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Lr CONVERGENCE FOR WEIGHTED SUMS OF EXTENDED

NEGATIVELY DEPENDENT RANDOM VARIABLES

CHEN XU, MENGMEI XI, XUEJUN WANG AND HAO XIA

(Communicated by J. Pečarić)

Abstract. In this paper, we establish some results on Lr convergence for weighted sums of
extended negatively dependent random variables under r -th uniform integrability. The results
obtained in the paper generalize some corresponding ones for independent random variables and
some dependent random variables.

1. Introduction

In many statistical applications, we may assume that the variables are independent.
But in real studies, this assumption is not plausible. So, many statisticians extended
this condition to the dependent cases. One of these dependent structures is extended
negatively dependence. The definition of extended negatively dependence is as follows.

DEFINITION 1.1. We call random variables {Xn,n � 1} extended negatively de-
pendent (END, in short) if there exists a constant M > 0 such that both

P(X1 > x1,X2 > x2, . . . ,Xn > xn) � M
n

∏
i=1

P(Xi > xi)

and

P(X1 � x1,X2 � x2, . . . ,Xn � xn) � M
n

∏
i=1

P(Xi � xi)

hold for each n � 1 and all real numbers x1,x2, . . . ,xn .
The concept of END sequence was introduced by Liu [1]. In the case M = 1, the

notion of END reduces to negative dependence (ND, in short) which was introduced by
Lehmann [2] and carefully studied by Joag-Dev and Proschan [3]. As it is mentioned
in Liu [1], the END structure can reflect not only a negatively dependent structure
but also a positive one (inequalities from the definition of ND random variables hold
both in reverse direction), to some extend. The interested readers can refer to Example
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4.1 in Liu [1], where END random variables can be taken as negatively or positively
dependent. Also, Joag-Dev and Proschan [3] pointed out that negatively associated
(NA, in short) random variables are ND and thus NA random variables are END.

Some applications for END sequence have been found. For example, Liu [1] ob-
tained the precise large deviations for dependent random variables with heavy tails, Liu
[4] studied the sufficient and necessary conditions of moderate deviations for dependent
random variables with heavy tails, Chen et al. [5] established the strong law of large
numbers for END random variables and showed applications to risk theory and renewal
theory, Shen [6, 7] presented some probability inequalities for END random variables
and gave some applications; Wu and Guan [8] presented some convergence properties
for the partial sums of END random variables; Wang and Wang [9] investigated a more
general precise large deviation result for random sums of END real-valued random vari-
ables in the presence of consistent variation; Qiu et al. [10] and Wang et al. [11–13]
provided some results on complete convergence for END random variables, Wang et
al. [14] established the complete consistency for the estimator of nonparametric regres-
sion models based on END errors, and so forth. Since the assumption of END is much
weaker than independence, negative association and negative dependence, a study on a
limiting behavior of END sequences is of interest.

Ryke and Root [15] once proved the following result on Lr convergence for in-
dependent and identically distributed random variables {X ,Xn,n � 1} : if 0 < r < 2,
E|X |r < ∞ , then

lim
n→∞

E

∣∣∣∣∣n−1/r

(
n

∑
i=1

Xi −nb

)∣∣∣∣∣
r

= 0, (1.1)

where b = 0 if 0 < r < 1, and b = EX if 1 � r < 2. The result has been extended
to different cases. See for example, when 1 � r < 2, it has been generalized to in-
dependent but not identically distributed case and martingale difference case; when
0 < r < 1, it has been generalized to any cases of random variables, of course the
condition E|X |r < ∞ is replaced by a more general one, i.e. r -th Cesàro uniform in-
tegrability (see Chen et al. [16]). Recently, Chen [17] not only extended (1.1) for
independent and identically distributed random variables to the case of pairwise NQD
sequence, but also to a more general case, that is not necessarily identical distribution
but r -th Cesàro uniform integrability.

In this paper, we will study Lr convergence for weighted sums Sn = ∑∞
i=−∞ aniXi ,

where {Xi, i � 1} is a sequence of r -th uniformly integrable END random variables,
{ani,−∞ < i < ∞,n � 1} is an array of constants satisfying sup

n�1
n−1 ∑∞

i=−∞ |ani|s < ∞

for each s � 1.

Throughout this paper, let I(A) be the indicator function of the set A . Let M and
C be positive constants which may be different in various places.
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2. Main results and their proofs

First, let us present some important lemmas, which will be used to prove the main
results of the paper. The first one is the Rosenthal-type inequality for END random
variables, which was established by Shen [6].

LEMMA 2.1. Let p � 2 , {Xn,n � 1} be a sequence of END random variables
with EXi = 0 , and E|Xi|p < ∞ for each i � 1. Then, there exists a positive constant Cp

depending only on p such that

E

∣∣∣∣∣
n

∑
i=1

Xi

∣∣∣∣∣
p

� Cp

⎡
⎣ n

∑
i=1

E|Xi|p +

(
n

∑
i=1

E|Xi|2
)p/2

⎤
⎦ .

The next one is a basic property for END random variables. We refer the readers
to Liu [4] for instance.

LEMMA 2.2. Let random variables X1 , X2 , · · · , Xn be END. If f1 , f2 , · · · , fn are
all nondecreasing (or nonincreasing) functions, then random variables f1(X1) , f2(X2) ,
· · · , fn(Xn) are END.

Based on the two lemmas above, we can establish the following results.

THEOREM 2.1. Let 1 < r < 2 and {Xi,−∞ < i < ∞} be a sequence of END
random variables with EXi = 0 , −∞ < i < ∞ . Let {ani,−∞ < i < ∞,n � 1} be an
array of constants such that for any s � 1 ,

sup
n�1

n−1
∞

∑
i=−∞

|ani|s < ∞. (2.1)

Denote Sn = ∑∞
i=−∞ aniXi .

(1) If lim
x→+∞

xr sup
−∞<i<∞

P(|Xi| > x) = 0 , then for any ε > 0 ,

lim
n→∞

P
(
|Sn| > εn1/r

)
= 0. (2.2)

(2) If lim
x→+∞

xr sup
−∞<i<∞

P(|Xi| > x) = 0 and sup
−∞<i<∞

E|Xi|r < ∞ , then for any p ∈
(0,r) ,

lim
n→∞

E|n−1/rSn|p = 0. (2.3)

(3) If lim
x→+∞

sup
−∞<i<∞

E|Xi|rI(|Xi| > x) = 0 , that is {Xi,−∞ < i < ∞} is r -th uni-

formly integrable, then

lim
n→∞

E|n−1/rSn|r = 0. (2.4)

Proof. For fixed n � 1, denote

X ′
ni = −n−1/rI(Xi < −n1/r)+XiI(|Xi| � n1/r)+n1/rI(Xi > n1/r),
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X ′′
ni = Xi−X ′

ni = (Xi +n1/r)I(Xi < −n1/r)+ (Xi−n1/r)I(Xi > n1/r),

X ′′′
ni = −s−1/rI(Xi < −s1/r)+XiI(|Xi| � s1/r)+ s1/rI(Xi > s1/r),

X ′′′′
ni = Xi−X ′′′

ni = (Xi + s1/r)I(Xi < −s1/r)+ (Xi− s1/r)I(Xi > s1/r).

(1) For any ε > 0,

P
(
|Sn| > εn1/r

)
= P

(∣∣∣∣∣
∞

∑
i=−∞

aniXi

∣∣∣∣∣> εn1/r

)

= P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′
ni +X ′′

ni)

∣∣∣∣∣> εn1/r

)

= P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′
ni −EX ′

ni)+
∞

∑
i=−∞

ani(X ′′
ni−EX ′′

ni)

∣∣∣∣∣> εn1/r

)

� P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′
ni −EX ′

ni)

∣∣∣∣∣> εn1/r

2

)

+P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′
ni−EX ′′

ni)

∣∣∣∣∣> εn1/r

2

)
.= I1 + I2.

For I1 , it follows by Markov’s inequality, Lemma 2.1 and condition (2.1) that,

I1 = P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′
ni−EX ′

ni)

∣∣∣∣∣> εn1/r

2

)

� Cn−2/rE

∣∣∣∣∣
∞

∑
i=−∞

ani(X ′
ni−EX ′

ni)

∣∣∣∣∣
2

� Cn−2/r
∞

∑
i=−∞

a2
niE|X ′

ni|2

= Cn−2/r
∞

∑
i=−∞

a2
niE|−n1/rI(Xi < −n1/r)+XiI(|Xi| � n1/r)+n1/rI(Xi > n1/r)|2

� Cn−2/r
∞

∑
i=−∞

|ani|2
[
EX2

i I(|Xi| � n1/r)+n2/rP(|Xi| > n1/r)
]

= Cn−2/r
∞

∑
i=−∞

a2
niEX2

i I(|Xi| � n1/r)+C
∞

∑
i=−∞

a2
niP(|Xi| > n1/r)

= I11 + I12.

For I12 , we have

I12 � Cn sup
−∞<i<∞

P
(
|Xi| > n1/r

)
→ 0, as n → ∞.
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For I11 , we have by dominated convergence theorem that

I11 = Cn−2/r
∞

∑
i=−∞

a2
ni

∫ n2/r

0
P(|Xi|2I(|Xi| � n1/r) > x)dx

= Cn−2/r
∞

∑
i=−∞

a2
ni

∫ n1/r

0
2xP(|Xi|I(|Xi| � n1/r) > x)dx

� Cn−2/r
∞

∑
i=−∞

a2
ni

∫ n1/r

0
xP(|Xi| > x)dx (x = yn1/r)

= C
∞

∑
i=−∞

a2
ni

∫ 1

0
yP(|Xi| > yn1/r)dy

� C
∫ 1

0
yn sup

−∞<i<∞
P(|Xi| > yn1/r)dy

→ 0, as n → ∞.

Thus, I1 → 0 as n → ∞ . For I2 , it follows by Markov’s inequality and dominated
convergence theorem that

I2 � Cn−1/rE

∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′
ni−EX ′′

ni)

∣∣∣∣∣
� Cn−1/r

∞

∑
i=−∞

|ani|E|X ′′
ni|

= Cn−1/r
∞

∑
i=−∞

|ani|E|(Xi +n1/r)I(Xi < −n1/r)+ (Xi−n1/r)I(Xi > n1/r)|

� Cn−1/r
∞

∑
i=−∞

|ani|E|Xi|I(|Xi| > n1/r)

= Cn−1/r
∞

∑
i=−∞

|ani|
∫ ∞

0
P
(
|Xi|I(|Xi| > n1/r) > x

)
dx

� Cn−1/r
∞

∑
i=−∞

|ani|
(∫ n1/r

0
P(|Xi| > n1/r)dx+

∫ ∞

n1/r
P(|Xi| > x)dx

)
(x = yn1/r)

� Cn sup
−∞<i<∞

P
(
|Xi| > n1/r

)
+C

∫ ∞

1
n sup
−∞<i<∞

P(|Xi| > yn1/r)dy

→ 0, as n → ∞.

Hence, (2.2) is obtained.

(2) By (1), we can see that in order to prove (2.3), we only need to show that
{∣∣n−1/rSn

∣∣p ,n � 1} is uniformly integrable. Noting that r/p > 1, to prove (2.3), it
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suffices to show sup
n�1

E(|n−1/rSn|p)r/p < ∞ . It is easily checked that

E(|n−1/rSn|p)r/p � 1+n−1
∫ ∞

n
P(|Sn| > s1/r)ds

� 1+n−1
∫ ∞

n
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′
ni −EX ′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds

+n−1
∫ ∞

n
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′′
ni −EX ′′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds.

Thus, to prove (2.3), we only need to show

I3 = sup
n�1

n−1
∫ ∞

n
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′
ni −EX ′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds < ∞

and

I4 = sup
n�1

n−1
∫ ∞

n
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′′
ni −EX ′′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds < ∞.

Noting that

sup
n�1

sup
−∞<i<∞

∫ ∞

n1/r
tr−1P(|Xi| > t)dt

=
1
r
sup
n�1

sup
−∞<i<∞

∫ ∞

n1/r
P(|Xi| > t)dtr

=
1
r
sup
n�1

sup
−∞<i<∞

(
P(|Xi| > t)tr|∞

n1/r −
∫ ∞

n1/r
trdP(|Xi| > t)

)

=
1
r
sup
n�1

sup
−∞<i<∞

(
−P(|Xi| > n1/r)n+

∫ ∞

n1/r
trdP(|Xi| � t)

)

=
1
r
sup
n�1

sup
−∞<i<∞

(
−P(|Xi| > n1/r)n+E|Xi|rI(|Xi| > n1/r)

)
� Csup

n�1
sup

−∞<i<∞
E|Xi|rI(|Xi| > n1/r)

� C sup
−∞<i<∞

E|Xi|r, (2.5)

we have by Markov’s inequality and Lemma 2.1 that

I3 � C sup
n�1

n−1
∫ ∞

n
s−2/rE

∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′
ni −EX ′′′

ni )

∣∣∣∣∣
2

ds

� C sup
n�1

sup
−∞<i<∞

∫ ∞

n
s−2/rE|X ′′′

ni |2ds

� C sup
n�1

sup
−∞<i<∞

∫ ∞

n
s−2/r

[
EX2

i I(|Xi| � s1/r)+ s2/rP(|Xi| > s1/r)
]
ds
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= C sup
n�1

sup
−∞<i<∞

∫ ∞

n
s−2/rEX2

i I(|Xi| � s1/r)ds+C sup
n�1

sup
−∞<i<∞

∫ ∞

n
P(|Xi| > s1/r)ds

� C sup
n�1

sup
−∞<i<∞

∫ ∞

n
s−2/rds

∫ s1/r

0
tP(|Xi| > t)dt +C sup

n�1
sup

−∞<i<∞
E|Xi|rI(|Xi| > n1/r)

� C sup
n�1

sup
−∞<i<∞

∫ ∞

0
tP(|Xi| > t)dt

∫ ∞

max(n,tr)
s−2/rds+C sup

−∞<i<∞
E|Xi|r

= C sup
n�1

sup
−∞<i<∞

(∫ n1/r

0
n1−2/rtP(|Xi| > t)dt +

∫ ∞

n1/r
tr−1P(|Xi| > t)dt

)

+C sup
−∞<i<∞

E|Xi|r

� C sup
n�1

sup
−∞<i<∞

∫ 1

0
ynP(|Xi| > yn1/r)dy+C sup

−∞<i<∞
E|Xi|r (t = yn1/r)

� C sup
−∞<i<∞

E|Xi|r

< ∞.

For I4 , we have by Markov’s inequality and (2.5) again that

I4 � C sup
n�1

n−1
∫ ∞

n
s−1/r

∞

∑
i=−∞

|ani|E|X ′′′′
ni |ds

= C sup
n�1

n−1
∫ ∞

n
s−1/r

∞

∑
i=−∞

|ani|E|(Xi + s1/r)I(Xi < −s1/r)+ (Xi− s1/r)I(Xi > s1/r)|ds

� C sup
n�1

n−1
∫ ∞

n
s−1/r

∞

∑
i=−∞

|ani|E|Xi|I(|Xi| > s1/r)ds

� Csup
n�1

sup
−∞<i<∞

∫ ∞

n
s−1/r

(
s1/rP(|Xi| > s1/r)+

∫ ∞

s1/r
P(|Xi| > t)dt

)
ds

� Csup
n�1

sup
−∞<i<∞

(∫ ∞

n
P(|Xi| > s1/r)ds+

∫ ∞

n
s−1/rds

∫ ∞

s1/r
P(|Xi| > t)dt

)

� Csup
n�1

sup
−∞<i<∞

E|Xi|rI(|Xi| > n1/r)+Csup
n�1

sup
−∞<i<∞

∫ ∞

n1/r
P(|Xi| > t)dt

∫ tr

n
s−1/rds

� Csup
n�1

sup
−∞<i<∞

E|Xi|rI(|Xi| > n1/r)+Csup
n�1

sup
−∞<i<∞

∫ ∞

n1/r
tr−1P(|Xi| > t)dt

� C sup
−∞<i<∞

E|Xi|r

< ∞.

Thus, (2.3) is obtained.
(3) For any fixed ε > 0, it can be checked that

E|n−1/rSn|r = n−1
∫ ∞

0
P(|Sn| > s1/r)ds

� ε +n−1
∫ ∞

nε
P(|Sn| > s1/r)ds
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� ε +n−1
∫ ∞

nε
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′
ni −EX ′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds

+n−1
∫ ∞

nε
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′′
ni −EX ′′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds.

Hence, to prove (2.4), it suffices to show that as n → ∞ ,

I5
.= n−1

∫ ∞

nε
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′
ni −EX ′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds → 0

and

I6
.= n−1

∫ ∞

nε
P

(∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′′
ni −EX ′′′′

ni )

∣∣∣∣∣> s1/r

2

)
ds → 0.

For I5 , it follows by Markov’s inequality, Lemma 2.1, (2.5) and dominated convergence
theorem that

I5 � Cn−1
∫ ∞

nε
s−2/r

∞

∑
i=−∞

a2
ni

[
EX2

i I(|Xi| � s1/r)+ s2/rP(|Xi| > s1/r)
]
ds

� C sup
−∞<i<∞

∫ ∞

nε
s−2/rEX2

i I(|Xi| � s1/r)ds+C sup
−∞<i<∞

∫ ∞

nε
P(|Xi| > s1/r)ds

� C sup
−∞<i<∞

∫ ∞

nε
s−2/rds

∫ s1/r

0
tP(|Xi| > t)dt +C sup

−∞<i<∞
E|Xi|rI(|Xi|r > nε)

� C sup
−∞<i<∞

∫ ∞

0
tP(|Xi| > t)dt

∫ ∞

max(nε,tr)
s−2/rds+C sup

−∞<i<∞
E|Xi|rI(|Xi|r > nε)

= C sup
−∞<i<∞

(
(nε)1−2/r

∫ (nε)1/r

0
tP(|Xi| > t)dt +

∫ ∞

(nε)1/r
tr−1P(|Xi| > t)dt

)

+C sup
−∞<i<∞

E|Xi|rI(|Xi|r > nε)

� C sup
−∞<i<∞

∫ 1

0
(nε)yP(|Xi| > (nε)1/ry)dy+C sup

−∞<i<∞
E|Xi|rI(|Xi|r > nε)

(t = (nε)1/ry)
→ 0, as n → ∞.

For I6 , we have by Markov’s inequality and (2.5) again that

I6 � Cn−1
∫ ∞

nε
s−1/rE

∣∣∣∣∣
∞

∑
i=−∞

ani(X ′′′′
ni −EX ′′′′

ni )

∣∣∣∣∣ds

� Cn−1
∫ ∞

nε
s−1/r

∞

∑
i=−∞

|ani|E|X ′′′′
ni |ds � C sup

−∞<i<∞

∫ ∞

nε
s−1/rE|X ′′′′

ni |ds
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= C sup
−∞<i<∞

∫ ∞

nε
s−1/rE|(Xi + s1/r)I(Xi < −s1/r)+ (Xi− s1/r)I(Xi > s1/r)|ds

� C sup
−∞<i<∞

∫ ∞

nε
s−1/rE|Xi|I(|Xi| > s1/r)ds

� C sup
−∞<i<∞

∫ ∞

nε
P(|Xi| > s1/r)ds+C sup

−∞<i<∞

∫ ∞

nε
s−1/rds

∫ ∞

s1/r
P(|Xi| > t)dt

� C sup
−∞<i<∞

E|Xi|rI(|Xi|r > nε)+C sup
−∞<i<∞

∫ ∞

(nε)1/ε
P(|Xi| > t)dt

∫ tr

nε
s−1/rds

� C sup
−∞<i<∞

E|Xi|rI(|Xi|r > nε)+C sup
−∞<i<∞

∫ ∞

(nε)1/ε
tr−1P(|Xi| > t)dt

� C sup
−∞<i<∞

E|Xi|rI(|Xi|r > nε)

→ 0, as n → ∞.

Thus, (2.4) is obtained. This completes the proof of the theorem. �

By Theorem 2.1, we can have the following corollary immediately.

COROLLARY 2.1. Let 1 < r < 2 and {Xi,−∞ < i < ∞} be a sequence of END
random variables with EXi = 0 , −∞ < i < ∞ . Let {ai,−∞ < i < ∞} be a sequence of
absolutely summable constants. Denote

Yk =
∞

∑
i=−∞

aiXi+k, k � 1,

and Sn = ∑n
k=1Yk .

(1) If lim
x→+∞

xr sup
−∞<i<∞

P(|Xi| > x) = 0 , then for any ε > 0 ,

lim
n→∞

P
(
|Sn| > εn1/r

)
= 0.

(2) If lim
x→+∞

xr sup
−∞<i<∞

P(|Xi| > x) = 0 and sup
−∞<i<∞

E|Xi|r < ∞ , then for any p ∈
(0,r) ,

lim
n→∞

E|n−1/rSn|p = 0.

(3) If lim
x→+∞

sup
−∞<i<∞

E|Xi|rI(|Xi| > x) = 0 , that is {Xi,−∞ < i < ∞} is r -th uni-

formly integrable, then

lim
n→∞

E|n−1/rSn|r = 0.

Proof. Note that

Sn =
n

∑
k=1

Yk =
n

∑
k=1

∞

∑
i=−∞

aiXi+k =
n

∑
k=1

∞

∑
i=−∞

ai−kXi =
∞

∑
i=−∞

(
n

∑
k=1

ai−k

)
Xi.
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Denote ani = ∑n
k=1 ai−k for −∞ < i < ∞ and n � 1. It is obvious that {ani,−∞ < i <

∞,n � 1} satisfies the conditions of Theorem 2.1. Hence, by Theorem 2.1, we can get
the desired results. The proof is completed. �

REMARK 2.1. Obviously, the main results of the paper still hold for NA, ND and
independent random variables, which are special cases of END.

REMARK 2.2. The result of Corollary 2.1 generalizes the corresponding one of
Sung [18].

If we take ani = 1 for 1 � i � n and n � 1, and ani = 0 otherwise in Theorem
2.1, then we can get the following result.

COROLLARY 2.2. Let 1 < r < 2 and {Xn,n � 1} be a sequence of END random
variables with EXi = 0 , i � 1 . Denote Sn = ∑n

i=1 Xi .
(1) If lim

x→+∞
xrsup

n�1
P(|Xn| > x) = 0 , then for any ε > 0 ,

lim
n→∞

P
(
|Sn| > εn1/r

)
= 0.

(2) If lim
x→+∞

xrsup
n�1

P(|Xn| > x) = 0 and sup
n�1

E|Xn|r < ∞ , then for any p ∈ (0,r) ,

lim
n→∞

E|n−1/rSn|p = 0.

(3) If lim
x→+∞

sup
n�1

E|Xn|rI(|Xn| > x) = 0 , that is {Xn,n � 1} is r -th uniformly inte-

grable, then

lim
n→∞

E|n−1/rSn|r = 0. (2.6)

Especially, if {Xn,n � 1} is a sequence of END random variables with identical distri-
bution and E|X |r < ∞ , then (2.6) still holds.

REMARK 2.3. The result of Corollary 2.2 generalizes the corresponding one of
Pyke and Root [15].
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