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SOME BIVARIATE DURRMEYER OPERATORS BASED ON ¢-INTEGERS

DAN BARBOSU, CARMEN VIOLETA MURARU AND ANA-MARIA ACU

(Communicated by V. Gupta)

Abstract. In the present paper we introduce a g-analogue of the bivariate Durrmeyer operators.
A convergence theorem for these operators is established and the rate of convergence in terms of
modulus of continuity is determined. Also, a Voronovskaja type theorem has been investigated
for these operators.

1. Introduction

Durrmeyer introduced in 1967 an integral modification of the well known Bern-
stein operator in order to approximate Lebesque integrable functions on the interval
[0,1]. These operators, called now Durrmeyer operators, were defined in [11] by the
formula

m 1
Du(f5) = (m+1) Y. pua() [ £Opms(t)ds (L)
k=0
foreach f € L;[0,1], x € [0,1] where the Bernstein basis function is defined by

) = ((p J =

In 1981 Derriennic [8] is the first who studied the operators (1.1) in details.

Lupas [14] in 1987, and independently Phillips [16] in 1997, introduced g-analogues
of Bernstein polynomials. After that, several researches have studied these polynomi-
als and established many interesting properties. Important results in this direction were
obtained in [1], [2], [3], [4], [51, [121, [13], [15], [16], [17], [19], [20].

First, let us to recall some basic definitions of g-calculus. Let g > 0 be given. For
each non-negative integer &, the g-integer [k], and the g-factorial [k],! are respectively
defined by

W, = { (1-4"/(1~q), ;17'é 1,

and
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For the integers m > k > 0, the g-binomial coefficients are defined by

Denote

m—1

(a+b)y = [1(a+a’b)=(a+b)(a+qb)...(a+q" 'b),
Jj=0

m
pustin) =] w0t
q
Using the above notations, the g-Bernstein polynomials introduced by Phillips [16] can

be expressed as
k
,qfx mekqx <[[ ]}’1)
q

for each positive integer m and f € C[0,1].
The g-analogue of integration, introduced by Thomae [21] is defined by

a o
| 0d = (1=0) 3 (g 0 <q < 1.
Using the above definitions, Gupta [12] introduced the g-Durrmeyer operators defined
as
Dy g(f3x) :=[m+1 qu Pmi(q;x / F(@O)pm(q:qt)dgt . (1.2)
k=0

In the case g = 1 the operators (1.2) reduce to the classical Durrmeyer operators
(1.1).

Other g-variants of the Durrmeyer operators were studied by Derriennic [10], Mu-
raru and Acu [15].

Let C([0, 1]?) be the space of bivariate real valued functions continuous on [0, 1]?.
Suppose m,n are positive integers and g1,g, are real parameters satisfying the con-
ditions 0 < g; < 1, 0 < ¢ < 1. Barbosu [6] introduced the following bivariate ¢-
Bernstein operators

Binngy.a,(f3%,) Z mek q1:X)Pn.j(q2; y)f( Moy m‘”) (1.3)

k=0 j=0 [mlg, " [n]g

defined for each positive integers m,n and f € C([0,1]?).

When g; = ¢» = 1, the Bernstein operators (1.3) reduce to the classical bivariate
Bernstein operators.

The present note deals with the study of the bivariate g-Durrmeyer operators,
which are a g-integral modification of operators (1.3). First, we estimate the moments
for these g-operators and then, applying the Korovkin-type theorem for bivariate linear
positive operators we obtain a convergence property of the sequence of operators. Using
the Shisha-Mond theorem for the bivariate case, we give an estimation of the rate of
convergence for the sequence of bivariate g-Durrmeyer. In the last section we give a
Voronovskaja type theorem.
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2. Definition of the bivariate g-Durrmeyer operators
and estimation of their moments

Let f € C([0,1]?). Using the method of parametric extensions [7] and the operator
(1.2), it follows that the bivariate g-Durrmeyer operators are defined for each positive
integers m,n by the formula

m n )
Dungrap (fi,y) =[m+ g n+1g, 3 ¥ a7 a5 pma(q1:%)an.j(q2:)
=0 =0

1 1
X/O/Of(s7t)pm,k(CI1;Clls)pmj(CD;5]2t)dq15dq2t~ (2.1)

In order to prove the main results we will establish the following statements for
the g-Durrmeyer operators (1.2).

LEMMA 2.1. Let s € N and ci(s) >0, i =0,s such that

k+1gk+2], k+s],= %ci(s)[k}é.

For the q-Durrmeyer operators (1.2) the following statement is true
m+1]

2 ci(s) [m};Bmﬂ(e,-;x), (2.2)

Dy q(es;x) =
4 [m+s+1],! &

where e;(x) = x'.
Proof. Let s=0,1,.... We have

1 m 1 )
/0 es(t)Pmi(q:qt)dgt = [k q"/o (1= gr)y g
q

[m]q![k+s]4!

m k k
[qu Palkt s+ Lm=k+ D) =d oo v T

where |
B,(a,b) ;:/ =gt N, @b >0
0

is the g-Beta function.
Using the above result we obtain

m 1
qu(es;x) = [m + l}q 2 q_kpm,k(q;x)[) es(t)pmk(q;qt)dqt
k=0

= et i e ke 2 It a9
m—111 m s )
- [WE +—L_+L{]q; kgb%ci(s)[k];pmk(q;x)
m+1]
]

. _gci(S)[m]Qqu(e,-;x). O
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LEMMA 2.2. The g-Durrmeyer operators (1.2) verify
i) Dm,q(eO;x) =1,

ii) Dipg(e1;x) = l[jr_z(—liiC[Z}j
i) Do (erix) = 2 [m]y(fm)g — 1) + (1+Q)2qx[m]q+1+q’

[m+3]y[m+ 2],

iv) Dy.q(e3;x)

_ qﬁ([m}q_ [2]¢)[mlq([m]q — l)x3—|—q3 3 Z[m}q([m}q_ l)x2+q[2]q[3]2[m}qx+[2],1[3],1
N [m+2]y[m+3]ym+4], ’
V) Dipg(es;x)

qlo[m]q([m}q_l)([m}q_[z]q)([m]q_[3]q)x4+‘16(512+1)2[2]Z[m}q([m}q_[2]11)([’”]11_1)x3
[m+2],[m+3],[m+4],[m+5],
613(‘12 + 1)2[2]4[3}5[m}q([m]q - 1)x2 + 61(42 + 1)2[2]131[3]11[’”}% + [2]11[3%[4}!1
[m+2]g[m+ 3]g[m+4]4[m+ 5], .

Proof. This result is obtained using the relation (2.2) and the values of the ¢-
Bernstein operators for the test functions, namely:

s
evn)= 21y ) 0y 2
Prales) (Mq“*[]q) L)
Bung(esix) = ([mlg — 1)([m], — 1[;%)([,7114_ 1—g—gq )x4
.([m}q_1)([m]q—1—61)(612+261+3)x3+([m]q—l)(612+361+3) 2, X
| Il [m] 3

Using Lemma 2.2, we shall prove

THEOREM 2.1. The bivariate q-Durrmeyer operators (2.1) satisfy the following
equations

() Dmngyg(Lix,y) =1,

1+ qlx[m]lh
iit) D SX,y) = —7,
( ) m-,n~,1117tI2( y) [m_i_z}ql

1+ q2y[n]112
iii) D Lxy) = ————,
( ) m-,n~,1117tI2( y) [n_|_2]q2

1+ qix[mlg, ) 1+ qay[ng,
[m+2lg, [n+2]g,
Cﬁxz[m}tn (fmlg, -+ (1 +‘11)2CI1x[m]111 +14q1
[m+3]g,[m+2]g,
quz [n]g, ([nlg, = 1) + (1+ q2)2q2x[n],12 +14+9
[n+3]g,[n+2]g, .

(i) Dmngy.q.(stix,y) =

>

) Dm7n7q1~!12(32§x7y):

s

(vi) Drn7n7q1~,qz(t2;x7y) =
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Proof. Taking the definition (2.1) into account one obtains the following identities
Dinngr.a(1:%,5) = Dimgy (1) D g, (133),
Dinngi.ar(8:%,Y) = Dy g, (5:%) Dy g, (1:y),
Din gy, (13%,Y) = D g, (1) D g, (£5),
Do gy gy (585%,Y) = Dyngy (83X) D g, (3 7),
D (s?
(

mql(sz;x)quz(I;}’):
Dinngy > (173%,9) = Din gy (15:X) D g, (1),
Next, one applies Lemma 2.2. [

mnqy,q2 (55X y)

COROLLARY 2.1. The following identities hold true

xz{[m]tn ([mlg, — 1)51?_2[’”]41 [m+3lg,q1 + [m+2]g, [m+3]g, }
[m+2]g,[m+3q,

_|_x{[m}q15h(1 ‘|'f11)2 —2[m+3gt+14+q
[m+2]g,[m+3q,

yz{[”]qz ([nlg, — 1)‘1% —2[n]g,[n+3]g,92 + [n+2]g,[n + 34, }
[n+2]g,[n+3]g,

L Alga(1 +q2)? =243} +1+a
[n +2]qz [" + 3]!12 .

2
Dmﬂﬂlﬂz((s —X)5x,y) =

)

Dm:"ﬂlﬂz((l _y)z;xJJ) =

Proof. The linearity of Dy, 4, 4, leads to

Dinngy g (s —x)z;x,y) = D142 (sz;x,y) —2xDin,g1,q, (83X, ¥) +x2Dm,n,q1~,qz(l;xvy)~

Next, one applies Theorem 2.1. The second identity follows in a similar way. [

LEMMA 2.3. Let m,n € N and q1,q> € (0,1). Then

. 2

Z) Dmvnvqlqu ((S—)C)z;x,y) g méﬂ%"h ('x)’
i) D (1= ixy) < —=— 82, ()

i) D g ((1=3)%x.y) < 2y, e

3

where &, , (x ):(pz(x)—km 8,0 )—(pz(y)-i-m, @*(x) =x(1—x),
x€[0,1].

Proof. Using Corollary 2.1, we obtain

Dmvnvqlqu ((S - x)z;xhy)

2

= et 20g,m 13l {Imlg,q1(q1+1)* = 2[m+ 3]y,
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+ [mlg, ([mlq, — l)q? —2[mlg, [m+3]g,q1 + [m+2]g, [m+ 3]111}

9% (x) q1+1
+m{[m]qlfh(fh+1)2—2[m+3]ql}+m
_ X @*(x) q1+1
R e L L e e LIV e e

where

A(m,q1) :== [m]q141(611+1)2_2[m+3]111 +[mlg, ([m]q, — 1)61? —2[mlg, [m+3]q,q1
+[m+2]g, [m+3]q,,

B(m,q1) := [mg,q1(q1 + 1)* = 2[m+3],,
By direct computations, using the following relation of g-integers

[m+ilg, []q1+ql[ lars

it follows

Am,qr) = [mlgq1(q1 +1)* =21+ q1+ g3 +qilmly,) + mlg, (mlg, — g3
—2[mlg, 1 (1+q1+q1 +qi[mlg, )+ (1+q1+qi[mlg, ) (1+q1+qi+qi[mly,)
=qi(q1— 1)*[m];, +q1(q1 — 1)(2q71 + 1)[mlg, + (g1 — (g7 +q1 + 1).
Since (g1 —1)(g7 +¢q1+1) <0 we have

A(m,q1) < qi(qr— 1) [m); + a1 (g — 1) (247 + 1) [m],,
1

q
. _qll ) ai(q1— 1) +q1(q1 —1)(241+ 1)

=(1—-4")q q1(2q1+1)(1—q’1")é(l—q’f’)zfﬁé1,
B(m,q1) = [m], ﬂ1(q1+1) —2(1+q1+41 +4qilmly,)

=q1(—q1 +2q1+ 1)[mg, —2(q1 +q1 +1)
<q ( CI%+ZCI1+1)[m]ql <2[””]111'
Therefore,
2
X 2[m] 2
Dy s—x)%5x,y) < + 41 () —————
naver (6=503) S e A A T A i3l ¢ O ol et 3l

2
<—=
[m+2]ql

3 2 3
422, [+ 2, (‘Pz(x”z[mmql) '

0*(x)+

In a similar way can be proven the relation ii). [
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3. Approximation properties of the bivariate g-Durrmeyer operators

To study the convergence of the sequence {Dyn.q; ..., (f3X,y)} we shall use the
following Korovkin type theorem, established by Volkov [22].

THEOREM 3.1. ([7], [22]) Let I,J C R be compact intervals of the real axis and
let {Lmnf} be a sequence of linear positive operators applying the space C(I x J) into
itself. Suppose that the following relations

(@) Lma(Lix,y) =1+ ama(x,y),

(ii) Lm,n (S;x,y) =x+ bm7n(x7y),

(i) Lma(t:x,y) =Y+ cma(x,y),

(iv)  Ln(s*> +1%x,5) = X2 + 3> + dma(x,y),
hold, for each (x,y) € I x J.

If the sequences {amn(x,y)}, {bmn(x,3)}, {emn(x,9)}, {dmn(x,¥)} converge to
zero uniformly on I x J, then the sequence {Ly, »f} convergesto f, uniformly on I xJ,
foreach feC(IxJ).

Sufficient conditions for the uniform convergence of the sequence

{Dm7n7ql‘m7q2‘n (f’ X, y)}

are contained in the following

THEOREM 3.2. Let qim,q2n € (0,1). If lim gy, =1 and lim g2, = 1, the
m—oo N—so0

sequence {Dmng, a0, (f3%,y)} convergesto f(x,y), uniformly on [0, 1]? for each f ¢
c([0,1]).

Proof. When ¢y, — 1 and g3, — 1, then [m],, , — oo and [n],, , — oo. For { =

m-+/ n+l
1,2,3 we have lim ﬂ:l and lim 1+,

= 1. Applying Theorem 2.1, we
m—ee [m]ql.m e [n]qZ.n

get that 1im Dyng, .0, (€ij3%,y) = €ij(x,y) uniformly on [0,1]?, where ¢;;(x,y) =
m,n—oo Lt nts

x'y/, 0 < i+ j <2 are the test functions. By virtue of Theorem 3.1, it follows that
im Dyngy ann (F3%,¥) = f(x,y), uniformly on [0,1]?, foreach f € C([0,1]%). O
m,n—oo ’ ¥
In the following we give a numerical result which shows the rate of convergence
of the operator Dy, , 4, 4, to0 certain function using Matlab algorithms.

EXAMPLE 3.1. Let us consider f:R?> — R, f(x,y) = x>y> + x>y — 2y>. The
convergence of the bivariate g-Durrmeyer operator to the function f is illustrated in
Figure 1 and Figure 2, respectively for n; =n, =50, g1 = g» = 0.6 and n; =ny =500,
q1 = q2 = 0.9, respectively. We remark that as the values of n; and n; increase, the
error in the approximation of the function by the operator becomes smaller.
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Function f(x,y):)?y2+><2y-2y2 The bivariate g-Durrmeyer operators

0.5 0.5
0.5 05

Figure 1: Approximation process by Dy, n, 4,.q, for ni =ny =50 and q; = q> = 0.6

Function f(x,y):)?y2+><2y-2y2 The bivariate g-Durrmeyer operators

0.5 0.5
0.5 05

Figure 2: Approximation process by Dy, n, 4,.q, for ny =ny =500 and q; = q» = 0.9

An estimation of the rate of convergence can be obtained using the modulus of
continuity for bivariate real valued functions. Recall that if 7,/ C R are compact inter-
vals and f € R is bounded, the modulus of continuity is the function @ : [0, +o0)? —
[0,+e0), defined as

0(81,6,) = sup  {If (YY) f Oy W <8 Y =Y < &
(' ), (X" Y elxd
Recall also the following variant of Shisha-Mond theorem [18].
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THEOREM 3.3. ([7], [18]) Let I,J CR be compact intervals, B(I xJ) ={f €
R |f bounded on 1 x J} and L : C(I xJ) — B(I x J) be a linear positive operator.
Foreach f € C(IxJ), (x,y) €I xJ andany 8 >0, & > 0, the following inequality

ILf(x,y) = fOe ) < [FCey)]- L(1ix,y) — 1

+{L(1;x,y>+6r1¢L<1;x7y>L<<s—x>2;x,y>+6;1¢L<1;x7y>L<<t—y>2;x,y>

#8718 L1y LU~ f 0(61.8)
holds.

THEOREM 3.4. Suppose qim,q2, € (0,1) such that lim q;, =1, lim g, = 1.
m—soo n—oo
The following inequality

‘ mnqlqu,,(fx)’) )Cy 4(’0(\[ m+2q1m mqlm \I n+2q2n 7‘12)1 )

holds for each f € C([0,1]%), (x,y 2 where &y, a1 (X) and 8, 4, () are defined
as in Lemma 2.3.

Proof. Applying Theorem 3.3, taking Theorem 2.1 (i) and Lemma 2.3 into ac-
count, one arrives to

|Dm7"7q15m7(12,n (f’x7y) - f(x7y) }
< {1 + 5_1 \/Dm:naql m>q2, )1((s _x)z;x7y) + 62_1 \/Dmanaql.mﬂlz‘n((t - y)z;X,y)
+5 16 \/Dm 41, ”77q2’1 m S1q1 n17q2n y) 7y)}w(61762)

<dw ‘/ Om. 1/ .
< m+2q1m qlm n+2q2n 7‘12n )

For 0 < o < 1 and 0 < o < 1, we define the Lipschitz class Lipy(o, o) for
the bivariate case as follows:

| (s,:2) = f (e, 9)| < Mls — x| | = y[*,

where (z,s), (x,y) € [0,1] x [0,1] are arbitrary.
The next result gives the degree of approximation for the Durrmeyer operators.

THEOREM 3.5. Let f € Lipy (0, 00) and qi m,q2 € (0,1) suchthat lim qi ,, =
m—oo
1, lim gp, = 1. Then, for all (x,y) € [0,1] x [0,1], we have

2 2
‘Dm~n~ql m7q2n(f;x’y) _f('X:?y)‘ < Manl?’qq/l m( )57?7“11£n (y)7

where 8y.q, ,,(x) and Oy, ,(v) are defined as in Lemma 2.3.
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Proof. From f € Lipy (0, 05), it follows
|Dm~,n~,ql.m’q2‘n (|f(s7t)_f(x7y)|’x7y)’ < Dm:n:ql.quln (|f(s’t)_f(x’y)|’x7y)
<MDy gy 1.2 (I3 [ =3|%5x,y)
= MDm:ql.m (|S_)C|al ;x)Dn’qZ‘n(V_y'az;y) :
2 2 2

2
Using the Holder’s inequality with p = 05—1 , d= o and p = 06_2 , qd= o

respectively, we get

|Dm7"7[115m7q2,n (f;x?y) - f(x?y) |

o 2
< M{Dm’ql‘m ((S_'x)z;x)} : {Dm’ql‘m(l;x)} 2 1

2—-0p

% 20
x {D 7‘12n ((t—y)2;y)} : {D}qu#n(l;y)} :
<METE ()82 (y). O

Let I = [0,1] and C(I?) be the space of all real valued continuous function on

I> =1 x I endowed with the norm [|f||c2) = sup |f(x,y)|.
(xy)er?

THEOREM 3.6. Let f € C! (12) and qim,q2,n € (0,1) such that lim g, =1 and

m—oo

lim g, , = 1. Then, we have
}Dm’n’qm’qz‘n (f3x,y) —f(x,y)| < Hf;”c(ﬂ)am’m‘m( x) + nyHc 12 g2, (V)5

where 8y 4, ,,(X) and 0,4, ,(v) are defined as in Lemma 2.3.

Proof. For (s,t) € I we have

S 1
flsn) = fey) = [ futwndus [ fieviar
x Y
Applying the Durrmeyer operator on both sides we get
|Dm7nvql,mv‘12,n (f’x7y) - f(x7y) }

<D, | [ 1000 55) 4 Do, | [ )03 ).
Since
[ utenan] < Wl ls =l and | [ fis| < 15—l
it follows

\Dinar s (F35,9) = F(x,)]

< I llcwz)Pomgr (Is = x1:2) + 1 llcz) Daga, (18 = Y1) -
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Applying the Cauchy-Schwarz inequality, we get
’Dmﬁv[ﬂ#quzﬁn (f;x?y) - f('x y) |
1/2 1/2
< 1Al {Pman ((s=27:x) 1 {Dungy , (1:2)}

1f ey {Dngan (=300} { Doy, (153} 2
fo”CI2 7‘11m( )+||fyHC12 7f12n(}’) U

Let f € C(I?) and & > 0. In what follows, we shall use the following modulus of
continuity for bivariate real valued functions

o(f;8) = sup{lf(t,S) — [y = (,9), (x,y) € Pand \/ (1 =x)2 4 (s = )2 < 5} :
The partial moduli of continuity with respect to x and y is given by

o1(f36) = sup{|f(x1,y) = f(x2,y)| 1y €L, ]x1 —x2| < &}
and
@ (f36) =sup{|f(x,y1) — f(x,y2)| : x € L,[y1 —y2| < 6}

Let
2072\ _ 2 df d'f 2 .
C(I)—{fEC(I) o Iy e C(I), forz—l72}

equipped with the norm
c<12)> '

Hf“c2 ?) Hf”c 7))t Z (H oxi dy
The Peetre’s K -functional of the function f € C (12) is defined by
k(£:8) = inf {If = gllein) + 8y 6 >0}

geC2(1?)

It is known the following 1nequahty (see [9])
K(f;8) <M {@(f; V&) +min(1,8)||fllc(e)s } for all § > 0,

where @, (f;V/8) is the second order modulus of continuity and the constant M is
independent of 6 and f.

In the following result we give the order of approximation of the Durrmeyer oper-
ators to the function f € C?(I?) by K -functional.

THEOREM 3.7. For the function f € C(I*), we have the following inequality

1
Dy .o (f12,)— f(x,y)| <4K (f; ZAmJan (x,y)) + (f i/ Vi (x,y)) ,

where
L+ qix[m] 2 (1+qln) 2
Vinnar.q (%) = (W—x + [n+72]qqz_y 7
! 2
2 2

m%,ql (x) +

Amngrar(X,Y) = ar%ql (V) + Vg (%,)-

[n+ 2,



70 D. BARBOSU, C. V. MURARU AND A.-M. ACU

Proof. We define

_ 1 1

From Lemma 2.2 we have
Dinngr,g0 (s = x:%,5) = 0, Dy gy g5 (t = y3%,5) = 0.
Using the Taylor’s theorem, for g € C>(I?), it follows

g(s,1) —g(x,y) = 8g xy +/ y)doc

2
+5géy’ (t—y)-l—/y(t—ﬁ)%ﬁ;ﬁ)dﬁ. 3.1)

Applying D54, .4, On both side of (3.1), we get
Dy gy.q5(8%:) — 8(x,7)

s d2%g t 82 x,B

m,n,q1,42 (/x (S— (X) 3( P )dOC X y) +Dm ,q1,92 (/y 8(132 )dﬁ, 7)’)
s 82 ,

=Dmngi.qr (/x (s—a)%da;x,y)

- /XITZLJJI (l?r—anz[]q]l _a) a2§(ao;,y)da
D ([ -5 iy

I
l»)}

1+qpy[n]gy
midlgy 1+ qay[nlg, 9%g(x,B)
T (R e) 5
Therefore,

| m"qw{z( ;x,y) — g(x, )’
|s —

)
m”’il’iz( a|
m)
+/TZL2,“‘“ L+ qimla ‘ '52( )'d(x
x [m+2]q, da?
d 9%g(x,
+Dm7”7’117112</ |t_ﬁ|‘%‘dﬁ ;xﬂy>
[nlgy
H[:g 1+ gqay[n] dﬂ
) [n+2 8[32

’ 1+ qix[m]q, 2
< Dumngran ((s—2)%x,y) + RCTE Igllc2
1

A D (=) + (S22 )
m,n,qi,q2 y) Xy [n+2}q2 y 8 C (I)
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2 o o, (Lt
g{[m‘f'z]ql Oman )+< [m+2]q, )

2 1+ g2y[n] )2
— =5 ~ 92y
T [n_|_2}q2 n,q2 )+ ( [n_'_z}qz y HgHCZ(IZ)

}Dm,n,ql,qz (fUCJ)} <3 flleqry-

But,

Now, we have

}Dm,n,ql,qz (f;xay)_f(xay)|
< |Dm,n,q17qz (f_g;xa)’)"i"Dmﬂmﬂz (g;x,y)—g(x,y)’

+ g (x,y) = fx,p) |+ ‘f ( : f:anz[ﬁ]ql 7 ! E;Cféf‘“) —f(w)‘

< 4||f_ch(12) +Amngr.a (x7y)H8HCZ(12) to <f§ \ Vmnar.a (x7y)>
1
—4{lr =l + jAnnan a9l 0 (i ommmant)).

Taking the infimum on the right hand side over all g € C?(1?) it follows

1
Dungr . (f§x7y)_f(x7y)| <4K <f’ ZAmJMIMIz (x7y)> +o (f’ \/ Vg1, ()@y)) .o

REMARKS 3.1. There exists a constant M independent of § and f such that

|Dm7"71117f12 (f3x,y) — f(x,y)’

_ 1 . 1
gM{(W (f? 5 Amnara (X,Y)> —+min (L ZAm,mquqz (XJ)) } +o (ﬂ \/ Vmn,q1.42 (X’Y)> )

where @> is the second order modulus of continuity.

4. A Voronovskaya theorm for the bivariate g-Durrmeyer operators

In this section we shall establish a Voronovskaya type theorem for the operators
Dy ngy ., - First, we need the auxiliary result contained in the following lemma.

LEMMA 4.1. Assume that 0 < qm <1, gn— 1 and ¢l —a, a€(0,1) as m — oo.
Then we have

lim [m]g,, Dy g, (s —x3x) =1 — (a+1)x,

m-—oo

lim 1), Dy, gy (5 — X)%5x) = 2x(1 — x),

n—oo

1im 1), Dy, g, (s — x)*5x) = 1222 (1 —x)*.

n—oo
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Proof. To prove the lemma we use the formulas for D, 4, (¢;;x), i =0,1,2 given
in Lemma 2.2.

. . Lt
n%llgo[m]ququm (s —x;x) = lim [m]qm (M —x)

m—ee [m + 2]qm
_ 1 1 +qrﬂ[m]qu_x(l +qm+q3n[m]qm)
- mllgo[m]‘hl [m + 2](]

o [mlg,,
—Jﬂm{”(['n]qmqm(l—qm)—l—qm)x}

— lim [m] dm
m—ee [m+2]‘1m

{1+ ((1=g)gm—1—gm)x} = 1—(a+1)x;

1im ]y, Dyn.gn (5 —%)%:%)

M—oo
= lim [m] an { Dimgn (573) — 2Dy g, (53) + 37}
[m] qm

I+ 20y, Im+ 3], {gn 1mlgn, (Ilg, = 1)+ (14 ) Guxlmlg,, + 14

- zx(l + qu[m]‘Im) (1+qm+q3n+qg1 [m]qm)
+x2 (1+Qm+‘h2n[m]qm) (l + qm + ql%’l + q?n[m]qm) }

o s
= m, [m+2]qm[?n+3]qm {lan =1 I,

+ gmX (1+2qm—q’2n — qf,,x+2xq,3n—élm)€—2x) [m]qm
+qm—2x(1+gm+q3) + 1+ (1+gm) (L +gm+ ) }

=2x(1 —x) + lim bl (gm—1)qx°
m—ee [m +2]‘1m [m + 3]‘1m
2
m 1—qg"
= 2x(1 —x) + lim Il Ton (1 — g2

m—ee [+ 2] 1+ 3]qm 1 —gm

=2x(1—x)+ lim [m]é'"

3o 3y, () (1 ) = 2x(1 =0
qm

lim [m1]2, Dy g, (s —x)*1x)

= y%l—IEo[m]ém {Dm:qm( * ) 4'XDm7‘Im (S 'x) + 6'x Dm qm (S 'x) 4'x Dmv‘]m (S )C) +x4}
[m]
= lim o { O (g — 1)*m]* + ~1
m—ee [m + 2] qm [m + 3] qm [m + 4] qm [m + 5] qm A (q ) [ ] * qm( )

X (4xq,5n - 3xqf,, — qf; + 4q,3n — qf,,x + 6q,2n - 4q,2nx +4q, — 6qmx —4x + 1)[m],31m

+ [y g (1— 10, — 4x 4 67 + 3qm + 745+ 745, + 245, — 645, — 305, + 4,

102

+ @y + S + G X — B x” + TXq — 3XGh, — Xqpy + Xy + 8% G — 95X
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—|—9xq,6n + 14xqz1 — 3xqfn — qfn — 12qu—|—4xqfn — 18q31x— IOq;x—F llqixz)}
=123(1-x)% O

The main result of this section is the following Voronovskaya type theorem:

THEOREM 4.1. Let f € C?([0,1] x [0,1]) and (qm)m be a sequence in the in-
terval (0,1) such that g, — 1 and ¢} — a, a € [0,1) as m — o. Then for every
(x,y) €[0,1] x [0,1], one has

lim [m]qm {Dm,m,qm,qm (f;xvy) - f(x7y)}

m-—oo

= [1 = (a+ D fi(x,y) +[1 = (a+ Dyl f(x,y) +x(1 = x) f2(x,9) + (1 =) 2 (x,).

Proof. Let (xg,y0) € [0,1] x [0,1] be a fixed point. By the Taylor formula, it
follows

f(s,2) = f(x0,50) + f1(x0,0) (s — x0) + £, (x0,50) (t = Yo)
42 74000, 30) (500 4213 30, 30) (5—30) 0 — 30+ £ (x0,0) 1 —30)” }

+¢(s,t) ((S—x0)2+(f—}’o)2),
where (s,) €[0,1] x [0,1] and ~ lim  ¢(s,r) =0.

(s,)—=(x0,y0)
From the linearity of Dy, y.g,,.q,, » W€ have

D"’hmvf{mﬂm (f(s7t);x07y0)

= f(x07y0) +f;(x0’y0)Dmvququm (S _xo;x()’yo)
+f;(x07yO)Dm,m,qm,qm (l _yO;anyO)

{ 2 x07y0)Dm,m,qm,qm((s_x0)2;x07y0)

+ 2fxy (%0, Y0) Do, g ((s — X0) (t —¥0)3 %0, ¥0)
o+ £3(50,50) D (¢ = 30)%350,30) |
+Dm~,’”7‘]m¢]m ((p(s7t) ((S _xo)z + (t _yO)z) §x07YO)

= f(x0,50) + £1(x0,Y0) Ding,, (s — X03X0) + f(%0,Y0) Dy, (t — Y03 Y0)

1
+ 5 {f;é (anyO)Dm,qm ((S —)C())z;)C()) +f;/2 (x07y0)Dm,qm ((t _yO)z;yO)
+2 /1 (X0,Y0) D,y ((s = X0)3%0) Din.g, (£ — ¥0)3¥0) }
+ Dy (0(5:1) (s —x0)* + (t = 0)*) 350,30 -
By the Holder inequality, we have

| Dinnamian (@(5,1) ((s —x0) + (£ — y0)*) 30, ¥0) |

1/2
< {Dmym,l]mal]m ((P2 (Svt);x()vyO) }1/2 {Dm,m,qm,qm (((S—X0)2+(l—yo)2)2 ;x07y0> }
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g \/E{Dmvququm (¢2(57f)§x0,YO)

X {Dmvququm ((S _x0)4;x0’y0) +Dm7m7¢1m7¢1m ((t _y0)4;x07y0)}
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/2
}1
1/2

By Theorem 3.2, we get

lim Dm,m,qm,qm ((pz(sat);XanO) = (Pz(XO;YO) = 07

n—00

and using Lemma 4.1 we have

r}li_l};lo[m]qum:qumaqm ((p(s7t) ((S—X0)2 + (t _yo)z) ;'x07y0) =0.

Applying Lemma 4.1 theorem is proved. [
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