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INEQUALITIES RELATED TO THE ARITHMETIC,
GEOMETRIC AND HARMONIC MEANS

D. CHOI AND M. SABABHEH

(Communicated by M. Fujii)

Abstract. Recent refinements of mean inequalities can be thought of certain ratios. In this article,
we present this point of view and prove the relationships between the different ratios induced by
the different refinements.

1. Introduction

Throughout the paper, the following notations will be used to denote the p-weig-
hted arithmetic mean (AM), geometric mean (GM) and harmonic mean (HM) for scalars
and operators

aVyub=(1—w)a+ ub, AVyB = (1—p)A+ uB,
attyb = al"FbH, A#yB = AV2(AT12BAT/2)HAL2
alyb=(1—pwa ' +ub=H=1 AB=(1-wA ' +uB 11

for u €[0,1], a,b >0, and A, B, invertible positive operators on a Hilbert space. When
u= %, we omit U in the above definitions. For example, aVb means aV ! b.

Applying the well known Young’s inequality a"b' ™V < va+ (1—v)b,0< v < 1,
one can easily obtain the following AM-GM-HM inequalities

where for two self-adjoint operators A and B, the notation A < B (A < B) means that
B — A is a positive (invertible positive) operator.

Investigating the relation between these different means has taken the attention of
several authors due to its applications in operator theory. In this article we discuss the
different relations among these quantities, in view of the inequalities appearing in the
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literature. The following inequalities, proved in [3] and its references, motivates our
study. For a,b >0, 0 < u <1 we have

K(h,2)"a#yb < aVyb < K(h,2)Ratyb, (1.1)
alyb+2r(aVb—alb) < aVyub < alyb+2R(aVb —alb), (1.2)
K(h,2)"alyb < atyb < K(h,2)Ralyb (1.3)
K(h,2)*alyb <aVub < K(h,2)alyb, (1.4)

where r =min{u,1 —u}, R=max{u,1—u}, h="2 and K(z,2) is the Kantorovich

a
constant defined by K(z,2) = (’21)2 for t > 0. Earlier, it was proved in [1, 2] that

at#tyb+2r(aVb — a#b) < aVub < a#y b+ 2R(aVb — a#b). (L.5)

We remark that the first inequalities in (1.3) and (1.4) are not shown in [3], but
they can be easily proved as follows:

e Since K(h,2) a#_,b<aVi_yb by (1.1)and (aVi_yb)(a!yb) = (a#,b)(a#,_b),
we have

Ll#lfub
K(h,2)"alyb=K(h,2)"
(a)a# (,)aV17“

~attyb < attyb
proving the first inequality of (1.3).

e By the first inequalities of (1.1) and (1.3), we have aV b > K(h,2) a#,b >
K(h,2)*al,b.

Inequalities (1.1), (1.2), (1.3), (1.4) and (1.5) can be written as

(1.6)

InaV, b —Ina#,b
InaVb — Inai#b

aVub—alyb
aVb—alb
Ina#t,b —Ina!yb
Ina#b — Ina'b

InaV, b —Ina!yb

< 2R,

I

2r < < 2R,

2r < < 2R,

2 < ~ b
"S TInaVe — Inalb
aVub—attb
X v < ZR’
d aVb — a#b

respectively. Our main goal in this paper is to present the different relations among the
above ratios. For this purpose, we define the following functions for given a,b > 0 and
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e [0,1],
LAGy(a,b) = (InaV b —1Ina#,b)/(InaVb — Ina#b),
AHy(a,b) = (aVyb—a!ub)/(aVb—a'b),
LGH,(a,b) = (Ina#ub—1Ina!yb)/(Ina#b —Inalb),
LAH,(a,b) = (InaV,b—1na!yb)/(InaVb —Inalb),
AGy(a,b) = (aVyb—a#,b)/(aVb — a#b),
GHy(a,b) = (a#ub—a'b)/(a#b —a'b)

with the convention that all functions are equal to 1 when a =b.
In the sequel, we use the notations » = min{u,1 — u} and R = max{u,1 —u}
B

for 0 < u < 1. Moreover, the expression o < B < v will be used to mean that both
2

inequalities o < By < ¥ and a < B, < y hold.

2. Main results

2.1. The discussion of LAG, and AG,

In this part of the paper, we present several relations between the geometric mean
and arithmetic mean, that lead to the main relation between LAG, and AG,,, presented
in Theorem 2.3.

LEMMA 2.1. Let a>b > 0. Then

aVyub>aVb,0 < u < % o1

aV,Jb<aVb—<;,L<1 ’
and

attyb > altb, 0< u < 4 2.2

atyb < atb, F<pu <1’ :

The following is a refinement of the reverse Young’s inequality that will help to
prove our main result in this part.

PROPOSITION 2.2. Let a>b >0 and 0 < u < 5. Then
aV'u aVb
a#ﬂb a#b

Proof. For 0< u <1 and ¢ > 1 define f(u) = (1—p)c*+uck=1. Then f'(u) =
cHlg(u) where g(u) = (1 —p)elne—c+ 1+ plne. Now g'(1) = (1 —¢)lnc <0
because ¢ > 1. This implies that g is decreasing on [0, 1] and

1 1)1
g<u>>g(5):1—c+%:=mc>, e 1.
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Now

c+1 1 M c—
2 +§lnc and H"(c) = 52

Since H"(c) > 0 it follows that H'(c) > H'(1) =0 hence H(c) > H(1) =0.
Consequently g(u) >0, when 0 < u < 57 implying that f(u) < f(l) That is,

when 0 < U < %, we have (1 —p)ct +pct—1 < \/—H/\/— Jfore>land 0< <y

“V" g“Vh foro<pu<i O

H'(c) =

>0 because ¢ > 1.

<3
a
attb

AN
Now since a > b, we may replace ¢ by 7 to get —

. aVub b
Inequality a#—“h < M forO0 < u < % is a refinement of ” <K(§,2 )R because

for these values of u we have ZZ}I; < K(h,Z) where R = max{u, l—pup=1-

Vb
When 0 < u < é, we have seen in Proposition 2.2 that = "h < %. This or the

reverse inequality is not valid for 1 5 < u <1, in general. The following theorem is
the main result in this part of the paper. In the following proof, the definition of the
functions f and g at x = 1 is understood to be the limit as x — 1.

THEOREM 2.3. Let a,b >0 and 0 < u < 1. Then

a#b aVb
a#ﬂb aVﬂ

. {a#b aVb
min

A LA
b’ Vb } Gu(a,b) < LAGy(a,b) < max{

}AGH (a,b).

Vb
Proof. For 0 < u <1, we treat two cases. If ZZ;}’ < a#"b , then the fact that g(x) =

lnx

is decreasing on (0,0) implies g (az :) <g <ZZ§ ) which is equivalent to saying

LAG,(a,b) < “#b AGu (a,b). On the other hand, if % av“ then using the fact that

the function f ( ) = ’%“f is increasing on (0,0) implies LAGu (a,b) a"VV"hAGu (a,b).

This proves the second desired inequality

Now for the first inequality, if % < (x) = £ s increas-
v
ing and if ZZ})’ Z#L‘f apply the fact that g(x) = ;“Tx is decreasing. [

In view of Proposition 2.2, when a > b we have a‘;ﬁ”b < %, for0<u< %
hence the inequality of theorem 2.3 maybe restated as

a#tb aVb
—AG b LAG b) <
attyb u(a,b) < ula,b) aVub

AG#(a7b>7 Og.u <

N —

The following gives an upper bound of LAG(a,b) in terms of a and b, and indepen-
dent of u.

PROPOSITION 2.4. Leta>b >0 and O < u < 1 then

aVb

LAG b) < —.
ula,b) a#b
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Proof. Without loss of generality, let » =1 and a > 1 and define

£(u) =1In(aVy1) — In(aty1).

Then it can be easily seen that f attains its maximum on [0, 1] at yy = % Thus

for u € [0,1] we have

l1—a+alna Ina
f(u)<f< TETY )— +In(a—1)—Inlna—1.

Ta—1
We assert that
Ina

(@—1)—Intna—1< X (1naVi - na#1). (2.3)

This is equivalent to proving that

Ina Ina a+1 a+1
- /=L )—1- 1 <0
8(@) n(a—l) 2Ja n(z\/a)

a—1
Observe that
Ina 1 a—1 a+1\ a—1
! = 1)—(1+1
0= (a7 aam) (e 1) - (57 s
Notice that
§'(a) <0
alna a—1 a+ 1\ (a—1)?
—1 —1)<(1+1
(a—l )(1 ) <+n2ﬁ) ia
alna a—1 a+1\ (a—1)
<— 1— — ) <[ 141 .
at (a—1+1na> <+n2\/ﬁ) 4\/a

Now one can easily show that when a > 1 we have

1 -1
ana+a >2va
a—1 Ina

Therefore g'(a) <0 if

1-2 1+1
a+ \/_<+2\/5

which is equivalent to

—— < 1l+Inh——,
(Va+12 S " "2va
which holds trivially because the left side is at most 1 and the right side is at least 1

when a > 1. This proves that g’(a) <0 when a > 1 and hence, g(a) < g(1) =0.
This proves (2.3), implying f(u) < % (InaV1 —1nat#l), or equivalently

LAGy(a,b) < b O
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2.2. The general discussion

In this part of the paper, we present the main result of our work, where several
relations among the different ratios have been obtained in the following theorem.

THEOREM 2.5. Let a,b >0 and p € [0,1]. Then
1. If (1 =2u)(a—b) =0, we have

LAH (a,b)<LGH,(a,b) GHy(a,b)
2r<LAG,(a,b)< [ AG) (a.b) <AHy(a,b)< |77 24)
2. If (1—2u)(a—b) <0, we have
LAH(a,b)>LGH(a,b) GHy(a,b)
2R>LAG, (a,b)> [ e (ab) >AH(a,b)> |7 | @5

The above inequalities can be equivalently stated in terms of r and R as follows:

1. If a > b, then

O T G SN T |

2> o) > [AIG LT w7510
2. If a < b, then

R BN |

28> 14G (a) > [N Z LIPS ) [ O]

Considering symmetric properties, it is enough to show (2.4) for u < % and (2.5)
for u > %, assuming a > b. Moreover, since they are obvious for the case a = b,
we assume a # b to ensure that all quantities are well defined. We also note that the
inequalities 2r < LAGy(a,b) and AHy(a,b) < 2R in (2.4) and 2R > LAGy(a,b) and
AH,(a,b) > 2r in (2.5) have been already shown in (1.6). The following lemma will
be needed to prove our main result.

LEMMA 2.6. Let a,b >0 and u € [0,1].
1.
(aVyb)(aly_ub) = (a#ub)(a#_ub). (2.6)

2. For 6 = %’,’;% , we have

(aVub)Vs(alyd) < (alyb)!s(aVyb). (2.7)
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3. Forany v €10,1],

(2.8)

N =

(aVub)Vy(alyb) < attyb, Yu < = < (alyb)!y(aVyub) > a#tyb, Vu >

NI'—‘

Proof. The first statement is clear. For ¢ >d >0 and p € [0,1], it is easy to show

that
Ve
Vervd

cVyud <dlyc = u =

Thus (2.7) will follow by proving

aVyub

aVyub+ \/alb

Since & can be written as quzu#h , the above inequality is equivalent to
2
avVb aVyb
— | > .
a#b alyb

2
Since <M> = 90 the above follows directly by inequality LAHy(a,b) <1 in (1.6).

attb a'b
The following argument proves (2.8):

(aVub)Vy(a!yb) <attyb foru < %

() 7 () <1 om
#1_ub #1_ub

(2!55;;) Vv (SVIIZIJ <1 forp< %

(Z?g:) Vy (%) <1 foru> %

attyb < (alyb)!y(aVyb) <1 forp >

111

Now we start proving the main theorem by proving the different inequalities the
theorem is implied.

PROPOSITION 2.7. Let a > b >0 and u € [0,1]. Then, we have

LAGy(a,b) < LAHy(a,b) < LGH(a,b) for u <

l\JI—‘l\JI'—

LAGy(a,b) > LAHy(a,b) > LGHy(a,b) for u >
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Proof. By (2.6) of Lemma 2.6, the two results above are equivalent. Moreover,
since

LAGy(a,b) < LAHy(a,b) <= LAH,(a,b) < LGHy(a,b),

2
it suffices to show LAG (a,b) < LAHy(a,b) for t < 5. Since % = (%) , we have

LAG(a,b) < LAH,(a,b)
< (aVub)(a'ub) < (atyb)?
<~ f(x)=0 forx>1,

where f(x) = x!"2#(ux+1—u) — [(1 — u)x+ u]. Letting g(x) = x** f'(x), we have
(x)

g(x
g'(x)

Since 4 < § and x > 1, g'(x) > 0. Moreover, since g(1) = f(1) =0, f(x) >0 forall
x>1. O

= (1—2u)(ux+ 1 —p) +px— (1 — )t
= 2u(1—p)(1 -2,

PROPOSITION 2.8. Let a>b >0 and p € [0,1]. Then

)

LGH,(a,b) < AHy(a,b) for p <

LGH,(a,b) > AH,(a,b) for p >

| =N =

Proof. Assume b = 1. Denoting a by x, we define f(u) by

() = (V1 —x!,1) (In(x#1) — In(x!1)) — (In(x#y 1) — In(x!y 1)) (V1 —x!1)

— (et Y= (e =) &
= ((1 H)x+p yx—i—l—u)l 2v/x <(1 #)Inx—1 ux+1—u)2(x+l)'
Then we have
Lo X Y x+1 x—1 N (x—1)
f(”)_<(‘ux—|—1—,u)2 1>( l)lnz\/)—c (,LL)H—I—,LL in )2(x+1)’
1 _ (x_l)s
f ([,L) - 2(.X+1)(‘LL.X+1—‘LL)3 [.LL—I/L(X)},
where

Cdx(x+1) x+1 1
e i s WA

2
Let v(x) = % —4In % . Then we can show that

ren X 44x+1
u(x) = W"@%
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2(x—1)

'(x) = 9 12— (2 +4x+1)2
V) x(x+1)(x2 +4x+1)2 (Ot 1)" = (& -4+ 1)7]
= —1 — 1)<0
x(x+l)(x2+4x+l)2(\/)_c Jle=vas)
Since v(1) =0, u(x) is a decreasing function for x > 1. Moreover, since
. 1 x+1 (x—1)?
1 =8l 1 —
) =SNG (M 2E T e )
~ Slim 2x+1 1
el 123(x+ )2 2]
lim u(x) = 0,
X—o0

we have 0 < u(x) <1 forx>1.
Thus there exists i, € [0,3] such that £’ is decreasing on [0, 1] and increasing

on [y, 1]. Now we show that f/(0) >0, f'(3) <0, and /(1) > 0. Since

N x+1 (x_1)2
f(O)—(X—l) In 7—( —l—lnx)m,
oL —(x—1)7° x+1 2(x—1)\ (x—1)?
FQ) =45 lnzﬁ+<ln"_ i il )z(x+1)’

o —Em D Al x =1 (1)
£ = X : 2\/)_c+<1 X )2()c—|—1)7

we have

where

i\/_—x—kl—f—lnx,
B(x) = 2(x— D)n +f (r+ Dlnx+2(x— 1),

x+1

Y(x) =xlnx—x+1-2(x+1)In PV

Since
x+1

>
237

ﬂ’(x)zzln’;il—l w2l

o' (x) =2In=——= >0,
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" _ 2()6—1)
ﬁ (X)_X(.X+1)2 207
Y (x) =Inx—2In 24\}1 +1—1

o/’(x>=;(%l)>o

and (1) = B(1) = B'(1) = Y1) = 7(1) = 0, (x), B(x), ¥(x) > 0 forall x> 1.
Finally, since £(0) = f(5) = f(1) =0, we conclude that (1) >0 for g < 3 and

flu)<oforpu>1. O
For the next proposition, see Theorem 2.3.

PROPOSITION 2.9. Let a > b >0 and p € [0,1]. Then

LAG,(a,b) <AGy(a,b) for u <

|'—‘NI'—‘

LAG,(a,b) > AGy(a,b) for u >
Observe that Theorem 2.3 gives a refinement and a reverse of the above proposi-
tion. This can be seen for 0 < u < l because, for these u's, we have % <1 and

a“fbb 1 by Lemma 2.1. A similar discussion holds for <u<l.

PROPOSITION 2.10. Let a > b >0 and u € [0,1]. Then, we have

AGy(a,b) <AHy(a,b) < GHy(a,b) foru <

NIHNIH

AGy(a,b) > AH,(a,b) > GHy(a,b) foru >

Proof. Since both AG,(a,b) < AHy(a,b) and AHy(a,b) < GHy(a,b) are equiv-

alent to
(a#b —a'b)aV b+ (aVb — a#b)a!yb < (aVb — alb)at b,
it suffices to show

AGy(a,b) <AHy(a,b) forp <

AGy(a,b) > AHy(a,b) foru >

Let § = ‘(%’,’) 4#h € [0,1]. Then we have

AGy(a,b) < AHy(a,b) foru <

1
2
1
< (aVub)Vs(alyb) <a#yb for u < 3



INEQUALITIES RELATED TO THE ARITHMETIC, GEOMETRIC AND HARMONIC MEANS 11

= ahub < (alub)!s(aVub) forp > 3

where the last equivalence follows from (2.8) in Lemma 2.6. Similarly, we have
AGy(a,b) > AHy(a,b) forp > %

< (aVub)Vs(alyb) > at#tyb for u >

Suppose that AGy (a,b) > AHy (a,b) holds for > 1, thatis, a#,b < (aV,b)Vs(a!ub)
for t > 1. Then attyb < (alyb)!5(aVyub) for 1t > % by (2.7) of Lemma 2.6, which im-
plies that AGy,(a,b) < AH,(a,b) for u < —. Therefore it suffices to prove AG, (a,b) >
AHy(a,b) for u > 5
Letting a = x> and b = 1, we have
AGy(a,b) > AHy(a,b)
x(x?+1)

S s (1)
uxz+1—u ( )

= 2((1—p)®+u)+
= fx) 20,
where
F) = (0 +1 =) [2((1— ) + ) — (x+ 1% 7] (o + 1),

We will show that f(x) >0 for x > 1 and u > 5. Letting g(x) = f'(x)/(x+1) and
h(x) = x*T2Hg"(x)/2u(1 —p)),a stralghtforward computation shows the following:

gx)=8u(l—p)(x—1)x+3x+1

—x 2 [ (5 = 20)0° 4+ (3 = 20) + (1 — ) (3 = 2u)x + (1 — ) (1 —2u) ],
) 3

g () =8u(l—p)(2x—1)+3+x "2 [u(5—2u)(2u — 3)x
—2u(1—p)(3—2u)x + (2u — 1) (1 — u) (3 —2u)x —2u)] ,

h(x) =8 + (5 —2u)(2u —3)x + (2 — 1) [(3—2u)x* — (3 —2u)x + 1 +2u],

B (x) = 16(1+ u)x"" 2 + (2u —3) [3(5 —2u)x* —2(2u — 1)x + (2u — 1)],

B (x) = 16(1 4+ p) (1 +2u)x*" +2(2u — 3) [3(5 — 2u)x — 2u + 1],

K" (00) = 320 (14 p) (1420~ 6(2u —3)(5 - 2u).

Since
R (x) = 1" (1) = 2(32u° 4 36> + 641 — 45) > 2(32/8 436 /4 + 64 /2 —45) = 0,
H'(1) =80(2u—1) >0,
H(1)=8(4—-p)(2u—1)=0,
h(1) =8(2u—1) >0,
g'(1)=g(1)=f(1)=0,
we conclude f(x) >0. O
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COROLLARY 2.11. Let a,b> 0 and p € [0,1]. Then,

2r
avVyub
]' (qu) < u < th'

alb

2 2
21 (1-2p)(a—b) > 0, we have (%22)" < S < (22)",

alyb

2 aVyb 2
3. If (1=2u)(a—b) <0, we have (Z?,VII;) < a!:b < (Zi’:g) .

Proof. The first statement is simply another expression of 2r < LAH, (a,b) < 1.
Since LAG,(a,b) = LGH;_y(a,b) for u € [0,1] by (2.6) of Lemma 2.6, the rela-
tions among LAG(a,b), LAH,(a,b) and LGH(a,b) in Proposition 2.7 imply (2)
and (3). O

REMARK 2.12. By (2.6) of Lemma 2.6, this corollary can be written as follows:

1. (g)4r < aVub (%)2 forany a,b >0 and u € [0,1];

I

2 2
2. if (1-20)(a—b) > 0, we have () < S0 < (48 ) s

2 2
. v r
3. if (1—=2u)(a—b) <0, we have (Z#ﬁlf) < anp S (ZZJ)’) :

2 e
13 s A AN
E L, .
// . \ \‘\
A \
125 % P \
! i A
7 ;o N
1.2 K A
IV A
[V
i ! s
1.15 AV
/ s
YA

aVy
1
@y

2r
Figure 1: hb (Solid greenline), (%) (Dashed blue line), % (Dashed yellow line),

atiph . atb\? .
( £ ) (Dash-dot red line), and ( !;b> (Dash-dot purple line)

alrb a

2r 2 2
- avyub Vb Vb [ atgb #b
Figure 1 shows the graphs of a!ib , (%) . L u!;:h , and Z,ﬁ for

0<u<1,where a=8.9092 and b =2.9771.
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2.3. Some related inequalities

In this section we present inequalities related to the general theme of this paper.
In the following corollary, we present a refinement and a reverse of the inequality
LGH, (a,b) > GHy(a,b) for 1 <pu < 1.

COROLLARY 2.13. Leta>b >0 and <u<1. Then

a'b attb

—GH b) < LGH b) < ——GH(a,b).
M) < LGHu (@) < o GHy a.)

aVu _ a#l,yb .
5 Which

Proof. This follows from Theorem 2.3 by observing that

= =t
implies LAGy(a,b) = LGH,—y(a, b),a“VV"bAGu(a b) = a#” GHI u(a,b) and

a‘;#thGy(a b) = 5 atpGHy_y(ab). O

Recall that the logarlthmlc mean of two positive numbers a and b is L(a,b) =
4= Observe that since a#b < aVb,attyb < aVyb and L is a mean, we have

L(a#b,at#yb) < L(aVb,aVb), because L is increasing in both coordinates. The fol-
lowing inequality is a refinement and a reverse of this relation.

COROLLARY 2.14. Let a>b>0and 0 < u < 1. Then

atth att,b
~—L(aVb,aV #b, attyb) < —2
b (aVb,aV b) < L(a#b,a#b) Vb

L(aVb,aV D).

Proof. For 0 < u < 5 we have ai#bb < aaVVbb by Proposition 2.2. Since f(x) = x“‘f

is increasing on (0,e0) we have f <a‘;ihb> <f (auVVbe> . Simplifying this expression

gives the first inequality. On the other hand, since g(x) = 12X is decreasing on (0, o),

we have g ( avbh ) <g <£:hh> . Simplifying this expression leads to the second inequal-
ity.

< “Vb for O < u < 1 and using the monotonicity of the

functions f and g of the above corollary, we deduce the following inequality.

COROLLARY 2.15. Fora>b >0 and 0 < u < 1 we have

alb aVvVb
——AH, (a,b b) < —AH;(a,b),0< u<1.
alyb u(a,b) < LAHy (a,b) < av, u(a,b), u
Note that when 0 < ¢t < 5 we have “gﬁ 1. Therefore the above inequality gives

a refinement of the inequality LAH# (a,b) < AHy(a,b) in Theorem 2.5 for 0 < pu < % .
For these 1t’s, the above inequality gives a reverse %AH“ (a,b) < LAHy(a,b). On
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the other hand, when % < u < 1, the above inequality gives a reverse of LAH, (a,b) =

AH, (a,b) by introducing the factor % > 1 and a refinement by introducing the factor
aa!ilbh > L.

On the other hand, the fact that “Lbh < aaVVubh for 0 < u < 1 and monotonicity of

al

the above f and g implies the following.

COROLLARY 2.16. Leta>b>0and 0 < u < 1. Then

alb alyb
— < L(alb,alyb) < ; :
aVbL(aVb’aV”b) < L(alb,alyb) aVﬂbL(aVb aVb)

Notice that this is a refinement and a reverse of the inequality L(a!b,a!;b) <

L(aVb,aV b) following from the monotonicity of the mean function L.

2.4. Application to operators

In this section, we present some operator versions of the inequalities we have
proved for numbers. The following is the operator versions of Corollary 2.11.

THEOREM 2.17. Let A,B be invertible positive operators and L € [0,1]. Then,
1. AV,B < (A#B)(A!B)"'(A1,B)(A!B) "1 (A#B).
2. If (1-2u)(A—B) >0, then
(A#RB)(A'gB) ' (A!4B)(A!rB) ! (A#zB) < AV,B,
AV, B < (A#,B)(A!,B)"'(A!,B)(A!,B) " (A#B).
3. If (1-2u)(A—B) <0, then

(A#,B)(A!,B)"'(A!,B)(A!,B) "' (A#,B) < AV B,
AV, B < (A#B)(A'RB) ' (A!,B)(A!rB) ' (A#gB).

Proof. We prove
AV,B < (A#,B)(A!,B)"'(A!4B)(A!.B) " (A#.B)

for A> B and u < % . The other inequalities also hold by the same argument. Letting

2
a=x and b = 1, the inequality ‘ZYT“: < <Z’f:£ ) in (2) of Corollary 2.11 can be written
by

(1—px4+p<xr (1— r)x! +r) ((1 —u)x ! —I—;,L)_l ((1— r)x~! +r)x1_’.
Thus for any X > I, we have

Q=X +u <X (=X 47 (1—wx " +u) " (1=nx 47X
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by the operator monotonicity of continuous functions. Replacing X by B~1/2AB~1/2,
we have

AV,B < (B#_,A)(A\,B)"'(A!,B)(A\,B) " (B#_,A).
Since B#;_,A = A#,B, we have the desire inequality. [

From the relationship between AG, and AH, in Proposition 2.10, we have the
following result: if (1 —2u)(a—b) > 0, then

a#tb Vb

a
L S L 2.
b ain Pt o Tl 2:9)

attyb <

and if (1 —2u)(a—>b) <0, then

Vb

attb a
#ub > ———al,b.
@ a aVb—l—a#ba H

__ah v
Vo am rP T

The following is their operator version.

THEOREM 2.18. Let A,B be invertible positive operators and L € [0,1]. Then,
1. if (1-2u)(A—B) >0, then we have
AttuB < 2(A#3B)(A#B +B)"(AV,B)(A#B —i—B)_l(A#%B)
+((A+B)#B)(A#B + B) " '(A\,B)(A#B + B) "' ((A + B)#B).
2. if (1—2u)(A—B) <0, then

AttyB > 2(A#3 B) (A#B + B)"'(AV,B)(A#B + B)_l(A#%B)
+((A+B)#B)(A#B +B) " '(A\uB)(A#B + B) ' ((A+ B)#B).

Proof. We prove the first inequality for the case that p < % and A > B. The other

cases follow by the same argument. Letting @ = x and » =1 in (2.9), we have

A2 (a+ 1) T (= ) (Va4 1)
VA I(VA+H D) (=) ) (Ve ) WA L

Thus replacing x by B~'/2AB~1/2 we have

Bity A < 2(B# A) (BH#A + B)"'(AV,B)(B#A +B)™! (B#1A)
+(B#(A+B))(B#A +B) ' (A!,B)(B#A + B) ' (B#(A + B)).

The desired inequality follows by the relationship A#,B = B#;_,A. [
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