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Abstract. In this paper, we study the boundedness of p-adic Hardy operators 77 and J#7*
on the p-adic Morrey-Herz space. Furthermore, we establish the Lipschitz estimates for com-
mutators of p-adic Hardy operators jﬂ)p and j{j)p " on the p-adic function spaces, such as the
p-adic Lebesgue space, the p-adic Herz space and the p-adic Morrey-Herz space. Moreover,
we also obtain the CMO estimates. All our results are also true for the fractional p-adic Hardy
operator.

1. Introduction

In recent years, p-adic analysis has got a lot of attention by its applications in
many aspects of mathematical physics, such as quantum mechanics, the probability
theory and the dynamical systems (see [15, 16] and the references therein). On the
other hand, it plays an important role in pseudo-differential equations, wavelet theory
and harmonic analysis, etc (see [2—4, 11-16, 19-23]).

For a prime number p, let Q, be the field of p-adic numbers. This field is the
completion of the field of rational numbers Q with respect to the non-Archimedean
p-adic norm |- [,. This norm is defined as follows: if x =0, |0|, =0; if x# 0 is an
arbitrary number with the unique representation x = p’”*, where m, n are not multiple
of p, y=1y(x) € Z, then |x|, = p~7. This norm satisfies the following properties:

@) |x|,=20,Vx€Q,, |x|,=0=x=0;

(11) |xy|17 = |x|17|y|177 V)C, y € Qp;

(iii) |x+y|p < max(|x|p,|y[p), Vx, y € Qp, and when |[x|, # |y|,, we have
x4yl = max (x|, v]).

The space (), denotes a vector space over Q, which consists of all points x =
(X1,.-+,%n), where x; € Qp, i=1,...,n. The p-adic norm of Q7 is defined by x|, =
maxi <<y |Xi|p. For y € Z, we denote the ball By(a) center a € Q) and radius p and
its boundary Sy(a) by

By(a)={xe€Q): [x—a,<p"},  Sya)={xecQ): [x—al,=p"},

respectively.
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Since Q7 is a locally compact commutative group under addition, there exists a
Haar measure dx on Q). This measure is unique by normalizing dx such that

/ dx = [Bo(0)|y = 1,
By(0)

where |B|y denotes the Haar measure of a measure subset B of Q) Itis easy to obtain
that |By(a)|n = p"", [Sy(a)|w = p™ (1 —p~"), forany a € Q7.

It is well known that the Hardy operator is one of the most important operators in
mathematical analysis and plays an important role in many branches of mathematics,
such as partial differential equations, complex analysis and harmonic analysis (for ex-
ample, see [5, 8, 17, 18, 11]). Let f be a non-negative integrable function on R, the
one-dimensional Hardy operator is defined by

1 X
Hf(x) = - / fdi, x>0
X Jo
A celebrated Hardy’s integral inequality by Hardy [10] stated that
q
[Hfllam+) < —q_1||fHLq(R+)» 1 <g<oo.

In [6], Faris introduced the following n-dimensional Hardy operators,

1 1 f()

HF(x) = —/ F)dt, Hfx) = ~— dr, xe R"\ {0},
Qu|x[" i< Qp Jyel> 1 [e]"

where Q,, is the volume of the unit ball in R”. Christ and Grafakos [1] obtained that

the norm of Hardy operators on the Lebesgue space, i.e.

* q
17| Loy~ Larery = 167 | Loy~ Larr) = PRy

Recently, Fu et al. [7] proved ¢ is also bounded on the weighted Lebesgue space
L9(|x|*) for 1 < g <eo and ot <n(g—1), and the normis gn/(gn—n— o). In [9], the
authors defined the p-adic Hardy operators 7 and 77"* and their commutators %’Zp
and """ . They extended the above results on L9 (]x|5y) and also obtained the bound-
edness of their commutators on the Herz space. In [23], Wu defined the n-dimensional
fractional p-adic Hardy operators ,%”ﬁp and ,%”ﬁp *, and proved their boundedness on

the Herz space. She also defined their commutators 77" , and %’i}p ,’)*, and proved the
CMO estimates on the Herz space. In [22], the authors studied the boundedness of
p-adic Hardy operators and their commutators on p-adic central Morrey and BMO
spaces. In this paper, we prove the boundedness of p-adic Hardy operators 777 and
J€P* on the p-adic Morrey-Herz space. Furthermore, we establish the Lipschitz es-
timates for commutators of p-adic Hardy operators 7" and ¢ ™ on some p-adic
function spaces, such as the p-adic Lebesgue space, the p-adic Herz space and the
p-adic Morrey-Herz space. Moreover, we also obtain the CMO estimates on the p-
adic Morrey-Herz space. All our results are extended for the fractional p-adic Hardy
operator.
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Before recalling some definitions, we give some notation. Let By = Bi(0), Sy =
By \ Bi—1 and ; is the characteristic function of Sj. Throughout this article, we will
use C to denote a positive constant, which is independent of the main parameters and
not necessarily the same at each occurrence. Moreover, we will denote f ~ g if there
exists two positive constants C; and C, such that C; f(x) < g(x) < Cof (x).

DEFINITION 1. ([23]) Let f € Lloc(QZ), 0 < B < n. The fractional p-adic Hardy
operators are defined by

1

x5 i <ixl,

%p’*f(x) ::/ f® dt, x € Q) \ {0}.

tp>Ixl, |€2 P

AP

We denote %p=%1’ and %p’*=%1”*, where 7P and P are the p-adic
Hardy operators (see [9]).

DEFINITION 2. ([23]) Let b € LlOC(QZ), 0 < B < n. The commutators of frac-
tional p-adic Hardy operators are

1) = b 1)~ A7 () X),
Ay (%) 1= b(x) 5" f(x) — A5 (bf) (%)

P _ oD D* _ apDi¥
Note that %’671)—%’;’ and %’b ="

DEFINITION 3. ([2]) Let ¢ € R, 0 <[ <o, 0 < g < oo and A > 0. The Morrey-
Herz space on p-adic fields MI'(I‘.)‘LI’JL (Q}) is defined by

MK (@) = € L@ OD ¢ 1yt g <

where

N 11
_ —koh kal !
17k ) Sup p (k;_,wp IIkaLq(@Z)> :

Obviously, MK;ZO(QZ) = K;"Z(Q;) is p-adic Herz space (see [9]) and MKy, éq"o(@;)
= LA(|xl3).

DEFINITION 4. ([2]) Let y be a positive real number. The Lipschitz space A)’(@Z)
is defined to be the space of all measurable functions f on Q) such that

[f(x+h)— f(x)]
¥ ny = Sup o <oo.
|| HA}I(QP) X,hGQ27h7£O |h‘1’);
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DEFINITION 5. ([9]) Let 1 < g < e. The space CMOq(Q") is defined to be the
space of all measurable functions f € LIOC(Q") satisfying

q 1/q
IFllewonay = s () = fi, dx) " < oo,

<‘BY‘H By

where fg (o) = m Jg, f(x)dx. Obviously, L~(Q}) C BMO(Q}) C CMO(Q}).

2. Estimates for Hardy operators

THEOREM 1. Suppose 0 <1} <l < oo, 1 < qj,qp <o, 0B <n, 1/q; —
1/qx=PB/nand A > 0. Then
(i) if o <n/q\+ A, then

(L—pm) P 1

< o ;
||% fH @n) l—pain/q/lil (l —p_zfll)l/ll ||fHMK]l$1(Qg)

(i) if o > —n/q2+7t, then

(1 _p—n)l—ﬁ/n 1

P*
||% fH Q)z) O(‘H’l/qul —1 (l —p_kll)l/ll ||fHMKlOlcgl (@7’,)

In particular, for ﬁ = 0, we get the estimates more accurately.

THEOREM 2. Suppose 1 < g <o, 0 <l <ooand A >0.If o0 <A, then P is
a bounded operator on MK;ZJL (Q}) and

1_

1714 (@) MKE () m-

THEOREM 3. Suppose 1 < g < oo, O<l<°oand7t>0. If—$—|—7L<OC<7L,
then P is a bounded operator on MK, (Q") and

O b

D * ~— 7
Hf%p MK;?C[;’L (erg)ﬁMKﬁf Q) pa+n/q—l 1

Proof of Theorem 1. (i) First, we have

q2

1
16 P oy = | dx

sl 1x[2P Jitlp<ixl,

< preP- /k Z/\f \dt dx.

Jj=—o0

)dt

Use Holder’s inequality, we get

[ 1 ldt< (o7 (1= ) 5l 0
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Note that 1/g; — 1/g> = B/n, therefore
1 : i—k)n/d)
1A )l ) < (1= p™) P 30 pU04 | £l .
e

By the definition of Morrey-Herz space on p-adic fields, we get
A5 )2 yyxer on
1 926 e
N ko ) I\ 1/l
_ (1 _pfn)lfﬁ/" sup pfk() ( 2 kah( 2 p )"/%fojHqu (Q’;’)) ) .
koEZ k=—oc0 j_—oo
By Jensen’s inequality, so

ko ral k om/d L\ 1/k
< Z pOC2< Z p(J_ )n/‘h”foqu(Qr;’)) )

k=—oco j=—oo
ko k ) , I l/ll
<< Z pkall< z p(/—k)n/m”ijm((@w) ) .
k=—oco j=—oo
On the other hand, we have

—joc joly 1/h
1 2illen gy = P/ (P 25l o )

< (S, F 1 )

[=—o0

1/h

j(A—o)
<P Al et o
= MK (@)

Thus,

%P o, n
H( l} f)XkHMKlz.iz(QP)

1 i Qg % 4 o)
<(l—p_n) —B/n sup p o ( Z P 1( Z p( —j)(oe—n/q}— )> ) Hf”MKngl(Q’fa)'

ko€Z k=—oo Jj=—co
/ .
When o < n/q}+ A, the series

1
(a— ”/‘11 A) -__ -
2 p | — ponldi—h

j—_°<’

and for A >0,
Ko

ko 1/4
kAL _ 14
( 2 p 1) T (= p )

k—=—oco
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So we get

- (l_pfn)lfﬁ/n 1
Q") 1 — pen/aith (1 —p=Ah)l/h ”fHMK;ﬂI (@)

125 £y

(ii) First, by (1) and 1/q) — 1 /g = B/n, we have

oo

>

1A e o _/
@) Js | 4 s It\p

q2
=ph(1—p ( f(t dt)
( ) = k+1 / £ ()]

o ' o
<(1_p—n)qz(1—l3/n)< Z p(k—/)n/quxj||qu(@;g)) .

J=k+1

qz
dx

Therefore, by a similar argument as the proof of (i), and note that o« > —n/g, + A, we
have

(—p) P 1

P <
H% f” @n) oc+n/q2—7L -1 (1 _p—ll)l/ll Hf”MKI?‘;l(@Z)'

O

Proof of Theorem 2. First, by Theorem 1 (i), we have JZ7 is bounded on
MKlO‘q”l (Q}) and

1—p™ 1
<
(B H Q")HMK (Qg) = 1_pa—n/q’—?L (1 _p—)Ll)l/l (2)
On the other hand, we choose the function
—a—§+l

fo(t) = |t|p

For o < A, by computation, we can obtain fy € MK}" q”l (Q) (seealso [2]) and

Ing IXIP 70(7—
‘;f fo ‘ ‘n / |t‘l7
Jj=—co
1
L R )
T
1—p™ —a—2+A

_—1 pa n/q— QL‘ |P

foro< A < % -+ A. Therefore

—n

7 lfO( )

e%”’”fo(X)=1p;7n/q
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Suppose " is bounded on MKI‘_)‘q’)L (Q}). it follows that

—n

l—p
— <N

1 _pafn/q Q") "l 5 (@) < (3)

By (2) and (3), we complete the proof. [J

Proof of Theorem 3. The proof is similar to that of Theorem 2. Here note that we

o=t
choose the same function fy(t) = |t|pa "™ For A > o, we have fy € MK;L’)L (Q})
and /

* Jrl n
A fo(x) e
Jj= Inglxlerl
=(1-p™ Z pl( a—n/q+A)
Jj=log, [x|p+1
1_

= Wfo( ).

for(x>—$+7t. O

3. Estimates for commutators of Hardy operators

THEOREM 4. Suppose 1 < q1,q2 <o, 0< B <n, 1/q1—1/g2=(B+7Y)/n and
Y>0.If b€ Ay(Q}), then

H%Ijhf“mz(@;g) < C||b||Ay(Q7,)||fHqu (@)

and
175 Flle ) < CllBlayap) 1Nl (-

THEOREM 5. Suppose 0 <1} <l <o, 1 < qi,q2 <o, 0< B <n, 1/q —
l/gp=(B+y)/nand y>0.1If b€ AV(QZ), we have
(i) if a <n/q}, then
P < i » .
15 g gy < CBlL @ g g

(ii) if o0 > —n/qo, then

Py*
195 Tl gy < CUBlas@pll g g

THEOREM 6. Suppose 0 < 1] <l <oo, 1 < qi,qp <o, 0< B <n, 1/q;—
1/gx=(B+7y)/nand y,A >0.Ifb EAY(Q;), we have
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(i) if o <n/q\+ A, then

) _ (1—p)i=B+n/n 1
||%,beMKg22(Q’;)) =N l—pain/qllil (1 _pflll)l/ll ||b||Ay(Q’;,)Hf||MKlU;$l (Q’,”;),

(i) if a > —n/q2+ A, then

(1—pmi=B+n/n 1
. < " o .
MESS (@) S T pertn/a—k | (1— p Ani/h HbHAv(@p)Hf||MK,ljl @)

|5 1)

THEOREM 7. Suppose 0 < 1] <l <oo, 1 < qi,qp <o, 0< B <n, 1/q; —
1/go=B+7y)/nand y,A >0.Ifbe CMOmax{ql ‘12}(QZ), we have
(i) if « <n/q,+ A, then

1725, f g <Cl|

(@) cmom™ a2 () “fHMKfflil @)’

(ii) if @ > —n/qy+ A, then

p* . < / X .
”‘%73’1) fHMKgﬁz(@g) X C”b”CMOmﬂX{qlﬂz}(erz’)”fHMK;f‘jl (Q})
REMARK 1. If B =0 in all of the above theorems, then we obtain the correspond-
ing estimates for the p-adic Hardy operators.

Proof of Theorem 4. Because of K 9(Q1) =L9(Q}), Theorem 4 is a special case
of Theorem 5. [

Proof of Theorem 5. The proofs of (i) and (ii) are similar, so we only prove (i).
First, we have

q2
Oy = FO1Ib06) - b0t )

x| P Jitp<ixl,

=y [ (5 [ 170l -oofar) “ax

[=—o0

By b€ Ay(Q)),
[b(x) = b(t)] < [x = t|7[10] @)

Since [t|, < [x],,
|x—t|7’ max{|x|,,|t[, }7—|x|7

Therefore, by (1) and 1/q; —1/g2 = (B + ¥)/n, we have

k
1A )2l ayy < (=P~ =P b] gy X PP f il gy (4)-

J=—o0
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In view of the definition of Herz space and Jensen’s inequality, we get

14
H%thK,le(Qf’,)

N 1/4
< (1= p ) B @n(zpkah(zp "/qlfmm@n)) .

[=—o0

For a0 < n/qy, we apply the same method as in [9] (see p. 148) to obtain the following
estimate:

k)n Iy
1
Zpkah( Z p ql |fxl||L'“ ) ||fH 11111 (Q )
P

keZ j=—o0

where

S N
T 0<1/l,<1

C= L/l
1 1
RENCEITATYR <1p(an/q’l)zj/z> , /L > 1.

Therefore, we have

k (i—k)n h
— l
5 i (2p ; ||fxi||L‘n(@;;>) = Clfllgan gy O

keZ i=—c0

Proof of Theorem 6. By (4), we can prove it by the same procedure of the proof
of Theorem 1. [J

Proof of Theorem 7. The proof is similar to Theorem 3, the difference is we need
the following estimate and it is proved in [23],

k
”(%Ifbf)%kHLqZ(Qg) < C” ”CMOmAX{ql qz}(Qn) 2 (k_ l) (= n/qZfol”qu Qn O

j=—o0
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