 2 2 m T )
2 MawPllbwll? = X lajbw
k=1 k=1
2 - o
t— X [Re(@yanb{yba) — @xbobyan)]
1<k<I<m
forany agy,by € C" k=1,...,m.
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2. Proofs of the inequalities
THEOREM 1. Let a,b,c and d be vectors in R". Then
[lal PlIbl[* +lle| PlldI? > (a")* + (" d)* +2]a" cb'd —a"abTe|,  (2.1)
where the equality holds if and only if a;bj — a;jb; = cidj— c;d; forall i=1,...,n.

Proof. The proof is direct as in [1, Theorem 1]. Using the Lagrange identity [2]

l n
|lal|?[b]|* — (a"b)* = 3 Y (aib; —ajb;)?,
ij=1
we have
\laP[[6]* = (@) + ||l ||| — (" d)?
1 n
=5 X [(aibj—abi)* + (cid; — cjdi)’]
ij=1
1 n
= 5 2 [(aibj - ajbi - Cidj + de,')z + 2(a,-bj - ajb,-)(c,-dj — de,‘)]
ij=1
1 n n n n n
= 5 2 (aibj—ajbi—Cidj+dei)2+22aiC,‘ Ebja{,'—zz,a,-d,- ijCj
i,j=1 i=1 j=1 i=1 j=1
> 2acb’d —2a"db c.

Replacing ¢ by —c in the above argument, we get the desired inequality. The condition
for equality is obvious. [

Since (a’d)*+ (bT¢)> > 2a’db" ¢, (2.1) is stronger than (1.1). Now we extend
Theorem I into an inequality involving any number of real vectors.

THEOREM 2. Let a(y), .. A(m),b(1)s---,b(m), m =2, be vectors in R". Then

> lla|Pllbwll> = Y (afybw)?
k=1 k=1
2 T T
=7 X laanbinbu) —ababiaal

1<k<I<m

where the equality holds if and only if a() ;b j — aw).jbw)i = aw).iba),; — aw).jba).i
forall k,l=1,....mandi,j=1,...,n.

Proof. By Theorem 1, we have

g | P11bu 1> = (@fobw)? + llaw| P llbeI* — (afybe)?

T T T r
> 2\a(k)a(l)b(k)b(z) - a(k)b(l)b(k)a(l)|
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for 1 <k <1 < m. Therefore

m

Z (llag | P11ba 1> = (@fybw)?)

=1
1
=1 1<k21< (a1l |* - (a(Tk)b(k))2 +lla Pllbe 1> - (a(Tl)b(z))z)
<SK<I<m
2 T T T T
2 m——l Z \a(k)a(l)b(k)b(l) —a(k)b(l)b(k)a(l)|. D
1<k<I<m

A similar inequality exists for complex vectors.

THEOREM 3. Let a,b,c and d are vectors in C". Then
llal P1BIP + el Plldl* = la" bl +|e" d| + 2|Re(@” eb”d —a" db' c)|,
where the equality holds if and only if a;b; —a;b; = ¢;d; —¢;d; forall i,j=1,...,n.

Proof. Using the Lagrange identity for complex numbers [2]
llal[*[[5]|* — |a"B]* = Z |@ibj —a;bi|”,
1/ 1
we have

2015012 Ty2 2017112 T 712
[lalP[[B]]" = la” b1 + [le| F[l@||” = [ 4]

N =

ﬁ‘M= M= TM=

([@ib; —abil* + [eid; — ;)]

—

[|@ib; —a;b; —eid; +¢;di|* + 2Re(a@ib; — a;b;) (cidj — c;d;))

Il
N =

|
N —

@bj —ajb;—Cid; +¢d;|* +2Re(@ cb’d —a" db” c)

—

> 2Re(@’ cb'd—a' db'c).
Replacing ¢ by —c in the above argument, we have the desired inequality. [

Using Theorem 3 and the same argument in the proof of Theorem 2, we can show
the following.

THEOREM 4. Let a(y),...,a(m),b(1)s---,b(m), m =2, be vectors in C". Then,

3 llawPllowll? = Y lalybw

k=1 k=1

2 _ _
+—_ 1 2 \Re(ﬁﬁ)a(z)b{k)b(z) _E(Tk)b(l)bg;c)a(l))L
m=1 1<k<i<m

where the equality holds if and only if E(k)ﬂ-b(k)”j — a(k)”jb(k)ﬂ- = 5(1)7,-17(1)7]» — a(l)d-b(l)?,-
forall k,l=1,....mandi,j=1,...,n.
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