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NOTE ON A LI-STEVIC INTEGRAL-TYPE OPERATOR FROM
MIXED-NORM SPACES TO »TH WEIGHTED SPACES

HATYING L1 AND ZHITAO GUO

(Communicated by S. Stevic)

Abstract. The boundedness and compactness of a Li-Stevi¢ integral-type operator from mixed-
norm spaces to nth weighted spaces are characterized in this paper.

1. Introduction

Let D denote the unit disk in the complex plane C, 7(DD) the class of all analytic
functions on D and N the set of natural numbers. A positive continuous function ¢ on
[0,1) is called normal if there exist two positive numbers a and b with 0 < a < b, and
0 €[0,1) such that (see [9])

o(r) . : o) _
a-re is decreasing on [8,1), lgr} e
o(r) . . . o)

TP is increasing on [0, 1), }EI} =

For p,q € (0,00) and ¢ normal, the mixed-normspace H(p,q,¢)(D)=H(p,q,9)
is the space of all functions f € (D) such that

L e
Anpan = [ 0005 ar)" <o

r

where

1 o i0\|q %
M) = (57 | 1reae )",
For 1 < p,q <, H(p,q,¢) is a Banach space equipped with the norm || f||z7(.4.0)

while for the other vales of p and g, || ||f(p.q,¢) is @ quasinormon H(p,q,¢), H(p,q,9)

. o+l
is a Fréchet space but not a Banach space. Note that if ¢(r) = (1 —r) » , then
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H(p,q,0) is equivalent to the weighted Bergman space A5 (D) = AL, defined for 0 <
p <o and o > —1, as the spaces of all f € .7 (D) such that

1716, = (@ 1) [ @I (1 = ) %dm(e) < .

where dm(z) = %rd rd 0 is the normalized Lebesgue area measure on . We would like
to say that studying various concrete operators from or to mixed-norm spaces attracted
a considerable attention recently (see, e.g., [2, 4, 7, 10, 12, 13, 14, 17, 18, 20, 21].

Let p(z) = u(|z]) be a normal function on D. The nth weighted space on D,

denoted by 7/,}") = %")(D) which was introduced by Stevi¢ in [16], consists of all
f € (D) such that

b,w(f)= sup 1L(2) | f™ (2)] < ee.
H z€D

For n =0 the space becomes the weighted-type space H;; (D) in [7, 11, 19, 21], for
n =1 the Bloch-type space %, (D) and for n =2 the Zygmund-type space Z, (D) in
[1, 3, 5]. From now on, we will assume that n € N. Set

11l = Elf )b,y 0 (-

With this norm the nth weighted space becomes a Banach space.
Assume that g : D — C is a holomorphic map, ¢ is an analytic self-map of D.
For f € 7 (D), we define a linear operator as follows:

(C51)(z /f £)dE, zeD.

The operator Cé is now usually called the Li-Stevi¢ integral-type operator and was in-
troduced in [5, 10] (they called it the generalized composition operator, but it should be
noted that another operator has practically the same name, see, e.g., [6] and references
therein). When g = ¢, we see that

(€)= [ 109/ ()& = F(0(2) - £(9(0))

since f(@(0)) is a point-evaluation functional, this operator is closely related to com-
position operator. Its n-dimensional extension was introduced in [15]. These one and
n-dimensional operators have been considerably studied so far (see, e.g., [5, 10, 12, 14,
15]). A natural counterpart of the operator was introduced in [11], and later studied,
for example, in [13, 20, 22]. In all above mentioned papers can be found a plenty of
information on integral-type operators and their products with composition operators
between spaces of analytic functions on the unit disk or the unit ball. Motivated by
Stevié’s papers [11, 12, 16, 17, 21], here we study the boundedness and compactness of
the Li-Stevi¢ integral-type operator from mixed-norm spaces to Stevi¢’s nth weighted
spaces. We have to point out that the results are closely related to the ones in Stevi¢’s
paper [17], but we consider here more generalized mixed norm spaces which can be
found, for example in [2].

Throughout this paper, we use the letter C to denote a positive constant whose
value may vary at each occurrence.
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2. Auxiliary results

In this section we formulate some auxiliary results which will be used in the proofs
of the main results. Lemma 1 can be found in ([11]).

LEMMA 1. Assume 0< p,q<eo, ¢ isnormaland f € H(p,q,¢). Then for every
n € N, there is a positive constant C independent of f such that

f(n) z | < C”fHH(p,q,d))l
o(J2)) (1 —[z[?)a ™

From Lemma 2.4 in [17], we get the following result.

z€D.

LEMMA 2. Assume a >0 and a # 1,

a—1 a a+n—2
(a—1)a a(a—l—l) o (a+n—=2)(a+n—1)

M= (a— 1+ /) IT}Z 0(a+1) - Mg(a+n—2+))
Then, D, "z 1(a—1+])]'[" 0]1
From Lemma 4 in [19], we can get the following result.

LEMMA 3. Assume n € N, u,f € (D) and ¢ is an analytic self-map of D.
Then,

(Cif) (H)(Z) _ nz{ k+1 2 (n—1— l )Bl,k ((p/(z)7...’(p(lfk+l)(z))7

k=0

where

7 I L/ oU)(2)\ Y
Bl7k(qo’(z)7---7§0(l kH)(Z)) = 2 kL kg! H( ( )) ’
) s M 1

L |
kyyeeeky T Jj= J:

and the sum is over all non-negative integers ky,---,k; satisfying ky +ky+---+k; =k
and k1 +2ky + -+ 1k = 1.

The following lemma can be proved by using standard Schwartz’s arguments in

[8].

LEMMA 4. Suppose that g € (D), n € N, ¢ is an analytic self-map of D.
Then, C§ : H(p.q,9) — V/u(") is compact if and only if C : H(p,q,¢) — V/u(")
bounded and for any bounded sequence (f;)icn in H(p,q,¢) which converges to zero
uniformly on compact subsets of D as i — oo, we have HCﬂ;;f,-HW(n) — 0 as i — oo.

u
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3. The boundedness and compactness of Cﬁ :H(p,q,0) — Wﬂ(")

THEOREM 5. Let g€ (D), n€N, 0< p,q <o, ¢ is an analytic self-map of
D. Then C}:H(p,q,9) — W(n) is bounded if and only if for each k € {0,1,--- n—1},

I = sup @35 G 18" @B (¢ (@), 0 () |
= (10N (1= |pR)P)aH !

Proof. Assume that (1) holds, then for each f € H(p,q,¢), by Lemmas 1 and 3,
we have

n@[CHN" ()]

—1
(k+1 2 (n—1-1) )Bhk((p/(z)’“.’(p(lkarl)(Z))

< oo, (1)

n—1
(2) 2 ’f(k+l) Z .8 (n—1— z )Bl.’k((p/(z)’___’(p(l—k-%l)(z))‘
k=0

n—1 ()|zn lcl 1g(n 1- l)(Z)BLk(QO/(Z)f"7§0(l_k+1)(Z))}.

< C|f 0. . 2)
Wlhisan 2, 8101 - [p() )74
We also have that for each s € {1,---,n— 1}
(€5 (0)]
_ ‘ilf(kﬂ 2 (s—1-10) )Bz,k((P/(O),---JPUka)(O))
k=0
1’2\ ICl (s—1— Z(O)Blk( ( )7___’(P(l*k+1)(0))|
< Cllfllps : NG
Hra ,ZO <\<p< (1= lp(O)2)F !
and
X 0
(€O = [ F(p(ENs(E)d =0. @

From (1), (2), (3) and (4), we see that Cﬂ’; :H(p,q,0) — Wﬁ(n) is bounded.

Conversely, suppose that Cg cH(p,q,0) — 7/“(") is bounded, i.e., there exists
C > 0 such that ||C§f|| <C||fHHpq¢ forall f € H(p,q,¢). Fora fixed ® € D,

set
1—\w| )
+b+j

®)

¢(l])

hw(Z) (1—|CO‘ i

(1-"wz)e

where the constant b is from the definition of the normality of the function ¢ and
cj(j=1,2,---,n) are fixed. Then we know that h(z) € H(p,q,¢), and moreover,

SUPweD ||hw||H(p7q7q)) < C (see [2]).
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Now we show that for each s € {1,2,---,n}, there are constants cy,cz,---,c, such
that

hg)(w): @ %) hg))(w)zoa IE{I,Z,”-,H}\{S}. (6)

Tis
o(lo)) (1 — o)
In fact, by differentiating function A, for each s € {1,2,---,n}, (6) is equivalent to
the following system of liner equations

4D+ 11+ (E+b+2)cr++ (3 +b+n)c, =0,

(Ho+ V(G +b+2)er+ (G +b+2)(5+b+3)er -
+(GHb+n)(G+b+n+1)e=0,

...... (7
( +b+])C1+HS+1( +b+j)ert-+ 11 1( +b+j)ep =1,

G b e+ (S +b+ et AT L+ b+ f)e, = 0.
J q

Applying Lemma 2 with a = é + b+ 2, we see that the determinant of system

(7) is different from zero, as claimed. For each k € {0,1,---,n— 1}, we choose the
corresponding family of function that satisfy (6) with s = k+ 1 and denote it by &, 4.

Then, from Lemma 3 and the boundedness of Cg, : H(p,q,¢9) — V/ﬂ(") , for @ € D such
that |(o)| > 1,

(o) (@) 3t gD (@)B i (@' (0), -+, oD (w))]
0(|9(@)))(1 - |p(@)P)s !

< i ) <
< C5up [[Co gt )| < ClICH |, g g1 (8)
From (8), it follows that for each k € {0,1,---,n— 1},
su |2? lCl (n 171)(Z)Bl,k((Pl(Z)a"'7(P(lik+l)( ))}<CHCgH
P 2\ ket P H(p.g.0) 7" -
lo()]>4 (\w(z)l)(l—\w(z)\ )7
)]
Let
pe(z) =KL, k=0,1,--,n—1. (10)

Then clearly ||pil|g(p.q,6) < °°- By applying Lemma 3 to po(z) =z, we get

(Cipo)(n)( 2 =10 (2)B1o (@' (2), -+, 9T (2))

= ZCZ 18" (2B (9 (2), -+, 0TV (2)),
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which along with the boundedness of Cg : H(p,q,¢) — V/u(") implies that

sup(z

zeD

S Ima(e @0t Vi0)| < el a

H(p,q.9)—

Assume now that we have proved the following inequalities

(n=1-0) TN (=) < g

Supp(2) (2)Bj(¢'(2),. @) <N 15,00 m0

(12)

for j€{0,1,--- k—1},k<n—1.

Apply Lemma 3 to p(z) =1 k€ {0,1,---,n— 1}, we get

chpi) " (2)

k=1

= D (k1) (k= j+1)(p(2)* ’ZClqg" @B (¢'(2), - 0" ()

j=0

k+1 2 lgn 1= )Bl,j(q)/(z)f"7q)(lij+1)(z))7

from which, along with the boundedness of C{’; :H(p,q,0) — 7/“("), the fact that
ol < 1, the triangle inequality, and using hypothesis (12) we get

I (n—1-1) I—k+1
s Zcﬂg (@B1(9'(@)s 0" V@) | < CYCE ) i
(13)
foreach k € {0,1,---,n— 1}. Then for each k € {0,1,---,n— 1}
up @25 18" (@B (9 (2), -, 0 ()|
u 1
v@I<d 919N~ le@P)7 "
CSUHI;IJ 71gn 1- l )Bl,k((p/(z)»“'»(P(l_k+1)(z))‘
zZ€

< CHC?PHH(p,q,q))—W/J")' a4

From (9) and (14), we get (1). O

THEOREM 6. Let g € (D), n€N, 0< p,q < oo, and @ be an analytic self-
map of D. Then C§ : H(p,q,9) — ”‘//ﬂ(n) is compact if and only if Cg

H(p,q.0) —
%n) is bounded and for each k € {0,1,---,n—1},
i HEIZG 8" @B (9 (), 0 ()|
\<P(Z)|H1

=0. (15)
o(lo(2)])(1— |§0(z)|2)6+"+1
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Proof. Supposethat C§: H(p,q,9) — V/ﬂ(") is compact, then clearly C : H(p,q,9)

— 7/,}") is bounded. Let (z;);cy be a sequence in D such that |@(z;)] — 1 as i — oo.
If such a sequence does not exist, then the conditions in (15) automatically hold.

Let hg(;) k,k €{0,1,---,n—1} be as in Theorem 5. Then the sequence (f-,) x)ieN
is bounded and A ;) x — O uniformly on compact subsets of ID as i — eo. Since Cf;, :

H(p,q,0) — 7/“(") is compact, from Lemma 4, we have that for each k € {0,1,---,n—

1},
Himn [y 0 =0 (16)
From (8) we obtain

1€z

).k %")
. Cu@)le()I* 35 C, 18" @B (@ (z0), -, @D ()|

(@D (1= [@()P)s ™
which along with |@(z;)| — 1 as i — oo and (16) implies that

lim w(zi |Z" ‘ol g 1_1)(Zz)Blk((P( i), U (7 z))’ _0

e k
’ 010 )(1— p(z)P)s ™!
for each k € {0,1,---,n— 1}, from which (15) holds in this case.
On the other hand, we assume that Cf;, “H(p,q,0) — 7/,}") is bounded and (15)

holds. Let (f;)ien be a sequence in H(p,q,¢) such that sup;cy || fill i (p.q.0) < L and fi
converges to 0 uniformly on compact subsets of D as i — . By the assumption, for any
€>0,thereisa 6 € (0,1) such that for each k € {0,1,---,n—1} and 8 < |p(z)| < I,

|2n ICl (n— 171)(Z)Bl,k(¢(-)’ ’(P(l k1) ( ))’
(|§0(Z)|)(1—|§0(Z)| ot

)

<e. (17)

‘We have
1C5 i H%(n)

(Cof0)" (0 )|+Sugu(Z)I(C§ﬁ)(")(Z)I

g (1) 2 gU1=0( )B,7k(<p’(0),~~~,(P(lkH)(O))‘

n—1
+ sup u(z) 2 kH 2 (=10 )Bz,k(<P/(Z)""’<P(lkH)(O))'
lp(2)|<8 k=0
b s w3 A 2 LB E) 0 (0)
lp(z)|>6 k=0

=h+Lh+Js.
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Now we estimate J, J, and J3, by Cauchy’s estimate we see that

Y (0) =0 and  sup |5V (@) — 0. (18)

From (18) and (13) in Theorem 5, we can easily get that

j—1
i(k+1 ZC; g1 O)Bz7k(§0/(0)7"'»‘P(l_kﬂ)(o))l_>0’
=0
(19)
and
Jr= sup u(z)
lo(2)|<6
—1
<|'S £ g 2 (n-1-) )Bl,k((p/(Z)a"'»(P(lk+l)(0))'_>0' (20)
k=0

By Lemma 1 and (17), we have that

J3= sup pu(z)
0(2)]>8

—1 n—1
| Y 5 0@) g @B (¢'(2) 0 ()
k=0 1=k

S CHfi”H(nw

S HEOIEE G @B (0'6) 0" (@)
Eblo@P>s 0(lp(N(1— [p)R)7 !
< CnlLe. 1)

From (19), (20) and (21) we obtain lim;_... HCq,f,H ,1 = 0. From this and applying

Lemma 4 the implication follows. [
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