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SOME VOLTERRA–FREDHOLM TYPE NONLINEAR INEQUALITIES

INVOLVING FOUR ITERATED INFINITE INTEGRAL AND APPLICATION

JITING HUANG AND WU-SHENG WANG

(Communicated by Q.-H. Ma)

Abstract. In this paper, we establish some four iterated infinite integral inequalities, which in-
cludes a nonconstant term outside the integrals. The upper bound of the embedded unknown
function is estimated explicitly by adopting novel analysis techniques, such as: change of vari-
able, amplification method, differential and integration. The derived result can be applied in the
study of qualitative properties of solutions of infinite integral equations.

1. Introduction

In the study of qualitative properties of solutions of differential equations, integral
equations and difference equations, one often deals with certain integral inequalities
and their discrete versions. The well-known Gronwall-Bellman inequality [1, 2] can be
equivalently regarded as the following

u(x) � c+
∫ x

a
f (s)u(s)ds, x ∈ [a,a+X ], (1)

where c � 0,a are constants, the function f is given, nonnegative and continuous, and
u is the unknown. In 1956 Bihari [3] discussed the nonlinear integral inequality

u(x) � c+
∫ x

0
f (s)w(u(s))ds. (2)

In 1990 Pinto [4] investigated the integral inequality with summing

u(x) � c(x)+
n

∑
i=1

∫ x

a
gi(s)wi(u(s))ds. (3)
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Replacing the upper limit x of the integral with a function b(x) in (2), in 2000 Lipovan
[5] improved Bihari’s results by studying the following retarded integral inequalities

u(x) � c+
∫ b(x)

b(x0)
f (s)w(u(s))ds, (4)

and

u(x) � c+
∫ x

t0
f (s)w(u(s))ds+

∫ b(x)

b(t0)
g(s)w(u(s))ds. (5)

In 2005 Agarwal, Deng and Zhang [6] generally discussed the retarded Gronwall-like
integral inequality

u(x) � c(x)+
n

∑
i=1

∫ bi(x)

bi(x0)
gi(t,s)wi(u(s))ds, x0 � x < X . (6)

In 2011, Abdeldaim et al. [7] studied the following iterated integral inequality

u(x) � u0 +
∫ x

0
g(s)u(s)

[
u(s)+

∫ s

0
h(τ)

[
u(τ)+

∫ τ

0
r(ξ )u(ξ )dξ

]
dτ

]
ds. (7)

In order to investigate the boundary value problem of differential equation, Bainov
and Simeonov [8] studied a Volterra-Fredholm tpye integral inequality,

u(t) � c+
∫ t

t0
f (s)u(s)ds+

∫ X

t0
g(s)u(s)ds, t ∈ [t0,X ]. (8)

In 2002, Pachpatte [9] generalized the above inequality to the inequality

u(t) � c+
∫ t

t0
f (t,s)u(s)ds+

∫ X

t0
g(t,s)u(s)ds, t ∈ [t0,X ]. (9)

In 2004, Pachpatte [10] further studied the following Volterra-Fredholm type inequality

u(t) � c+
∫ α(t)

α(t0)
a(t,s)

[
f (s)u(s)ds+

∫ s

α(t0)
c(s,τ)u(τ)dτ

]
ds

+
∫ α(X)

α(t0)
b(t,s)u(s)ds, t ∈ [t0,X ]. (10)

In 2008 Ma and Pečarić [11] discussed more generally the Volterra-Fredholm type in-
equality

u(t) � c+
∫ α(t)

α(t0)
σ1(s)

[
f (s)w(u(s))+

∫ s

α(t0)
σ2(τ)w(u(τ))dτ

]
ds

+
∫ α(X)

α(t0)
σ1(s)

[
f (s)w(u(s))+

∫ s

α(t0)
σ2(τ)w(u(τ))dτ

]
ds, t ∈ [t0,X ]. (11)
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In 2012, Zheng and Fu [12] studied the discrete version of Volterra-Fredholm type
inequality involving infinite sums

φ(u(m,n)) � a(m,n)+
l1

∑
i=1

∞

∑
s=m+1

∞

∑
t=n+1

[
bi(s,t,m,n)ϕ(u(s,t))

+
∞

∑
ξ=s+1

∞

∑
η=t+1

ci(ξ ,η ,s,t)ϕ(u(ξ ,η))
]

+
l2

∑
i=1

∞

∑
M+1

∞

∑
N+1

[
di(s,t,x,y)φ(u(s,t))

+
∞

∑
ξ=s+1

∞

∑
η=t+1

ei(ξ ,η ,s,t)φ(u(ξ ,η))
]
. (12)

As required in estimation for solutions, invariant sets, and stability, many generalized
versions of the Gronwall-Bellman inequality were given with an invariant decompo-
sition ([13, 14, 15]), a singular kernel ([16, 17]), and maxima ([18, 19]). More re-
sults about integral inequalities of single variable and multivariables can be found from
for example ([20, 21, 22, 23, 24]). The results about the discrete version of Volterra-
Fredholm type inequality can be found from for example ([25, 26, 27, 28, 29]).

In this paper, based on the works of [6, 11, 12], we discuss some four iterated
infinite integral inequalities.

2. Main result

Throughout this paper, let R denote the set of real numbers, R+ := [0,∞) , X ,Y ∈
R+,Ω = [X ,∞)× [Y,∞) .

LEMMA 1. Suppose that u,b∈C(Ω,R+) , a∈C(Ω,R+) is a nonincreasing func-
tion in the first variable, and α ∈C1([X ,∞), [X ,∞)) is nondecreasing such that α(x) �
x , α(X) = X , α(∞) = ∞ . If u(x,y) satisfies

u(x,y) � a(x,y)+
∫ ∞

α(x)
b(s,y)u(s,y)ds, x ∈ [X ,∞), (13)

then

u(x,y) � a(x,y)exp
(∫ ∞

α(x)
b(s,y)ds

)
, x ∈ [X ,∞). (14)

Proof. Fixed X1 ∈ [X ,∞) . From (13), we have

u(x,y) � a(x,y)+
∫ ∞

α(x)
b(s,y)u(s,y)ds

� a(X1,y)+
∫ ∞

α(x)
b(s,y)u(s,y)ds, x ∈ [X1,∞). (15)
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Let

z1(x,y) = a(X1,y)+
∫ ∞

α(x)
b(s,y)u(s,y)ds, x ∈ [X1,∞). (16)

Then

z1(∞,y) = a(X1,y),u(x,y) � z1(x,y). (17)

Differentiating z1(x,y) with respect to x , using (17) we have

z′1x(x,y) = −α ′(x)b(α(x),y)u(α(x),y)
� −α ′(x)b(α(x),y)z1(α(x),y)
� −α ′(x)b(α(x),y)z1(x,y), x ∈ [X1,∞). (18)

From (18), we have

z′1x(x,y)
z1(x,y)

� −α ′(x)b(α(x),y), x ∈ [X1,∞). (19)

Integrating both sides of the above inequality in the first variable from x to ∞ , we have

lnz1(∞,y)− lnz1(x,y) � −
∫ ∞

α(x)
b(s,y)ds, x ∈ [X1,∞), (20)

that is

lnz1(x,y) � lnz1(∞,y)+
∫ ∞

α(x)
b(s,y)ds, x ∈ [X1,∞). (21)

Using (17) and (21), we obtain

u(x,y) � z1(x,y) � a(X1,y)exp
(∫ ∞

α(x)
b(s,y)ds

)
, x ∈ [X1,∞). (22)

since X1 is chosen arbitrarily, from (22) we get the desired estimation (14). �

LEMMA 2. Suppose that u ∈C(Ω,R+) , H ∈C(Ω,R+) is a nonincreasing func-
tion in the first variable, and b ∈C(Ω2,R+) is nonincreasing in the third variable with
H(x,y) > 0 . φ ,ϕ ∈ C(R+,R+) are strictly increasing with φ(r) > 0 , ϕ(r) > 0 for
r > 0 . Suppose that α ∈ C1([X ,∞), [X ,∞)) (β ∈ C1([Y,∞), [Y,∞))) is nondecreasing
such that α(x) � x , α(X) = X , α(∞) = ∞ (β (y) � y, β (Y ) = Y , β (∞) = ∞) . If
u(x,y) satisfies

u(x,y) � H(x,y)+
∫ ∞

α(x)

∫ ∞

β (y)
b(s,t,x,y)ϕ(φ−1(u(s,t)))dtds, (x,y) ∈ Ω. (23)

Then

u(x,y) � Φ−1
1

(
Φ1(H(x,y))+

∫ ∞
α(x)

∫ ∞
β (y) b(s,t,x,y)dtds

)
, (x,y) ∈ Ω, (24)

where

Φ1(z) =
∫ z

c

ds
ϕ(φ−1(s))

, z � c > 0. (25)



VOLTERRA-FREDHOLM TYPE NONLINEAR INEQUALITIES 1109

Proof. Fixed X1 ∈ [X ,∞) . From (23), we have

u(x,y) � H(x,y)+
∫ ∞

α(x)

∫ ∞

β (y)
b(s,t,x,y)ϕ(φ−1(u(s,t)))dtds

� H(X1,y)+
∫ ∞

α(x)

∫ ∞

β (y)
b(s,t,X1,y)ϕ(φ−1(u(s,t)))dtds, (26)

for all (x,y) ∈ [X1,∞)× [Y,∞) . Let

z2(x,y) = H(X1,y)+
∫ ∞

α(x)

∫ ∞

β (y)
b(s,t,X1,y)ϕ(φ−1(u(s,t)))dtds, (27)

for all (x,y) ∈ [X1,∞)× [Y,∞) . Then

u(x,y) � z2(x,y),z(∞,y) = H(X1,y),∀(x,y) ∈ [X1,∞)× [Y,∞). (28)

Obviously, z2(x,y) is a nonincreasing function in every variable. Since α(x) � x and
β (y) � y , we have z2(α(x),β (y)) � z(x,y) .

Differentiating z2(x,y) with respect to x , using (28) we have

z′2x(x,y) = −α ′(x)
∫ ∞

β (y)
b(α(x),t,X1,y)ϕ(φ−1(u(α(x),t)))dt

� −α ′(x)
∫ ∞

β (y)
b(α(x),t,X1,y)ϕ(φ−1(z2(α(x),t)))dt

� −α ′(x)ϕ(φ−1(z2(α(x),β (y))))
∫ ∞

β (y)
b(α(x),t,X1,y)dt

� −α ′(x)ϕ(φ−1(z2(x,y)))
∫ ∞

β (y)
b(α(x),t,X1,y)dt, (29)

for all (x,y) ∈ [X1,∞)× [Y,∞) . From (29) we get

z′2x(x,y)
ϕ(φ−1(z2(x,y)))

� −α ′(x)
∫ ∞

β (y) b(α(x),t,X1,y)dt. (30)

Integrating both sides of the above inequality in the first variable from x to ∞ , we
obtain

Φ1(z2(∞,y))−Φ1(z2(x,y)) � −∫ ∞
α(x)

∫ ∞
β (y) b(s,t,X1,y)dtds, (31)

i.e.

Φ1(z2(x,y)) � Φ1(z2(∞,y))+
∫ ∞

α(x)
∫ ∞

β (y) b(s,t,X1,y)dtds

� Φ1(H(X1,y))+
∫ ∞

α(x)
∫ ∞

β (y) b(s,t,X1,y). (32)

It implies that

z2(x,y) � Φ−1
1

(
Φ1(H(X1,y))+

∫ ∞
α(x)

∫ ∞
β (y) b(s,t,X1,y)dtds

)
, (33)

for all (x,y) ∈ [X1,∞)× [Y,∞) . since X1 is chosen arbitrarily, from (33) we get the
desired estimation (24). �
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THEOREM 1. Suppose that u∈C(Ω,R+) , a∈C(Ω,R+) is a nonincreasing func-
tion in every variable, and bi , ci ∈ C(Ω2,R+) , i = 1,2, · · · , l1 , di , ei ∈ C(Ω2,R+) ,
i = 1,2, · · · , l2 are nonincreasing in the third and fourth variables, and there is at least
one function among di , ei , i = 1,2, · · · , l2 not equivalent to zero, φ , ϕ , α , β are
defined as in Lemma 2. If u(x,y) satisfies

φ(u(x,y)) � a(x,y)+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)ϕ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)ϕ(u(ξ ,η))dηdξ

]
dtds

+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
di(s,t,x,y)φ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)φ(u(ξ ,η))dηdξ

]
dtds, (x,y) ∈ Ω. (34)

Then

u(x,y) � φ−1
{

Φ−1
1

{
Φ1

[
Ψ−1

1

[∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

(
bi(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

)
dtds

]]
+

∫ ∞

α(x)

∫ ∞

β (y)

l1

∑
i=1

[
bi(s, t,x,y)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds

}}
, (x,y) ∈ Ω, (35)

provided that Ψ1 is increasing, where Φ1 is defined as in Lemma 2, and

Ψ1(u) = Φ1

(u− μ1

μ2

)
−Φ1(u), (36)

μ1 = a(X ,Y ), (37)

μ2 =
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s,t,X ,Y )+

∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
dtds. (38)

Proof. Define a function z3(x,y) by the function on the right-hand side of (34).
Then z3(x,y) is nonincreasing in every variable,

u(x,y) � φ−1(z3(x,y)), ∀(x,y) ∈ [X ,∞)× [Y,∞), (39)

and

z3(x,y) � a(x,y)+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)ϕ(φ−1(z3(s, t)))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)ϕ(φ−1(z3(ξ ,η)))dηdξ

]
dtds
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+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
di(s,t,x,y)z3(s,t)

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)z3(ξ ,η)dηdξ

]
dtds

� a(X ,Y )+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
ϕ(φ−1(z3(s,t)))dtds

+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
z3(s,t)dtds

= H(X ,Y )+
∫ ∞

α(x)

∫ ∞

β (y)

l1

∑
i=1

[
bi(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
ϕ(φ−1(z3(s,t)))dtds, (40)

for all (x,y) ∈ [X ,∞)× [Y,∞) , where

H(X ,Y ) = a(X ,Y )+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
z3(s, t)dtds > 0. (41)

By a suitable application of Lemma 2, from (40) we obtain

z3(x,y) � Φ−1
1

(
Φ1(H(X ,Y ))+

∫ ∞

α(x)

∫ ∞

β (y)

l1

∑
i=1

[
bi(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds

)
, (42)

and

H(X ,Y ) = a(X ,Y )+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
z3(s,t)dtds

� a(X ,Y )+ z3(X ,Y )
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s, t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
dtds

� a(X ,Y )+ Φ−1
1

(
Φ1(H(X ,Y ))+

∫ ∞

α(X)

∫ ∞

β (Y )

l1

∑
i=1

[
bi(s,t,X ,Y )
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+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds

) l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
di(s, t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)dηdξ

]
dtds

= μ1 + Φ−1
1

(
Φ1(H(X ,Y ))+

∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
bi(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds

)
μ2. (43)

It implies that

Φ1

(H(X ,Y )− μ1

μ2

)
� Φ1(H(X ,Y ))+

∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
bi(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds, (44)

which is rewritten as

Ψ1(H(X ,Y )) �
∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
bi(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s, t)dηdξ

]
dtds, (45)

where Ψ1 is defined in (36). Since Ψ1 is increasing, we obtain

H(X ,Y ) � Ψ−1
1

(∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
bi(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)dηdξ

]
dtds

)
. (46)

Combining (39), (42) and (46), we get the desired estimation (35). �

THEOREM 2. Suppose that w ∈ C(Ω,R+) , u , a , bi , ci , i = 1,2, · · · , l1 , di , ei ,
i = 1,2, · · · , l2 , α , β , ϕ , φ are defined as in Theorem 1 . Furthermore, assume ϕ ◦φ−1

is submultiplicative, that is, ϕ(φ−1(xy)) � ϕ(φ−1(x)ϕ(φ−1(y)) , x,y ∈ R+. If u(x,y)
satisfies

φ(u(x,y)) � a(x,y)+
∫ ∞

α(x)
w(s,y)φ(u(s,y))ds

+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)ϕ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)ϕ(u(ξ ,η))dηdξ

]
dtds
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+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
di(s,t,x,y)φ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)φ(u(ξ ,η))dηdξ

]
dtds, (x,y) ∈ Ω. (47)

Then

u(x,y) � φ−1
{

Φ−1
1

{
Φ1

{
Ψ−1

2

{∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
b̃i(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
c̃i(ξ ,η ,s,t)dηdξ

]
dtds

}}
+

∫ ∞

α(x)

∫ ∞

β (y)

l1

∑
i=1

[
b̃i(s, t,x,y)

+
∫ ∞

s

∫ ∞

t
c̃i(ξ ,η ,s,t)dηdξ

]
dtds

}
exp

(∫ ∞

α(x)
w(s,y)ds

)}
, (48)

for all (x,y) ∈ Ω , provided that Ψ2 is increasing, where Φ1 is defined as in Lemma 2,
and

Ψ2(u) = Φ1

(u− μ1

μ̃2

)
−Φ1(u), (49)

μ1 = a(X ,Y ), (50)

μ̃2 =
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (Y)

[
d̃i(s,t,X ,Y )+

∫ ∞

s

∫ ∞

t
ẽi(ξ ,η ,s,t)dηdξ

]
dtds, (51)

b̃i(s, t,x,y) = bi(s,t,x,y)ϕ
(

φ−1
(

exp
(∫ ∞

α(s)
w(τ, t)dτ

)))
, (52)

c̃i(ξ ,η ,s,t) = ci(ξ ,η ,s,t)ϕ
(

φ−1
(

exp
(∫ ∞

α(ξ )
w(τ,η)dτ

)))
, (53)

d̃i(s, t,x,y) = di(s,t,x,y)exp
(∫ ∞

α(s)
w(τ,t)dτ

)
, (54)

ẽi(ξ ,η ,s,t) = ei(ξ ,η ,s,t)exp
(∫ ∞

α(ξ )
w(τ,η)dτ

)
. (55)

Proof. Let

z4(x,y) = a(x,y)+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)ϕ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)ϕ(u(ξ ,η))dηdξ

]
dtds

+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
di(s,t,x,y)φ(u(s,t))

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)φ(u(ξ ,η))dηdξ

]
dtds, (56)
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for all (x,y) ∈ [X ,∞)× [Y,∞) . From (47), we have

φ(u(x,y)) � z4(x,y)+
∫ ∞

α(x)
w(s,y)φ(u(s,y))ds, (x,y) ∈ [X ,∞)× [Y,∞). (57)

Applying the result of Lemma 1 to (57), we have

φ(u(x,y)) � z4(x,y)exp
(∫ ∞

α(x)
w(s,y)ds

)
, (x,y) ∈ [X ,∞)× [Y,∞), (58)

i.e.

u(x,y)) � φ−1
(
z4(x,y)exp

(∫ ∞

α(x)
w(s,y)ds

))
, (x,y) ∈ [X ,∞)× [Y,∞). (59)

From (56) and (59), we have

z4(x,y)

� a(x,y)+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
bi(s,t,x,y)ϕ

(
φ−1

(
z4(s,t)exp

(∫ ∞

α(s)
w(τ,t)dτ

)))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η ,s,t)ϕ

(
φ−1

(
z4(ξ ,η)exp

(∫ ∞

α(ξ )
w(τ,η)dτ

)))
dηdξ

]
dtds

+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
di(s,t,x,y)z4(s,t)exp

(∫ ∞

α(s)
w(τ, t)dτ

)

+
∫ ∞

s

∫ ∞

t
ei(ξ ,η ,s,t)z4(ξ ,η)exp

(∫ ∞

α(ξ )
w(τ,η)dτ

)
dηdξ

]
dtds

� a(x,y)+
l1

∑
i=1

∫ ∞

α(x)

∫ ∞

β (y)

[
b̃i(s,t,x,y)ϕ

(
φ−1

(
z4(s,t)

))

+
∫ ∞

s

∫ ∞

t
c̃i(ξ ,η ,s,t)ϕ

(
φ−1

(
z4(ξ ,η)dτ

))
dηdξ

]
dtds

+
l2

∑
i=1

∫ ∞

α(X)

∫ ∞

β (y)

[
d̃i(s,t,x,y)z4(s,t)

+
∫ ∞

s

∫ ∞

t
ẽi(ξ ,η ,s,t)z4(ξ ,η)dηdξ

]
dtds (60)

for all (x,y) ∈ [X ,∞)× [Y,∞) . Then similar to the process of (40)-(45), we obtain

z4(x,y) � Φ−1
1

{
Φ1

{
Ψ−1

2

{∫ ∞

α(X)

∫ ∞

β (Y)

l1

∑
i=1

[
b̃i(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
c̃i(ξ ,η ,s,t)dηdξ

]
dtds

}}
+

∫ ∞

α(x)

∫ ∞

β (y)

l1

∑
i=1

[
b̃i(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
c̃i(ξ ,η ,s,t)dηdξ

]
dtds

}
(61)

Combining (58) and (61), we get the desired estimation (48). �
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3. Application

In this section, similar to the applications in [25, 26, 27, 28, 29], we apply our
result in Theorem 1 to investigate a class of Volterra-Fredholm integral equation with
infinity upper limit

up(x,y) = a(x,y)+
∫ ∞

α(x)

∫ ∞

β (y)

[
F1(s,t,x,y,u(s,t))

+
∫ ∞

s

∫ ∞

t
F2(ξ ,η ,s,t,u(ξ ,η))dηdξ

]
dtds

+
∫ ∞

α(X)

∫ ∞

β (Y)

[
F3(s,t,x,y,u(s,t))

+
∫ ∞

s

∫ ∞

t
F4(ξ ,η ,s,t,u(ξ ,η))dηdξ

]
dtds, (x,y) ∈ Ω, (62)

where u ∈C(Ω,R) , p > 1 is an odd number, |a| ∈C(Ω,R+) is a nonincreasing func-
tion in every variable, α ∈C1([X ,∞), [X ,∞)) (β ∈C1([Y,∞), [Y,∞))) is nondecreasing
such that α(x) � x , α(X) = X , α(∞) = ∞ (β (y) � y , β (Y ) = Y , β (∞) = ∞), and the
functions Fi ∈C(Ω2×R,R) (i = 1,2,3,4) .

PROPOSITION 1. Suppose that u(x,y) is a solution of (62) , and the functions
Fi ∈C(Ω2×R,R)(i = 1,2,3,4) satisfy the following conditions

|Fi(s,t,x,y,u(s,t))| � fi(s,t,x,y)|u(s, t)|p/2, i = 1,2, (63)

|Fi(s,t,x,y,u(s,t))| � fi(s,t,x,y)|u(s, t)|p, i = 3,4, (64)

where f1, f2, f3, f4 are nonincreasing in the third and fourth variables, and there is at
least one function among f3, f4 not equivalent to zero, then we have

|u(x,y)| �
{{

Ψ−1
3

{∫ ∞

α(X)

∫ ∞

β (Y)

[
f1(s,t,X ,Y )+

∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}}1/2

+
∫ ∞

α(x)

∫ ∞

β (y)

[
f1(s,t,x,y)+

∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}2/p
, (65)

provided that μ2 < 1 , where

Ψ3(z) = 2

√
z− μ1

μ2
−2

√
z, (66)

μ1 = a(X ,Y ), (67)

μ2 =
∫ ∞

α(X)

∫ ∞

β (Y)

[
f3(s,t,X ,Y )+

∫ ∞

s

∫ ∞

t
f4(ξ ,η ,s,t)dηdξ

]
dtds. (68)

Proof. By the conditions (63) and (64), from (62) we have

|u(x,y)|p � |a(x,y)|+
∫ ∞

α(x)

∫ ∞

β (y)

[
f1(s,t,x,y)|u(s,t)|p/2

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)|u(ξ ,η)|p/2dηdξ

]
dtds
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+
∫ ∞

α(X)

∫ ∞

β (Y)

[
f3(s,t,x,y)|u(s,t)|p

+
∫ ∞

s

∫ ∞

t
f4(ξ ,η ,s,t)|u(ξ ,η)|pdηdξ

]
dtds, (x,y) ∈ Ω. (69)

Define two functions by φ(u) = up,ϕ(u) = up/2 . Then φ−1(u) = u1/p ,

Φ1(z) =
∫ z

c

ds
ϕ(φ−1(s))

=
∫ z

c

ds

s1/2
= 2

√
z−2

√
c, z � c > 0, (70)

Φ−1
1 (z) =

(z+2
√

c
2

)2
, z � c > 0, (71)

Ψ3(z) = Φ1

( z− μ1

μ2

)
−Φ1(z) = 2

√
z− μ1

μ2
−2

√
z. (72)

Differentiating Ψ3(u) with respect to u , we have

Ψ′
3(u) =

1√
μ2(u− μ1)

− 1√
u

> 0. (73)

therefore, Ψ3 is strictly increasing, and a suitable application of Theorem 1 to (69)
yields

|u(x,y)| �
{

Φ−1
1

{
Φ1

{
Ψ−1

3

{∫ ∞

α(X)

∫ ∞

β (Y)

[
f1(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}}
+

∫ ∞

α(x)

∫ ∞

β (y)

[
f1(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}}1/p

�
{1

2

{
2
{

Ψ−1
3

{∫ ∞

α(X)

∫ ∞

β (Y)

[
f1(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}}1/2−2
√

c+
∫ ∞

α(x)

∫ ∞

β (y)

[
f1(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}
+
√

c
}2/p

�
{{

Ψ−1
3

{∫ ∞

α(X)

∫ ∞

β (Y)

[
f1(s,t,X ,Y )

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}}1/2
+

∫ ∞

α(x)

∫ ∞

β (y)

[
f1(s,t,x,y)

+
∫ ∞

s

∫ ∞

t
f2(ξ ,η ,s,t)dηdξ

]
dtds

}2/p
. (74)

That is the desired estimation (65). �
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