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GENERALIZED OPIAL—TYPE INEQUALITIES FOR
DIFFERENTIAL AND INTEGRAL OPERATORS WITH
SPECIAL KERNELS IN FRACTIONAL CALCULUS

G. FARID, J. PECARIC AND Z. TOMOVSKI

(Communicated by T. Buri¢)

Abstract. In this paper we give Opial-type inequalities for two functions and multiple Opial—
type inequalities by using generalized fractional differential and integral operators with special
kernels. Also, we deduce some results that already have been proved in [9, 10].

1. Introduction

Mathematical inequalities which involve derivatives and integrals of functions are
of great interest. Opial’s inequality [14] is of great importance in mathematics with re-
spect to applications in theory of differential equations and difference equations. Many
researchers have been published its improvements and generalizations, one can see (for
instance, [1, 2]) and references there in. In 1960. Opial established the following inte-
gral inequality.

Let x(r) € C1V[0,A4] be such that x(0) = x(k) =0, and x(t) > 0 in (0,h).
Then

h horh 5
/ (1) (1)t < —/ W) dr, (L.1)
0 4 Jo
where constant % is the best possible.

Agarwal and Pang [1] studied Opial-type inequalities involving ordinary deriva-
tives and their applications in differential equations and difference equations. Igbal et
al. in [9] gave Opial-type inequalities for two functions for general kernels and provided
a connection between their results and results in [6]. They presented fractional versions
of Opial-type inequalities regarding fractional derivatives of Riemann-Liouville, Ca-
puto and Canavati type.

By C™[a,b] we denote the space of all functions which have continuous deriva-
tives up to order m, and AC [a, D] is the space of all absolutely continuous functions on
[a,b]. By AC™ [a,b] we denote the space of all functions f € C" ! [a,b] with ") €
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ACla,b]. By L,la,b], 1 < p < oo, we denote the space of all Lebesgue measurable
functions f for which |f|? is Lebesgue integrable on [a,b], and by Le.[a,b] the set of
all functions measurable and essentially bounded on [a,b]. Clearly, L..[a,b] C L, [a,b]
for all p > 1. We say that a function g : [a,b] — R belongs to the class U(f,K) if it
admits the representation

o) < [ K@,

where f is a continuous function and K is an arbitrary non-negative kernel such that
f(x) > 0 implies g(x) > 0 for every x € [a,b]. We also assume that all integrals under
consideration exist and that they are finite.

Igbal et al. in [9] proved following Opial-type inequalities involving two functions
for general kernel with related extreme case.

THEOREM 1.1. Let gy € U(f1,K), g2 € U(f2,K). Let ¢ >0, w >0 be mea-
surable functions on |a,x], and K be a non-negative measurable kernel. Let r > 1,
r>q>0and p>0. Let fi, f» € Ly|a,b]. Then the following inequality holds:

X

/W(t)(lgl(t)l”lfz(t)\“r\gz(t)\”lfl(t)\q)dt (1.2)

r—q Jzax’}
r

where

o =w) | [KeoPTo@™ar| (o) 7, (13)

and

(1.4)

THEOREM 1.2. Let g; €U (f1,Ki), g €U (f2,Ki), (i=1,2). Let w >0 be mea-
surable function on [a,x] and p,q1,q2 =0 and f1, f2 € L [a,b]. Then the following
inequality holds:
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X

/W(t)[lgl(t)\q1 820 LA + g2 g1 )" | fa(0)]ar - (L.5)

a
q2

X t q1 ¢
<l [ | [Ki@nar) | [renar] a
a a a

1
3 (AT 4+ A2 4+ 122 + 2]

THEOREM 1.3. Let g1 € U (f1,K), g2 € U(f2,K). Let ¢ >0, w >0 be mea-
surable functions on |a,x], and K be a non-negative measurable kernel. Let r < 0,
qg>0and p>=0. Let fi, f» € Ly [a,b] each of which is of fixed sign a.e. on [a,b], with
%, % € L, [a,b]. Then the following inequality holds:

X

/W(t)(lgl(t)l”lfz(t)\“r\gz(t)\plfl(t)\q)dt (1.6)

r—q p+q
r

| fmeyra) | [e@Un@r+inmrar)

a

where h is defined by (1.3) and
, 0<p<yq
=9 | » (1.7)
! 274, pzgq

2. Fractional differential and integral operators

Fractional calculus is a theory of integral and differential operators of non-integer
order (real or complex number powers). Several mathematicians contributed to this
subject over years. People like Liouville, Riemann, and Weyl made major contributions
to the theory of fractional calculus. The story on the fractional calculus continued with
contributions from Fourier, Abel, Lacroix, Leibniz, Grunwald and Letnikov. For a
historical survey the reader may see [11, 12].

Fractional integral inequalities are useful in establishing the uniqueness of solu-
tions for certain fractional partial differential equations. They also provide upper and
lower bounds for solutions of fractional boundary value problems. These considera-
tions have led various researchers in the field of integral inequalities to explore certain
extensions and generalizations by involving fractional calculus operators.

Many authors have established Opial—-type integral inequalities for different kinds
of fractional derivatives and fractional integral operators for example Riemann-Liou-
ville, Caputo, Canvati etc. In this paper we give Opial-type integral inequalities for
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Hilfer differential operator and fractional integral operator containing a generalized
Mittag—Leffler function in the kernel [10, 11, 12, 15, 16, 17, 18, 19].

For any f € L [a,b] the Riemann-Liouville fractional integral of f of order v is
defined by

(IZJ)(S):ﬁ [ =07t 0d = (r+K) ), selabl,v=0, @)

where Ky (s) = ('Y;?vv)il . The Riemann-Liouville fractional derivative of f € L |[a,b]

of order v is defined by

n

(Dzif) (x) = % (L7Vf) (), (v>0,n=[v]+1). 2.2)

Let p>0and u ¢{1,2,...}, m=[u]+1, f € AC"[a,b]. The Caputo derivative
of order u is defined as

(CDZlJr ) (x) = (IZLJr“% ) (x) = ﬁ/(x—s)m_”_l i:;f(s) ds. (2.3)

a

If wu=me {1,2,..} and usual derivative f")(x) of order m exists, then Caputo
derivative (“DY, f) (x) coincides with £(" (x) (see, [11, p. 92]).

DEFINITION 2.1. [18] Let f € Ly[a,b], f*K(_y)1—u) € AC[a,b]. The frac-
tional derivative operator Dﬁf;v of order 0 < ¢t < 1 and type 0 < v < 1 with respect to
X € [a,b] is defined by

7 w4 (0-v)(1-p)
(D F) () = (LYL (e f)) (x) 24)
whenever the right hand side exists.

This generalization gives the classical Riemann-Liouville fractional differentiation
operator if v =0. For v =1 it gives the fractional differential operator introduced by
Caputo. We denote it by D' f =€ D, f.

Several authors (see [7, 16, 17]) called (2.4) the Hilfer fractional derivative. Ap-
plications of Dﬁf;v are givenin [7, 16, 17, 18].

The purpose of this paper is to give Opial-type integral inequalities involving dif-
ferent kinds of fractional differential operators. For 0 < 4 <1 and 0 < v < 1, the
Hilfer fractional differentiation operator ngrv can be rewritten in the form

(DAY 1) () = (1) (D7) ) () 2.5)

X

1 v(l—p)— v—uv
m/(x—f) ) I(Dgi ! f)(T)dT~

a+

Definition of the generalized fractional integral operator containing Mittag—Leffler
function is as follows.
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DEFINITION 2.2. (Prabhakar [15]) Let u, v,y be positive real numbers and o €
R. Then the generalized fractional integral operator sgﬁv’ w.a+ forareal-valued contin-
uous function f is defined by:

X

(€l v £ = [ (=0 Bl (0= (0, 6

a+

where the function E Z v is generalized Mittag-Leffler function defined as

=

L)=Y —Dn
B = 2 ) @7

and (), is the Pochhammer symbol: (y), = y(y+1)...(y+n—1), (y)o=1.

Let e}y, (r,0) =tY"'E}, (wi*"). The integral operator €’ is bounded in the

w,v,w,at
space C(I) where I is an interval in R, with a finite norm ||f||, = malx\ f(x)], and
xe

there exists a positive constant M > 0, such that (see [10])

Y
ng vw,a*f

| <M ISl

We define a variant of Sobolev space:

m

W™l [a,b] = {feLl [a,b] : jt—mfeLl [a,b]}. (2.8)

DEFINITION 2.3. (Prabhakar derivative [15]) Let f € L1 [0,b], 0 <t < b < o0
u,v,y>0, and f*e;;q,ww € W™1[0,b], m = [v] then the Prabhakar derivative is
defined by following relation

dm
(Dz,v,w,0+f> ( ) = dl‘m um 2 w0+f( ) (2.9

DEFINITION 2.4. (Caputo-Prabhakar derivative [15]) Let f € L;[0,b], 0 <t <
b<eo, p,v,y>0, m=[v] then the Caputo-Prabhakar derivative for f € AC™[0,b] is
defined by following relation

_ dam
(CDZ,v,w,OJrf) (t) = gp,zfv,w,OJr Wf(t) (2.10)
= (DvaO+f> Ztk uEpk v+1((mu)f(k) (O+)~
REMARK 2.5. Let i, v,y >0 and f € AC"[0,b], 0 <t < b < oo, then

m— ltk

(Dl vm0if) © =DZ7V,(D,O+< Nl 0+>> @11)
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Moreover, if f®) (0+)=0, k=0,1,2,...m — 1, then

( uvw0+f>(> (vaoJ)()

Definition of the generalized fractional integral operator containing Mittag—Leffler
function with six parameters is as follows.

DEFINITION 2.6. [16] Let u,v,8,k,l,y be positive real numbers, @ € R. Then

the generalized fractional integral operator containing Mittag—Leffler function gl ok

Wi lo.at
for a real-valued continuous function f is defined by:
8.k * 8.k

(€0 o N = [ =0 EL S @l — 00, (2.12)

where the function EZ?,]; is generalized Mittag—Leffler function defined as
< V)i "
EVSk4) = _ Wi ) (2.13)
v ,Zz)r(unJrV) (8)in

If 6 =1=1 in (2.12), then the integral operator &/ i loat reduces to an integral

operator containing generalized Mittag—Leffler function E %v \=E %v introduced by
Srivastava and Tomovski in [17]. Along 6 =1 =1 in addition if k =1 (2.12) reduces
to an integral operator 82: defined by Prabhakar in [15] containing Mittag-Leffler

function Ezl‘v 1= EY For @ =0 in (2.12), integral operator 82:’(3]; wat would cor-

respond essentially to the right-handed Riemann-Liouville fractional mtegral operator

(Ic‘z/+f) (x).

v,m,at

3. Opial-type inequalities for two functions

Here in this section we are interested to give Opial-type inequalities for different
kinds of integral and differential operators. For example Hilfer differential operator,
Prabhakar integral operator, Caputo Prabhakar derivative, generalized fractional inte-
gral operator. Also we have constructed some examples. First we give results for Hilfer
differential operator and its special cases.

THEOREM 3.1. Let O<u<land0<v<l1,r>1,r>qg>0andp>0. Then
let ¢© >0, w >0 be measurable functions on [a, x] and Dg:v oA, D“+v e
L, [a,b]. Then the following inequality holds:

X

Jro (1@ R o | (P 2) o G

a

+E R O | (i 1) ) ar
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-3 G g7 r
<<r<v?1—u>>>f’ <piq> (¢ -27%) / ()] ar

/x o [|(D M 8) @ +|(Di ) (@) e

where

and dp is defined by (1.4).
q

Proof. If we take g1 (1) = (D43’ f1) (1) and g(t) = (DY f2) () in Theorem 1.1,

by applying the integral representation (2.5) and using that the kernel
(ot
0: t<1<b

a< Tt

is a non-negative measurable kernel for 7 € [a,], we obtain (3.1). O
Specially, for v = 1, we obtain the following corollary.
COROLLARY 3.2. Let O<u <1, r>1, r>qg>0and p>0. Thenlet ¢ >0,

> 0 be measurable functions on [a,x], and f|, f5 € L,[a,b]. Then the following
inequality holds:

X

w0 (10t O |0 + €O R O [0 a3

a

-7 g _r\? T _r_
<<r(?—u>>” <piq> (az=275)" | [ oa

a

Pty
r

/q, lA@ 15l d)
where h and dp are defined by (3.2) and (1.4), respectively.
q

EXAMPLE 3.3. If wetake w(t) =1, (t)=1, u =1 r=2 a=0,in (3.4) we
obtain
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and

v
A~

v
4

2 o 25 e
/ W) adt | = / vi)Tidr | =—— "
0 0

(1) ™

where 0 < g<2and p>0.1If f{, f; € Ly[a,b], then for all x € [a,b] we obtain:

X

J (ot R OF 101+ €0k ) 0 |110)|) de 9

< o1-4+5% (p-qkq)% (d§ —2Z)gxp+4 2 [}f )|2+}f2/(1')ﬂ it ”z“.
T () /

Analogously, by applying the Theorem 1.3 and using the technique of a proof of
Theorem 3.1, we obtain:

THEOREM 3.4. Let O<u<1,0<v<1, r<0,g>0and p>0. Thenlet ¢ >

0, w = 0 be measurable functions on |a,x|, and Dgiv HVh, DETYT ”Vfg € L, [a,b]

each of which is of fixed sign a.e. on [a,b], with Du+vlfuvf D,Hvl,,lvf L.[a,b]. Then
a+ 1 a+ J2

the following inequality holds:

X

/w(t)<|(D5’+vf1) ’p ‘ (Du+v uv

a

) 3.5)

)
ot (5225 o o
14 a N x B G
2(F(v?l—u)))‘” (piq> <C§_2 ) a/[h(t)]”’dt

/x o) || (ot ) @] +| (b ) @) ar |

Qs

h and cp are defined by (3.2) and (1.7), respectively.
q

COROLLARY 3.5. Let O<u<1,r<0,g>0and p>0. Thenlet ¢ >0, w=0
be measurable functions on [a,x|, and f|, f5 € L,[a,b] each of which is of fixed sign
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a.e. on |a,b], with f’ € Ly [a,b]. Then the following inequality holds:

f”

X

Jwe (ICDEA) O B+ €Dk ) O [ ar

where h and cp are defined by (3.2) and (1.7), respectively.
q

1027

(3.6)

Let fi, f> € L.[0,b], and 0 < u < 1. Taking g, (t) = (°Dy_f1) (), g(t) =

(CDngfl) (t)v gl(t) = (CDg+f2) (t)v §2(t) = (CDngfZ) (t) and

N

:0<7
K (t,71) =K, (t,7) =< Tl-p) "7
1 (1,7) 2”{“7@

in Theorem 1.2, by computation

/(/,w ) (/Km >2dz

. X t 4 q1+q2
T
T (T(1- ) 0/ (0/ <z—r>”> “

xlat+a)(1-p)+1

(TR w)™ 2 [(g1+q2) (1 - p)+1]
we obtain the following inequality:

THEOREM 3.6. Let O< u <1 and p,q1,q> > 0. If w>0 is measurable function

on [0,x], f{, f5 € L.|0,D], then the following inequality holds:
X

[w) [0 1) O [€Dh,£) O 1A O

0
H(CD“ )(z)}’”}(cD“ ) |r11 fale ‘p}
x(@1ta2)(1—u)+1

T2 =) (g1 +q2) (1 — p)+1]
g (A DA + N + D]

< wlle
(

(3.7)
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Next we give results for generalized fractional integral operator involving gener-
alized Mittag-Leffler function. Also we deduce results for Prabhakar integral operator,
Caputo Prabhakar derivative and their special cases are discussed.

THEOREM 3.7. Let u,v,0,k,l,y be positive real numbers, ® € R, r > 1, r >
qg>0and p>0. Let ¢ >0, w> 0 be measurable functions on [a,x|, and let f,
fo € Ly[a,b]. Then the following inequality holds:

X

[w (et oa i 1£01+ 54, 0| 18O 38)

q X r

r ﬂ r
<27 <p—jqu> (az—277)" /[h(;)}ﬁdz
q

[e@A@I+Ip@Nar|

where

t
r

wy=w(o) | [[0- 0" B0 -] o ar| o). )

u,v,l

a

and dp is defined by (1.4).
q

EXAMPLE3.8. Ford =k=I=1,w(t)=1,0(¢)=1,r=2

p
2

h(r) = [/t [t — )" EL (oot - r)“)]zdr} 7

where 0 < g <2 and p>0.If fi, f» € L,]0,b], then for all x € [a,b] we obtain:

X

[ (el voa A0 1RO1 ], o0 0] 1017 a

a

<2\t (ﬁ)%(ds—z‘gf j/(:[("T)v1E57v(w(’_7)“>]2d1]zth

rtq
X 2

| [[In@P+1p@Par)

a
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in particular for y =2, w=—1, v=vy=1, a=0 we have

h(e) = UO’ [52{1(—(z—1)2)]2d1] o [/OICOS2(I —T)dr} T [% + Si’f’] ! ,

and

2—q 2—

[y = / (%JrSlZZI)ZLdt
/x (|t oo ri O] 12O + ey oo o] 1)) e

0
<2 (L) (4 -27F)

x / 1A @F +1(0F | ar

a

29
2

24
2

P
t Sin2t\ T4
- dt
+ 5 )

S
—=
/N
&}

THEOREM 3.9. Let U,v,0,k,l,v be positive real numbers, ® € R, r <0, ¢ >0
and p =0. Let ¢ >0, w >0 be measurable functions on |a,x], andlet fy, f» € L, [a,b]
each of which is of fixed sign a.e. on |[a,b], with %, % € L,|a,b]. Then the following
inequality holds:

X

S0 (et 0w AO] 1201+ 5 e 20 @)@ 3100

' g ,
> 277 <—piq> (c§—2*5)’ /[h(z)ﬁd:
X

| [e@ia@r+ L@

a

where h and cp are defined by (3.9) and (1.7), respectively.
q

COROLLARY 3.10. Let v>0, r>1, r>qg>0and p=20. If >0, w>0

are measurable functions on |a,x|, and fi, fo € Ly[a,b], then the following inequality
holds:
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X

[ (@R OF 1 OF + @) O AORd G

[e@la@r+lp@rar|

where h and dp are defined by (3.9) and (1.4), respectively.
q

THEOREM 3.11. Let v >0, r<0, g >0 and p>0. Let ¢ >0, w>0 be
measurable functions on |a,x], and let fi, f» € Ly[a,b] each of which is of fixed sign
a.e. on |a,b], with %, % € L, [a,b]. Then the following inequality holds:

X

Jr@ () OF 1ROF @R O Ao d 612

r=q
7 g '
S ql-2(_4 Ay / L
2 (p—+q> <c§ 2 q) [A(2)]4 dt
ptq
x ( [o@IA@I+1£@N dr) ,
where h and cp are defined by (3.9) and (1.7), respectively.
q
For fi, f € La[0,B], 1, v,8,k, 1L,y ERT, 0> 0 if we take g1 (1) = (5% , /i) (1),

(1) = (&), oo S0, &) = (6157 00 12) (0, B2(0) = (], o f2) (1) and

— )V ES K o — ) 0<T<1
Ky (t,7) = (t—1) wv (@ —1)H)
0: t<t<b

Ko (1.7) = { (t'— T)VEL (0@ —T)H): 0<< T
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in Theorem 1.2, by computation

X t q1 t q92
/ /K1 (t,7)dt /Kz (t,7)dt | dt
0

a /o o

— / / ) ER o — M) de /(z— OV E] (0@ - M) | dr
0
8.k q1 q2
:/( EF erll(cot"‘)) (el’w+1 (wt"‘)) dt
0
we obtain the following theorem.

THEOREM 3.12. Let u,v,8,k,1,v,RT, @,p,q1,q> > 0. If w > 0 is measurable
Sfunction on [0,x] and fi, f» € L..[0,b], then the following inequality holds:

[w) [ 000

0

’(817v”w,0+f2> (t)’qz @ (3.13)
(e13 0o t2) 0"

q1 q2
< el [ (B 0r) " (€] (0r) Pt

0

q2

* ’(Sl)i/.,v.,w,mfl)(t)

fa0)1?] dr

o VAL 4 LA o2+ 2]

NIH

COROLLARY 3.13. Let u,v,y€R", ©,p,q1,q2 = 0. If fi, f> € L [0,b], then
the following inequality holds:

X

T o O] [ (el v e 2) 0 1110017 (3.14)
0
(] o VO | (] v o 2) O 120017 e

X

q1+q2 1
< (v (@09)™ a3 [MAIZSP + WA + LI + ).

0

Taking @ =0 in (3.14), we get:
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COROLLARY 3.14. Let v >0, p,q1,q2 = 0. If w > 0 is measurable function on
[0,x] and fi, f> € L.[0,b], then the following inequality holds:

X

[ro[l@-no" 1@ 01 15 6F (3.15)

0
+ ’(I(‘)/+f1)(t)’q2 |(I(‘)/+f2) (l)’ql |f2(t)|p:|dt
Wl Vlata)+l

ST+ 1) v (g +q2)+1

1
x5 [AIZE P A28 + NI + )2+

THEOREM 3.15. Let u,v,y>0, r>1, r>g>0, p=>0.If >0, w=>0 are
measurable functions on [0,x], fi, fo € L-[0,b] and fi, f» € AC™[0,b], m = [v], then
the following inequality holds:

X

/W(t)()(CDzﬁvﬁw.’O_’_fl)(t)‘ dt—mfz()q (3.16)
0
+‘(C vawfz)()’p Wfl()q>
<2 () 2 ) Jwora)
0
(/(p )| 8 +| (o) ] a )
where
, p(rrl)
n0=we) | [[eativ-ro)] " o@m™ar| @), G

and dp is defined by (1.4).
q

THEOREM 3.16. Let u,v,y >0, r > 1, r>q>0 p=20.If >0 w>
0 be measurable functions on [0,x], fl(m), f2 € L.[0,b] and fi,f> € AC™[0,D],

firen o frreph e € W08, m=[v], [ (0+)= £ 0+) =0, k=
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0,1,2,...m — 1, then the following inequality holds:
X

[0 (| (o) Of
0

‘Pd

tr,:fl(f)

q

dt—mfz()
)dt
q
<!t <L> do — / 174 dt
p+q a
p+q

(foo |22 Joe)

where h and dp are defined by (3.17) and (1.4), respectively.
q

(3.18)

q

+ ‘ (D/),/t,v,w,OJrfz) (t)

r

LR+ p

THEOREM 3 17. Let w,v,7,0 >0 p,qi,q2 =0, w>= 0 be measurable function
on [0,x] and f1 , f2 € L. [0,b], m = [v]+ 1. Then the following inequality holds:

[woi€osm 0
0

2|y, p) (1)]"

2 | d™ p

drm

P
}dt

(CDZII7V7w,O+f2> (t) !

fi(t) (3.19)

d’n
a fa(t)

_ q2

()H (q1+p) ‘ 2qp

m
A

2q> n Hfz(m)

i Hf2m

2(q1+p)}

Proof. If we take g;(¢) = (CD(‘)’+f1) (1), &)= <CDZ,v,w,0+f2> (t), g1(t) =
(DEA) (1), &) = (DL o1 f2) (0,
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since

x [t t 92

/ /Kl (t,7)dt /K2 (t,7)dt | dt

0

q1 ¢ @
= T / )y vVlar /e;’,’,,_v (0(t—1))dt | ar

0 0
X

_ q2
0

by applying the Theorem 1.2 we obtain (3.19). [

4. Multiple Opial-type inequalities

In this section we give multiple Opial-type inequalities for Hilfer differential op-
erator, Prabhakar integral operator, Caputo Prabhakar derivative, generalized fractional
integral operator. Igbal et al. in [10] proved the following new multiple Opial-type
inequalities for general kernels, which proofs are based on a technique from [5].

THEOREM 4.1. Let y; € U(K;, f), i=1,2,....N, N € N. Let w; and wy be

N
continuous weight functions on [a,x] with w; >0 and wy >0. Let r; >0, r= Y, r; >0,
i=1

p>0,g=0, G—m<landf6Lp+q[ab} Then
X N -
[T 1)) ar @)

o i=1

s (Ufiq)gq ( / a (1)) oz (1))
x o(rp+q)

op
xH/ O] 5K (1,7)| T d dz) [ma@lf )3 a

a

(I=0)r;
[

THEOREM 4.2. Suppose that assumptions of the Theorem 4.1 hold. Suppose also
that wy is an increasing and wy is decreasing functions. Then
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[t Hlyl O (o) de @)

< (%) m@bn e

1-0)r; op
ook . o(rp+q)

/ﬁl /t|K,-(t,r)|110dr dr /w2(;)|f(t)|éd,

a

Let DXV HYif e, lab], 0< ;< 1,0<vi<1,i=1,2,..N, p>0, g=0.
Replacing y; by DX f f by DEFViTHYif i =12 . N and taking particular kernel

(4.3)
in Theorem 4.1 and Theorem 4.2. Then we get following multiple Opial-type inequali-

ties.

THEOREM 4.3. Let O < i; < 1,0<v; <1, i=1,2,.N, ® >0, wy and w, be

N
continuous weightfunctions on [a,x] with wy =20 and wy > 0. Let r; 20, r= 3 r; >0,
i=1

p>0,q>0, 0= <land D" f € L,i4[a,b]. Then
fm H! OO P )| ar (4.4)

X

) (Uf.iq)oq ( / (O] o (1)) 7
(1-0)r;

(t—T)"i(lfui)*l = ? or
-_ drt dt
T (vi (1—p))

o(rp+q)

N [ .
AT\ [0

X
1
X /wz(t)‘DﬁffV"_“"v" ’dt

a

Moreover, if wy is an increasing and wy is decreasing functions, then
i, Vt r,p
/ Hl LAI0]
a

s (rp(i q) : wi (x) [wa (x)] 0P+

DY p ()| gy (4.5)
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/H

¥ o(rp+q)
1
vy AT
X /wz(t) ‘Dgﬁjv’ Hivie) © ar

a

(1-0)r; op
1; 5

drt dt

vi(l—pi)—
Vt 1 _ﬂt))

COROLLARY 4.4. [10] Let O < u; <1, i=1,2,.N, o >0, w; and W2 are
continuous weight functions on [a,x] with wy >0 and wy >0. Let r; >0, r= Z ri >0,

i=1
p>0,420, G—p+q<1andf € Lyiqla,b]. Then

d

q
= 4,
= dt (4.6)

f(t)

i=1

(%) ( / ()7 D2 ()7

N
/ H’ CDIJI |r,p

(1=o)r;

N 1] o [(t—1) M e ‘ or
X wy (T)] -0 | ——~F— drt dt
I1 a/[ (O |
X 1 o(rp+q)
« /w O L) ar
2 dt

Moreover, if wy is an increasing and wy is decreasing functions. Then

a o |d |
/ OTTICDA O™ S 1) ae @.7)
il dt
a
(1-0)r; op
q oq ( ) TN ! (Z_T)_Iii ﬁ °
< wi (x) [wy (x)] 0P He / /7 dt dt
(75) wwmoree| [T s
X 1 o(rp+q)
< [t S i) ar
W2
Let f € Lyi4[a,b], p >0, g > 0. Then by replacing y; by ( Z’v’lwﬁf)()

where Ui, vi, %, i =1,2,..,N , k,[,8 are positive real numbers, @ > 0 and taking
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particular kernel

t

N

&Mﬂ:{ﬂ )VTZ%WW—ﬂW,agr s

0, r<7<b

in Theorem 4.1 and Theorem 4.2, we get:

THEOREM 4.5. Let W;, vi, %, i=1,2,..,N, k,1,8 be positive real numbers, ® =
0, wy and wz be continuous weight functions on [a,x] with wy > 0 and wy > 0. Let

>0, r—2rl>0 p>0, =0, G——<landf6Lp+q[ab] Then
al 7,8,k rip
/w1 H’ Hyvl,lwzﬁf )’ \f(f)lth (4.9)
p i=1

X

S <rpc—li-q)6q a/[wl(t)}cl”[wﬂt)}”q

(I-=0)r; op
. / = 8.k = ’
X H /[wz(r)}_ﬁ (t— )v,—lEZZ (@ — )M dt dt
i=1 \ 7
X o(rp+q)
1
<\ [l ar
a
Moreover, if wy is an increasing and wy is decreasing functions. Then
7,0,k rip
/WI H\ (€234 0| 0] @10
g \* (rp+4)
< wi (x) [wy (x)]CVPHe
(,,p+q) )2 0]
(1=0)r; op

1L

X N t
X E/Il ‘/’Q—— Vf*Eﬁ@ﬁ(wa——ﬂ“ﬁ odr dt
a l:1 a

N o(rp+q)

x /W2(t>\f<t>|%dz

a

If we take @ = 0, we obtain the following corollary.



1038 G. FARID, J. PECARIC AND Z. TOMOVSKI

COROLLARY 4.6. Let v;, i =1,2,..N , be positive real numbers, @ > 0, w
and wz are continuous weight functions on |a,x] with w; > 0 and w, > 0. Let r; > 0,

r—2r,>0 p>0,q=>0, G——<1andf6Lp+q[ab} Then
i=1

[wmoTTa)

i=1

D" f ()| dr (4.11)

oq
< (4
rp+q
t
[wa

1 B op
N _ A\WVi—1l|T=¢
<T] / (1) G- drt dt)
i=1 \ 7
x o(rp+q)

x| [wolr @) ar

a

( [ @17 w2 ()] 7
]’W

Moreover, if wy is an increasing and wy is decreasing functions. Then

/ H

<< q)wmvwmmﬂww

p+q

s

In the following we emphasize that results in [10] can be seen for particular kernels as
more fractional multiple Opial-type inequalities

0" ()| dr (4.12)

(1—0)r; op

1 o(rp+q)
I

Car dt / wa() [ (1)) dt

a

(t—t)vi~!

REMARK 4. 7 Let N € N, w be continuous positive weight function on [a,x].
Let r; >0, r= 2 >0, p>0,920, 0= <1, DEYTRY e Ly a,b),
vi= D””V’f, 0 < ,LL, <1,0<v; <1, i=1,2,...,N and particular kernel K; is given by
(4.3). Then by using Theorem 3.1 of [10] we can have multiple Opial-type fractional
inequalities for Hilfer, Prabhakar, Caputo Prabhakar operators. Moreover if r > 1, w
is decreasing function or A < w(r) < B, 1 € [a,x], then for the same functions y; and
same particular kernel K; of (4.3) inequalities of Theorem 3.2 and Theorem 3.4 of [10]
appear as fractional multiple Opial-type inequalities. The same results of Theorem 3.1,
Theorem 3.2 and Theorem 3.4 of [10] provide multiple Opial-type fractional inequal-
ities containing Mittag—Leffler function if y; is replaced with generalized fractional
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integral operator (sn’é’k

g P Ui,vilo,
real numbers, @ >0, f € Ly, 4[a,b] and particular kernel K; is given by (4.8). Theo-
rem 3.5 of [10] for non-weighted case of multiple Opial inequality also holds true in

both cases of y; and K;,considered above.

L+ )(@), where w;,vi, %, i=1,2,..,N, k,1,8 are positive
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