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INEQUALITIES FOR GAUSSIAN HYPERGEOMETRIC FUNCTIONS

WEN WANG, JUANJUAN PAN! AND SHIGUO YANG

(Communicated by S. Koumandos)

Abstract. In this paper, we first shall present some inequalities for Gaussian hypergeometric
functions, which generalize an identity involving the inverse hyperbolic tangent function. Fur-
ther, the monotonicity of general hypergeometric function is proved. The obtained results of this
paper improve some known results.

1. Introduction

For real numbers «a,b and ¢ such that ¢ #£ 0,—1,—2,---, the Gaussian hypergeo-
metric functions F(a,b;c;x) : (—1,1) — R are defined by
(a,n)(b,n) x"

F(a,b;c;x) =, Fi(a,b;c;x) = . — 1.1
(a,b;c;x) =3 Fi(a,b;c;x) E) e ! (L.1)

where (a,0) =1 for a #0, and (a,n) =a(a+1)(a+2)---(a+n—1)= rgf(:)") for
each n € {1,2,---} denotes the Pochammer (or Appell) symbol. The Gaussian hy-
pergeometric functions F'(a,b;c;x) admit the Euler integral representation [1, 11], as

follows:
1
Coey) — c—lpq _ Ne=b—1(1 _ —a
F(a,b,c,x)—r(b)r(c_b)/ot (1=1)" V(1 —xt)“d,

where T'(z) is Gamma function.

The Gaussian hypergeometric function has attracted the interest of authors and
perhaps been widely used in [12-20]. Such as, some well-known class of mathematical
physics are particular or limiting cases of it [§—10].

It is clear that for many rational values (a,b,c) of the Gaussian hypergeometric
function F(a,b;c;x) reduces to many well-known special elementary functions. The
readers can see reference [1], such as,

1 3 1
F| =,1;=;r | = —arctanhr. 1.2
(2 ) ) 2r 1:2)
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It is not difficult to find that for r € (0, 1), the inverse hyperbolic tangent function
arctanh x satisfies the following identity

2
2arctanh \/r = arctanh <i> . (1.3)
1+r
Combing (1.2) and (1.3), we get
1 3 4r 1 3
Fl=,1;=; =(1 Fl=-,1,=:r), 1.4
(2’ 2 (1—|—r)2) (1+r) (2 2r> 14
I 3 1—r\ I4r_ (1 3
F<§71,2,1+r>— : F<271,2,1 r). (1.5)

For the zero-balance hypergeometric function F(a,b;a+ b;x), Qiu and Vuorinen
in [3, Thm 1.2] and Simi¢ and Vuorinen in [4, Thm 2.1] obtained some meaningful
results, respectively.

Afterwards, Baricz [5] extended some important results of the zero-balance hyper-
geometric function F(a,b;a+ b;x) to the general hypergeometric function F(a,b;c;x).

Recently, Wang, Song and Chu [6] studied (1.10) and (1.11), and presented several
inequalities for the zero-balance hypergeometric function F(a,b;a + b;x), as follows.

THEOREM A. ([6]) Let a,b,c € R such that ¢ #0,—1,-2,---, and for all r €

(0,1).
If (a,b) € {(a,b)|a,b>0,ab < §,3ab— (a+b) < 0}, then

4
F(a,b;a+b;ﬁ) < (1+7)F(a,bia+b;r), (1.6)
1+r 2 1—r
—F ; ;1 — <Fla,b; — . 1.7
2 (a,bya+b;1—r7) (a bia+b l—l—r) (L.7)

If (a,b) € {(a,b)|a,b > 0,ab > },3ab— (a+b) >0}, then

4
F(a,b;a—kb;ﬁ) > (1+r)F(a,bia+bir), (1.8)
I—r I+r 2
; y—— | < ——F(a,b; 1=r7). .
F(a,b,a+b,l+r> 7 F(a,b;a+b;1 —r7) (1.9)

In this paper, motivated by [3, 4, 5, 6], we make a contribution to this subject. The
results can be extended the zero-balance hypergeometric functions F(a,b;a + b;x) to
the general Gaussian hypergeometric functions F(a,b;c;x). In a word, we first shall
present some inequalities for Gaussian hypergeometric functions, which generalize an
identity involving the inverse hyperbolic tangent function. Further, the monotonicity of
general hypergeometric function is proved. The obtained results of this paper improve
some known results.
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2. Main results

Throughout this paper, for a,b,c € R and ¢ #0,—1,—2,--- we set

D, = {(a,b,c)|a—|—b< c,abémin{%—(a—!—b),c—;l}};

1 1
(a,b,c)la+b>c,ab > max{2 c—;— }},

b b< c,ab< { 1k
,O)|a+b<c,a m1n23

Da=
Dy ={(a,
Dy ={(ab.c)la+b>cab> max{ }}
ps = {(a, >m
Do~

I ¢ c+1
b,c)|a,b,c > 0,c < min{a,b},ab ax{2 373 }},

S

1
(a,b,c)|a,b,c > 0,c > a+b,ab < mm{z— (a+Db),

WIQ

where

Ds = (a,b,c) € D,NDsN{(a,b,c)|a,b,c > 0,c < min{a,b}};
D¢ =DiND3N{(a,b,c)|a,b,c>0,c=a+b}.

Our first main result is stated as follows.

THEOREM 2.1. Let a,b,c € R such that ¢ #0,—1,—2,---, and forall r € (0,1).
The following assertions are valid.
(1). If a,b,c € Dy, then

4r
. . > . . .
F<a7bsc9 (1+r)2) = (l—l—l")F(Chb,c,r), (2 1)
1—r 1+r
F(a,b,c 57 ) TF(a b;e;1—r). (2.2)

(2). If a,b,c € D3, then

4r
F 36— | < (1+r)F(a,b;c;r), 2.
(a,b,c,(l+r)2) (14+r)F(a,b;c;r) (2.3)
1—r 1+r
F ; —F 1— 2.4
<a,b,c T5r ) 5 (a,b;c;1—r). (2.4)

Now, we consider the following Gaussian hypergeometric transformation [1]

1 1 1 4r
F <§a,§a+ 5;a—b+ 1;m> =(14r)*F (a,ab;a—b+1;r), (2.5)

which may be regarded as the generalization of the identity (1.3). By applying this
transformation we can get the following result.
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THEOREM 2.2. Let a,b >0, c € R with ¢ #0,—1,-2,---. The following asser-
tions are valid.

(1). If3a+3<b<min{a+1,a+1—c}, then

F (a bic; (1ir) ) > (14+1)F(a,byc;r). (2.6)

(2). Ifa—c+1<b<min{§,a+1}and a<1, then

F (a,b;c;(liirr)z> < (14 n)%(a,b;c;r). (2.7)

: : 1—-r
Noting that by changing r to 1

following inequalities.

in inequalities (2.6) and (2.7), we obtain the

COROLLARY 2.3. Let a,b >0, ¢ € R with ¢ #0,—1,-2,---. The following
assertions are valid.

(1). Iffa+3<b<min{a+1,a+1—c}, then

1—r 1+r\*
F o— | < F(a,b;c;r). 2.
(a,b,c,1+r) ( 2 ) (a,b;c;r) (2.8)
(2). Ifa—c+1<b<min{§,a+1}and a<1, then
1—r 1+r\*
. . > . . . .
F <a7b,c,—1+r) > ( 5 ) F(a,b;c;r) (2.9)

THEOREM 2.4.  Forall r € (0,1), the function

J(r)=(1+r)F(a,b;c;r)—F (a7b;c;(1j_7rr)2)

is monotone decreasing on Ds and monotone increasing on Dg.

3. Some lemmas

We first introduce some lemmas, which play an important role in the proof of main
results.

Let us recall the following assertion of Biernacki and Krzyz [7], which we shall
use in the sequel.
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LEMMA 3.1. Let ay € R and b, > 0, and for all n € {0,1,---}, the power series
fx) =X, 0anx" and g(x) = ¥,>0bux", and both converge on (—r,r), r > 0. Suppose

that oS e
- X - n>0an
h(x) B g(x) B znZObnxn'

If the sequence {an/bp}n>0 is increasing (decreasing), then the function h(x) is in-
creasing (decreasing) too on (0,r).

For different proofs and various applications of Lemma 2.1, the readers are re-
ferred to the references [4, 5, 13].

LEMMA 3.2. ([11]) For the Gaussian hypergeometric function F(a,b;c;x), we
have

F(a,b;c;x) = F(b,a;c;x), (3.1)
iF(a b'c‘x)—%F(a—i-l b+1;c+ 1;x) (3.2)

dx I ] - c k) ’ ’ 9’ M

(l—x)%F(a,b;c;x):WF(a,b;c+l;x)—(c—a)(c—b)F(a,b;c;x).
(3.3)

We denote
F(r)=F(a,b;c;r), G(r)=F(a,b;c+1;r), (3.4)
and
~ 1 3 ~ 1.5

F(V)—F(§7l,§,r> G(r)—F<§7l,§,r>7 (35)

where a,b >0, (a,b) # (%,1) and (a,b) # (1,1).

LEMMA 3.3. Let r € (0,1).

(1).  The function g(r) = gE:; is decreasing on Dy and increasing on D;.
(2).  The function f(r)= ;E:g is decreasing on Dz and increasing on Dy.

Proof. (1). Since

a,n)(b,n
(= G0 _ Flabiet in _ 2oz NN
’ G(r) F(%,l;%;r) y >0(%Jg)(l7n).ﬂ"
nz (77’1) n!

Therefore, by Lemma 3.1, in order to prove the monotonicity of g(r), we only need to
obtain the monotonicity of the sequence

@) G
" (c+1,n) (%,n)(l,n).
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By a simple calculation, one has

Upy1 _ (a+n)(b+n) (%—Fn)
uy,  (c+n+1) (%4—n)(1—i—n)>l(< b

if and only if

5 1

3 1
AL =(a+b—c)n®+ (a+b)+§(a+b—c)—|—ab—§ n—i—iab—— > 0(<0).

1
272
Hence, if (a,b,c) € Dy, then A} <0 for all n € {0,1,---}, that is {u,},>0 is de-
creasing. So, by Lemma 3.1 the function g(r) is decreasing. On the other hand, if
(a,b,c) € Dy, then A} >0 forall ne {0,1,---}, that is {uy},>0 is increasing. So, by
Lemma 3.1 the function g(r) is increasing.

(2). Since

™M
=
WV
o
o= &
=
=
=
5%

(L)
G

Therefore, by Lemma 3.1, the monotonicity of f(r) depends on the monotonicity of

the sequence
_J@an®n G
{an}n>0 = { cn ) .
n=0

A simple calculation yields that

Ol (a+n)(b+n)(2+n

2
% (c+n)(z+n)(1+n)

if and only if

A =(a+b—c)n®+ E(a—l—b—c)—f—ab—l n—l—iab— lc) 0(<0).
2 2 2 2
Thus, if a+b > ¢ and ab > max{%,%}, then A}, > 0 for all n € {0,1,---}, that is
{00 }n>0 is increasing. So, by Lemma 3.1 the function f(r) is increasing. On the other
hand, if a+b < ¢ and ab < min{%,%}, then A, <0 for all n € {0,1,---}, that is
{0 }u>0 is decreasing. So, by Lemma 3.1 the function f(r) is decreasing. [

4. Proofs of theorems

Proof of Theorem 2.1. By Lemma 3.3 (2), for (a,b,c) € D4y and r € (0,1), the
function f(r) is increasing. Hence, for each 0 < x <y < 1, we have f(x) < f(y).

Now choosing x =x(r) =r and y = y(r) = (11’)2 , we get that

. 4r
F(a,b;c;r) < F(a,bic; > (1+4r)2 7)
1 3. = 1 1.3._4r ’
(E 1 f ) F(§71’§’ (1+r)2)
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ie.
4 F(3,1;3:r
F(a,b;c;r)éF(a,b;c; - 2) 1(2 3 242 : 4.1)
) FL 1 )

From (1.3) and (4.1), a simple substitution yields (2.1).
Similarly, if (a,b,c) € D3 and r € (0,1), the function f(r) is decreasing. Hence

v 4r
F(a,b;c,r) F(avb’c’ (1+r)2)
F11.3. >F11'3' 4r ’
(§7 ’jvr) (§7 ’j’(1+r)2)
i.e.
4 F(3,1:5;
F(a7b;c;r)>F<a7b;c; 4 2) 1(2 3 2:3 (4.2)
(I+r) F(§71;§§(1+r)2)
From (1.3) and (4.2), a simple substitution yields (2.3).
The proof for (2.2) and (2.4)is similar. We need only choose x = x(r) = 1—+: and

y=y(r) = 1 —r*, and thus we omit the details. So the proof is complete. [J

Proof of Theorem 2.2. The proof is similar as in the proof of Theorem 2.1. Firstly,
we consider the function V : (0,1) — (0,+oc0), defined by

(an)(bn) X"

V(x) _ F(a7b;c;x) . Zn20 en) nl
Fla,bja—b+1ix) 3 o ((auinb)-(i_bfnn)) ¥ .

In according to Lemma 3.1, to discuss the monotonicity of V(x) we need to study the

monotonicity of the sequence {f3,},>0, defined by B, = (a_(f__:)l ) Since

ﬁn+1 _a—b+1—|—n

B c+n

Obviously, for a —b+ 1 > ¢ the sequence {f,},>0 is increasing; for a —b+ 1 < ¢ the
sequence {3, }n>0 is decreasing.

(1). We now consider the case a—b+ 1> ¢ and a—b+ 1> 0, then the sequence
{B:}u>0 is increasing, and using Lemma 3.1 the function V(x) is increasing. That

is, for each 0 <x <y < 1, we have V(x) < V(y). Now choosing x = x(r) = r and

y=y(r)= q i’)z , we get that

4
F(a,b;c;r) - F(a,b:c; (1+r) )
F(a,b;a—b+1;r) = F(a,b;a—b+1;

. 4.3)
(1+r) )
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By (2.5) and (4.3), we have

F(a,b;c;r) < F (a,b;c;

4r ) F(a,bya— b—|—1'r)
(14r)?/) F(a,b;a—b+1;

(1+r) )

4.4)

4r )( 1 F( a,3a+ 30— b“(m))

:F<a,b;c;
(1+r)2/ (1+r)*  Fla,ba—b+1;

(1+r) )

Observing that if b > %5, then (3a+ ,n) > (b,n) forall n € {0,1,2,---}. Thus, we
have

(%avn)(%a"_%vn) < (a,n)(b,n)
(a—b+1,n)-n" = (a—b+1,n)-n!’

and hence for all r € (0,1) one has

4r

I 1 1 4r
F —b+1,—— | <F(a,b;a—b+1;
(2 ) +2a + (1+r)2) (a,b;a—b+
From (4.4) and (4.5), a simple substitution yields (2.6).

(2). Secondly, we prove (2.7) is valid. If a—b+ 1 < ¢, then the sequence
{Bx}n>0 is decreasing, and applying Lemma 3.1 the function V( ) is decreasing. That

is, for each 0 <x <y < 1, we have V(x) > V(y). Now choosing x = x(r) = r and

y=y(r) = (13)2 , we get that

F(a,b;c;r) - F(a,bsc; —(lir,) )

> 4.6
F(a,b;a—b+1;r) ~ F(a,b;a—b+1; (46)

(l+r) )

By (2.5) and (4.6), and further using (3.1), we have

F(a,b;c;r) > F <a,b;c;

4r ) F(a,bya— b+1'r)
(L+7r)2/ F(a,b;a—b+1;

(1+r) )

4r )( 1 F< 72a+2,a b+l(1+r)>

:F<a,b;c;
(1+r)2/ (1+r)*  Fla,ba—b+1;

(1+r))
4r 1 F< a+2,2aa b+1;

:F(a,b;c; )

(1+r)?2/(14+r9  F(a,b;a—b+1;

JiEs; ) 4.7)
(l+r) )

Observing that if 2b < a < 1, then (3a+ 3,n) < (a,n) and (1a,n) < (b,n) for all
ne{0,1,2,---}. Thus, we have

(%a,n)(%a—l—%,n) - (a,n)(b,n)
(a—b+1,n)-n! = (a—b+1,n)-n!’



35

INEQUALITIES FOR GAUSSIAN HYPERGEOMETRIC FUNCTIONS

and hence for all r € (0,1) one has
1 1 4r 4r
F|za,= | >F(a,bja—b+1;,—— 4.8
<2a,2a—|—2a b+ (1+)> (a a—b+ (l—l—r)) (4.8)
From (4.7) and (4.8), it yields (2.7). So the proof is complete. [J
Proof of Theorem 2.4. Suppose z = (11—2)2 Then
|—ye 1—r dz _4(1—r)
T\1rr dr (1+r)3
Hence
dF (a,b;c;r)  4(1—r)* dF(a,b;c;2)
—n\J'(r) = (1 =r)F(a,b;c; 1—7 ’ — ’
(1=17() = (1= (@ bresr) + (1= P SO0 - Sl S
dF(a,b;c;r)  4(1 —z) dF(a,b;c;?)

_ e 1— 2 ) _ 5
(L—r)F(a,b;c;r)+ (1 —r7) m T =
(L—r)F(a,b;c;r)

+(1+ )[MF(abc—i—lr)—(c—a—b)F(abcr)}

1+r[c— - b> (abc+1z)—(c—a—b)F(a,bcz)}
- —b
= (1=PF(r)+(1+7) [ww) —(c—a- b)F(r)}
c
4 [(c—a)(c—0b)
- —(c—a-— . 4.9
[ D60 e-a- by @9)
On the other hand, differentiating for (1.3) with respect to r, we get
4 G(z) - 147~
—. =(1—-rF . 4.1
2 D = (1= n)F() + - GO (4.10

Firstly, we prove J(r) is monotone decreasing on D
By Lemma 3.3 (1), for (a,b,c) € D and 0 < r <z < 1, then g(r) < g(z), and
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This, together with (4.9) for ¢ < min{a,b} and using (4.10), it yields that
c

(1= nJ'(r) < (1= P)F(r) + (1 +7) [WG(@ —(c—a— b)F(r)}

(c—a)(c—b)G(r) ~
. é(r)G(Z) —(c—a—b)F(z)

= (1=")F()+(1+7) {WG@ - (c—a—b)F(r)}

3(c—a)(c—b) F(r) 1+r 4
— . (l—r)é(r)G(r)—l—TG(r) +1—+r(c—a—b)F(Z)
3(c—a)(c—Db) F(r)
=(1—r)|F(r —=G(r
(1—=r)|F(r) : &0 (r)
+ [lj_rF(z) —(1 —r)F(r)] (c—a—b). (4.11)
Since
Ii/( ) B (c u)c(cfh)G(r):(c—a—b)F(r) N 3(c—a)(c—Db) g(r) e —b)Ii(r)
F'(r) %G(r) c G(r G(r)
Then
(e=a)le=b)G(r) _ F'(r) —|—3(c—a—b)€(r) (4.12)
c G(r F'(r) G(r)
By (4.11) and (4.12), it yields that
, F'(r) ~ F(r) 4 (c—a—b)
J'(r) < [F(r)—ﬁl(r)F(r)} —3(c—a—D) é(r)+ [l—ﬁ—rF(@_(l_'—r)F(r)} T
B . _F/(r) 5, (¢c—a—b) i B AF(r F(r)
S Tl B P R R s
(4.13)
Since
G(r) > 11151+6(r):1 (4.14)
and ¢ < a+ b, then
J(r) < [F(r) - g:g:;f(r)} + (CIZ b) Lj_rF(z) —(L+7)F(r) -3(1 —r)F(r)}
B _F’(r)~r (c—a—b)[ 4 42Ny
= [0 - 5| + G2 e - =200
_FWP(F0\ | c—a=b)[ 4
= f’(r) (F(r)) T [l—l—rF(Z) (4 2r)F(r)] (4.15)
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On the other hand, by (a,b,c) € D4N{(a,b,c)|a,b,c > 0}, and using Lemma 3.3 (2)
~ !

and (3.1), then <§E:§> <0, and

(c—a—D>)
1—r

(c—a—b)[ 4

2rF(r) <0.
1—r I+r rF(r) <0

F(z) = (4=2nF(r)| <

Therefore, we have J'(r) < 0.

In summary, for (a,b,c) € DyNDsN{(a,b,c)|a,b,c >0} and ¢ < min{a,b}, we
have J'(r) < 0.

Secondly, we show that J(r) is monotone increasing on D.

By Lemma 3.3 (1), for (a,b,c) € Dy and 0 < r <z < 1, then g(r) > g(z), and

This, together with (4.9) and using (4.10), it yields that

(c—a)(c—Db)

- G(r)— (c—a—b)F(r)}

(1—=r)J'(r)>(1=r)F(r)+(1+7) {

4
1+r

(c—a)(c—=b)G(r) ~ e q—
- 5(r)G(Z) ( b)F(z)

3(c—a)(c—D) F(r) 147 4
B c (1_ )N(r)G(r)+TG( ) +l—+l"(c_a_b)F(Z>
3(c—a)(c—b) F(r)
=(1—r)|F(r 2 G(r
( >[ ) Tl
+ [—1irF(Z) - —r)F(r)] (c—a—b). (4.16)

By (4.12), (4.16) and (4.14), and ¢ > a+ b, it yields that

B V“"?EQW e lirF(z>—<1+r>F(r>—3<1_r>gg§
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> [0 - E070) |+ D [ r - (1 r ) -30-F 0]

F'(r) 1—r 1+r
(4.17)
CFWP(FO\  c—a-b)[ 4
= \Fn ) Ty [1+rF(Z) (4 2r)F(r)]. (4.18)

Hence, for (a,b,c) € DyND3N{(a,b,c)|a,b,c >0} and and ¢ = a+ b, and using
Lemma 3.3 (2), we have J'(r) > 0.

In conclusion, for (a,b,c) € DyND3N{(a,b,c)|a,b,c >0} and ¢ =a+b, we

have J'(r) >0. O
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