lournal of
athematical
nequalities

Volume 11, Number 1 (2017), 99-112 doi:10.7153/jmi-11-09

BOUNDEDNESS ON MORREY SPACE OF MULTILINEAR
SINGULAR INTEGRAL OPERATORS SATISFYING
A VARIANT OF HORMANDER’S CONDITION

JINSONG PAN

(Communicated by J. Pecari¢)

Abstract. We prove the boundedness properties on Morrey space of the multilinear operator
associated to the singular integral operator satisfying a variant of Hérmander’s condition.

1. Introduction and preliminaries

As the development of singular integral operators, their commutators and multi-
linear operators have been well studied (see [2—4], [6-9], [12], [15], [16]). Let T be
the Calderén-Zygmund singular integral operator and b € BMO(R"), a classical re-
sult of Coifman, Rochberg and Weiss (see [6]) stated that the commutator [b,T|(f) =
T(bf)—bT(f) is bounded on LP(R") for 1 < p < eo. In [12], Hu and Yang proved a
variant sharp function estimate for the multilinear singular integral operators. In [15—
16], C. Pérez, G. Pradolini and R. Trujillo-Gonzalez obtained a sharp weighted esti-
mates for the singular integral operators and their commutators. The main purpose of
this paper is to study the boundedness properties on Morrey space of the multilinear
operator associated to the singular integral operator satisfying a variant of Hormander’s
condition.

First, let us introduce some notations. Throughout this paper, Q = Q(x,r) will
denote a cube of R" with sides parallel to the axes and center at x and edge is r. For
any locally integrable function f, the sharp function of f is defined by

Mm* = d
019 = swp iy [ 170) ol

where, and in what follows, fp = |Q|™! fo(x)dx. It is well-known that (see [10], [17])

M (1)) = supink 7 [ 110 iy
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and
Hb—bngHBMO < CKk||b||pmo fork > 1.
We say that f belongs to BMO(R") if M*(f) belongs to L”(R") and ||f||zmo =
|[M*(f)||r= . Let M be the Hardy-Littlewood maximal operator defined by
M) =suplol™ [ 1)y
03x 9

and we write that M, (f) = (M(f?))"/? for 0 < p < eo.
We denote the Muckenhoupt weights by Ay, that is (see [10]):

Ar={0<welLl (R"): M(w)(x) < Cw(x),a.e.}.

Given a weight function w. For 1 < p < oo, the weighted Lebesgue space L” (R",w)
is the space of functions f such that

s = ( [, 170w Y em

Throughout this paper, ¢ will denote a positive, increasing function on R for
which there exists a constant D > 0 such that

©(2t) < Do(t) for t > 0.

Let w be a weight function on R" (thatis w is a non-negative locally integrable func-
tion) and f be a locally integrable function on R". Set, for 1 < p < o,

1 1/p
po(w) =  SU — Pw(y)d .
oo = s (oo [ 1r0)wtiay)

The generalized weighted Morrey spaces are defined by
LPO (R, w) = {f € Lje(R") : | fllro ) < oo}

If o(d)=d®, § >0, then LP®(R",w) = LP®(R",w), which is the classical Morrey
space (see [1], [16], [17]). As the Morrey space may be considered as an extension
of the Lebesgue space (the Morrey space LP* becomes the Lebesgue space L” when
A =0), it is natural and important to study the boundedness of the multilinear singular
integral operator on the Morrey spaces LP*?(R",w) (see [1], [7], [8]).

2. Theorem

DEFINITION 1. Let ® = {¢y,..., ¢} be a finite family of bounded functions in
R". For any weight function w and locally integrable function f, the ® sharp maximal
function of f is defined by

. 1 -
Mb() =sup inf o [, 170D~ 3 cieitzo—n)iwlr)ey
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where the infimum is taken over all m-tuples {cy,...,c,} of complex numbers and Xg
is the center of Q.

REMARK. Note that M% ~ M*(f) if m=1 and ¢; = 1 (see [15]).

DEFINITION 2. Given a positive and locally integrable function f in R", we say
that f satisfies the reverse Holder’s condition (write this as f € RH..(R")), if for any
cube Q centered at the origin we have

0 < sup f(x) / )
xeQ |Q‘
In this paper, we will study some singular integral operators as following (see [1]).

DEFINITION 3. Let K € L?(R") and satisfy
K|~ <C

[K(x)] < Cla[ ™,

there exist functions By, ...,By € L} (R"—{0}) and ® = {¢,...,¢n} C L(R") such
that |det[9;(y;)]|* € RH..(R"™), and for a fixed § > 0 and any |x| > 2[y| > 0,

_ iB'(x)(P'()’)\ < CL
o J J ‘x_y‘n-&-é

For f € 7, we define the singular integral operator related to the kernel K by
TN = | Kx=y)fO)dy.

Let [ and m; be the positive integers (j = 1,---,1), m;+---+m =m and b; be the
functionson R" (j=1,---,1). Set, for 1 <j <1,

1
Rm_,-+l (b,f;xay) - bj(x) - 2 aDabj(y)(x_y)a'
\a|<mj :
The multilinear operator associated to T is defined by
Hi’:l Rm_,'+l (b/7x7y)
g e — |

()0 = | K(x=3)f()dy.

Note that the classical Calderén-Zygmund singular integral operator satisfies Defi-
nition 5 (see [11], [18]). Also note that when m =0, T? is just multilinear commutators
of T and b (see [15-16]). It is well-known that multilinear operator, as a non-trivial
extension of commutator, is of great interest in harmonic analysis and has been widely
studied by many authors (see [2—4]). The main purpose of this paper is to prove the
sharp maximal inequalities for the commutator T?. As the application, we obtain the
weighted L?” -norm inequality and Morrey space boundedness for the multilinear singu-
lar integral operator 7.

We shall prove the following theorems in Section 3.
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THEOREM 1. Let 1 <r <o, T be the singular integral operator as Definition 3
and D*bj € BMO(R") for all o with |&| =mj and j=1,---,1. Then there exists a
constant C > 0 such that for any f € C5(R"), 1 <s <o and X € R",

l
My(r* ()@ <CIT| X IP%bjlsmo | Mr(f)(F).

J=1\ lojl=m;

THEOREM 2. Let 1 < p < oo, w € Ay, T be the singular integral operators as
Definition 3 and D*b; € BMO(R") for all o with |ot| =m;j and j=1,---,1. Then T®
is bounded on LP(R",w), that is

T (f N zrw) CH Y. ID%bj||mo A1 ze w)

J=1\ lojl=m;

THEOREM 3. Let 1 < p <o, we Ay, 0 <D <2", T be the singular integral
operators as Definition 3 and D*b; € BMO(R") for all o with |a| =mj and j =
-I. Then T" is bounded on LP*®(R",w), that is

TP () oo o) CH Y. 1ID%bjllpo | |1f]ro )

J=1\lejl=m;

3. Proof of Theorem

We begin with some preliminaries lemmas.

LEMMA 1. (see [4]) Let b be a function on R" and D*b € L4(R") for |o] =m
and some q > n. Then

1 1/q
Rotbiyl <Clios” 3 (o [ pesaaz)

|or|=m

where Q(x,y) is the cube centered at x and having side length 5+/n|x —y|.

LEMMA 2. (see [11], [18]) Let T be the singular integral operator as Definition
3. Then T is bounded on LP(R",w) for w € A} and 1 < p < e,

LEMMA 3. (see [18]) Let | < p <o, we A| and ® ={¢y,...,¢n} C L”(R")
such that |det[9;(y;)]|* € RHw(R"™). Then

L MOE) W< C | MG(f) () w(x)dx

for any smooth function f for which the left-hand side is finite.
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LEMMA 4. Let 1 <p<eo, we A, 0<D<2" and ®={¢y,..., ¢} C L”(R")
such that |det[9;(y;)]|* € RHo(R™). Then, for any smooth function f for which the
left-hand side is finite,

(@) |IM(f)|zropwy < ClIME) o) s

(b) [IM(f )HLI"P ) S ClIfllzpow) for 1 <r<p.

Proof. (a) For any cube Q = Q(xg,d) in R", we know M(wygp) € A; for any cube
0 = Q(x,d) by [5]. We get, by Lemma 3,

/ M) )P wiy)dy = | M) w()xo()dy

R"

<€ J MUNOIMOQ) () <€ / MBI M(wz0) (5)dy

<C| [ MECHO)[PM(w)(y)dy+ z)d
/| ol Jdy+ kzz)/kHQ\ZkQ o(f (SQl;I;Q|/ Z) ]

1
< ME(F)(y)|PM(w / r 7/ )dz
c / MNP+ [ 0 (g Bw(z)dz)dy]
y
<c /|M¢ DIl dy+2/“ NP 2&,}@]
< UMYy 32025 )
k 0

=

< ClIMENNEp(y X (27"D) 0(d)

k=0
< ClMG () 9.

thus
1M ()20 ) < CIME ) |10 ) -

A similar argument as in the proof of (a) will give the proof of (b), we omit the details.
This finishes the proof. [J

Proof of Theorem 1. Without loss of generality, we may assume [ = 2. It suffices
to prove for f € C3(R") and some constant Cy, the following inequality holds:

S LW -clac<cIT{ S 190 lo | 1))

J=1\ Jaj[=m;

Fix a cube Q=0(xo,d) and £€ Q. Let 0=5/nQ and b;(x)=bj(x)— ¥ 57 (D*b;)sx*

|0£\=m

then R (bj;x,y) = Ru(bj;x,y) and D*b; = D%b; — (D%bj) g for o] =m;. We write,
for fi = fXg» fo = [Xgn g and Co = X1, ¢;6;(x0 —x) with ¢; = fru £ K ) Bj(xo —

Txo—y™
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y)Ha(y)dy,

H?=1 ij' (Ej’xay)
TRy X (x=y)f1(y)dy

1 [ Ry (bosx,y)(x—y)®" D% by (y)

(0 = [

o P K(x— d

\O(”Ezml oq! Jrn ‘x_y‘m ( y)fl(y) y
1 R, (b15x,y) (x — y)*2D*Dy(y)

a ! K(x—y)fi(y)dy

\ou\E:mz o2l /e =yl
L[ (=) D% ()D% b))

+ / K(x— d
oty [=my 061!062! n ‘x_y‘m ( y)fl(y) y
|0 |[=my

H2-=1Rm}+1(13-;x,y)
+/,, - \xj_y‘mj K(x—y)fa(y)dy

_ H3=1Rm1(5j3x7)
(e,

_T< 2 L' (bz;xr)z(_x.—m')alD“lblfl)

oy [=my
Ry, (b13x,-)(x — )2 D%b,
-T ' fi
( 2|—m2 e[
w< 1cvwww%m%7>
p 1

o |=my, [op|=m; oy ton! e —|

+T ()

then

() ~Go| <

T Ry (By,)
' (——f

Py N (x — U D],
. T( v L Ry (b, )(x— )™D b1f1>
oy [=my

oq! ‘x— ‘m
1 Ry, (by;x,-)(x—-)®2D%b,
+T pha N
(Olzzmz 062! ‘x_ ‘m

+ T( ) 1 <x—->°"+°‘2mlélmzzszf>
1
\a1\=ml7 ‘062|=m2 al!a2! "x_ ‘m

HTP(£2)(x) — Col
= Ly (x) 4+ Lo (x) + L3 (x) + La(x) + Ls(x)
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and
@/Q)T’%f)(x)—co\dx

1 1 1 1 1
<— | L dx+— | L d — | L dx+— [ L dx+— | L d
1 Jy it g [t i [ @it o [ Lo [ s
=Li+Ly+ 13+ L4+ Ls.

Now, for Ly, if x € Q and y € 20, by using Lemma 1, we get

Ry(bix,y) < Cle—y|" 3, [[D“b|[smo,

loc=m

thus, by the L* boundedness of 7 (see Lemma 2) and Holder’s inequality, we obtain

o [

Lsel| 3 10 lo @ JRCAT
2 1 1/r
<CIT| 3 1obmo) (g, rorar)
2 1 1/r
<cIl| 3 1oeiono | (g7 flniore)
2 1 1/r
<cTl{ T 10%lo (5' [ rras)
2
<SCII| X 1ID%bjllsmo | Mr(f)(%).

~.
Il
—_

|ocj|=m;

For L, denoting r = uv for 1 < u,v < e and 1/v+1/v =1, we have

Ly<C Y |ID%bllswo Y, D,

1
sl s mom |a=m 1€

1 ~ 1/u
< 3 ponlao 3 (g 0B 0 ar)

|on|=m; o |[=my 14

1 . 1/u
<C X |ID%ballsmo 3 (a/RnDalbl(x)lfl(x)ludx)

|og |=my oy [=my

/ IT(D™Dy f1)(x)|dx
(@)
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C D™b ! d o
< (05 — uy
3 10baliwo (15[ 1001

lo|=m;

1 ~ ~ , 1w
> <T/Dalbl(x)—(Dalbl)Qde)
|ot [=my 01 /o

2
<CII| X ID%bjllamo | MA(f)(F).
J=1 A Jej[=m;

For L3, similar to the proof of L, , we get

2
L3<CH Y. 1ID%bjllamo | Me(f)(%).

J=1 A Joyj[=m;
Similarly, for Ly, denoting r = uw for 1 < u,vi,vy,w <ooand 1/vi+1/vm+1/w=1,
we obtain, by Holder” inequality,
1 - -
L<c ¥ @/ T (D™ B, D%Bs f1) (x)|dx
o

oy [=my,|on|=my

1 ~ ~ 1/u
<C > ( /Rn T(Da'leazbzfl)(x)"dx)

oy [=my,|on|=my 1Y

1/u
<c ¥ |Q_1/"</RnDo‘lan(x)Do‘leJz(x)ﬁ(x)”dx)

oy [=my,|on|=my

1 . 1/uvy 1 . 1/uvy
<C T/ D*p(x ”V'dx) <T/ Db, (x ”vzdx)
S (g hpene 5 bt

oy [=my,|on|=my

(5, If(X)“de>l/W

2
<CIT| 2 11D%bjllamo | Mi(f)(F).

J=L A Jeyj|=m;
For Ls, we write
T°(f2)(x) — Co

- H?:]ij+l(l~7j;x7y) - H?:lij-ﬁ-l(Ej;any)
R = y|™ [0 — y|™

) K(x—y)f2(y)dy

2 7 2 X m
o Mo O <K<x—y> =3 B0 6y —x>> )y

lxo — y|™

j=1
=10 + L (x).
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By Lemma 1 and the following inequality (see [17])

lbg, — bg,| < Clog(|Q2|/|Q1])|bl|mo for Q1 C Qa,

we know that, for x € Q and y € 25710\ 240

(R (Bjsx,y)| < Cle—y™ ¥ (IIDBllsmo + 1(D*b)) g y) — (D*B)) )

I(X‘:mj
< Cklx—y|™ Y. |ID*bj||Bmo-
|ot|=m;

By the formula (see [4]):

. 1 N
Ru,(bjix,y) = Ru;(bjixo,y) = Eij—\m(Dﬁbj;xﬁCO)(x —y)P

|B|<m;

and Lemma 1, we have

R (Bj5x,y) = R (Bjix0,9)| <C Y > [x—xo™~Pl|x — y [Pl DB} | 50,

|Bl<mj|o|=m;

Note that |x —y| ~ |xo —y| for x € Q and y € R"\ Q, thus, by the conditions on K, we
obtain, for 1 < 1,50 < oo with 1/r+1/s1+1/s5=1,

(1) / 1 1
L < Ry (bj; K d
400 < [, |~ oy LR B K=
- - R, (ba;x,y
R B23) R B0 22 )
- = Ry, (b13x0,y
R :9) R i) 220N )

[Rin, (b1:2,3)[| D% b ()|

Dy L

log |[=my, "x_y‘m ‘xo_y‘m
|og |=my

IK(x—y)Hfz( )ldy

+ 2 / (xo —y)*

R, (b1:x,y) — R, (b13x0,7)||D%2bs (y)|

|org |=mp, \xo—y\’"
oy [=my
x|K(x=y)|l2(v)ldy
L |aen® -y
— R b2 X D“ lb1
oty [=my, ! JR ‘x_y‘m ‘xO_y‘m ‘ mZ( )’)H ( )‘
\o@\:mz

x|K(x—y)[|f2(y)|dy

2 L/ (xo—y)*
oy [=my, (XQ! \XO—)"m
|og |=my

|Rm2(b2 xy) 1112(52;)607)})”1)&1[71()7)‘
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X |K(x=y)l[/2(y)ldy

1 (x _y)061+0€2 (XO _y)oc1+a2
+ 2 (Xl!OCQ!/n

IDby(y)||D* by (y)|

|og |[=my. x =y |xo — y|™
|og |[=my

x|K(x=y)[|2()dy

- 1 1

2
< / - R ’E';x7 K.x_ d
Z Junowelwmop ~ oy | | LIRm @ 1K= 0)lay

R, (b
) 72ff%1<<x—y>|f<y>|dy

| R Brixo DI e )1y

+I€Z()Ak+lé\2kg |Rm1 (bl;x,y)_le (bl;XO,

+k:26‘/2k+lQ~\2kQ |Rm2 (b2;x,y)—Rm2 (b2;x0ay)

i /
L Z oo

[ |[=my

XK (x = )£ (v)ldy

+C 3 /
\a1§v11,1§) 2k+10\2kQ

[ |[=my

XlK(x—y)Hf( )|dy
(x=0)*  (x—y)*
+C 2 /2k+lQ\2kQ B

log |=mny. k=0 o=y |xo—y[™
oy [=my

X |K (x— y)l\f( )Idy

(x0—y)*

C E A
+ AlﬁdQ\sz

(x=y)*  (o—y)*
x—y|™  |xo —y|™

[Riny (b1:x,)[[D% 2 ()|

(xo—y)*™

oy | 1B (Br.3) =Ry (Brixo. ) ID%B2 )

[Riny (b2:x,3)[| D" 1 (v))|

|Riny (b2:%,y) =Ry (b2:x0,y)|[D¥ b1 (y)]

oy |[=my, k=0 |x0_y|m
log|=m;
x |K (x— Y)Hf( )|dy
+C 2 / (x_y)alJraz_(xO_Y)alJraz |Dall~7 ( )HDOQE )|
gy, =0 2+ O\ 2k |x_y|m ‘xO_y‘m 1y 2y
o [=my
<|K(x=y)I[f(v)|dy
2 I
<C D% b0 | 3K / b — ol d
<CTT| 3 10%blo ) 0 [ gy 1001
x—x0| ~
€ 3 Do T Fk[ D00l
o |=m oo |=my k=0 /2F1O\2*0 xo — y[*!

X — -
€ Y I0%nlo Y, Yk /k+1Q\2A 0l D () £0)

Tyn — y|nt1
lon|=m) oy |=my k=0 g |xo—y|
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[ — xol ; ;
> /M\zkg P B I B ) 0y
ey |[=my, k=0
oy |[=my

2 ‘ oo - 1 . 1/r
<cIl| 3 109l ) 3024 (s [0l ar)
k=1

J=L A\ Jeyj|=m;

o 1 o 1/
+C X ID%billswo 3, Y K2 k(zk@ Jp DB dy)

lory[=m |0 |=my k=1

1 1/r
X <2k—Q| /2](~ |f(y)’dy)

, /7
+C 3 Il 3 Tt (g [ 0 B0 )

|og|=my oy |=m k=

1/r
x (Zk—@ L1700 dy)

e 3 $ot(ghs [ora)”

ey |[=my, k=1
oy |[=my
N 1/s 1 . 1/so
o)™ (s o)
<2le /"Q 2€Q| J2to
2 o
<CII{ X Ip%bjllsmo | X K227 My(f)(%)
j=1 I(Xj‘:mj k=1

2
<CIIl X ID%bjllsmo | My (f)(%).

J=L A\ Jayj|=m;

For ng) , similar to the proof of Lgl)

oo with 1/r+1/6+1/5=1,

and by the conditions on K, we get, for 1 <11, <

i H2= |Rm](l~77x ay)| &
w3 / o i K= 2B o0 o—0llf )]y

J=1

+ Y / [Run, (b13x0,)[|D% b2 (y)]] (x0 — )|
2kH10\2k0 lxo — y|™

| |=my k=0

x|K(x—y)— EB )9;(x0 —x)||f(y)ldy

+c Y / [Riny (B2:2%0,)|ID* By ()] (xo — )|
oy =y k=07 210\2*0 [xo —yI™
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x| K(x—y)— EB xo —y)@j(xo —x)[|f(v)|dy

+c Y / [D“1b1(y)[[D%2ba (y)|] (x0 — )"+ 2|
log [=my, k=0 2k+lQ\2kQ ‘xo_y‘m
oy |[=my
m
X |K(x—y) =, Bj(xo—y)j(xo—x)||f(y)|dy
j=1
<cl D%b; S 42 b=l d
S H Z | illsmo kgé /2k+1Q\2kQ“W|f(y)‘ y

j=1 |O¢j\:mj

\x—xo\‘s ~
e & Dbl Loy o5 D%Ba(3) £
Ial\zml |ocz\Z zkzé 26+10\240 [xg—y|"+o
‘X—XO‘B ~
e & IDhellauo Lo o DU B )L ()l dy
|0‘2‘z_1m2 |a1\z—{m1kzz) 2-10\2k0 |x0_y|n+5
> / Bl g 1% ) )
oy |=my. k=07 2K10\20 |xo — y|n+o
oy |=my

N

2 L 1 1/r
C D%b; BMO k22_5k< — fly rdy)
[ 3 10%lwo | 3624 (i [, 100

J=1\|aj|=m;

+C Y ID%bi|lpwo Y, Y k2%

o [=my |0ty |=m k=1

1 o7 y /7 1 . 1/r
x (W /2kQ|D 2by(y)| dy) <|2k—Q /2kQ|f(y)\ dy)

+C Y [ID%bo|lpuo Y, Y k2 %k

o |=m; |oty |[=my k=1

1 1 1/r
<2kQ| /kQ Wl dy) <2k—Q|/2ka(y)|’dy) dy

1/r
€ 3 225"<|2kQ 2kQ|f(y)’dy>

oy [=my, k=1
[ [=my

. 1/[1 1 5 ,
)d —= D*b 'd
(g i P B0 as) (55 [ 0=B20 )

1/



MORREY SPACE OF MULTILINEAR SINGULAR INTEGRAL OPERATORS 111

N
a
e

S [ID%bj||smo i 1227 M, (f) (%)
k=1

|otj|=m;

~.
Il
—_

2 |ID%bjllsmo | My (f) (D).

|oej|=m;

\
I
iR

N
)

Thus
2
Ls<C[[| X ID%bjllamo | M:(f)(X).

J=1 A Joyj[=m;

This completes the proof of Theorem 1. [
Proof of Theorem 2. Taking 1 < r < p in Theorem 1 and by Lemma 3, we obtain

T () roy < M)y < ClME TP ()2

[
<SCIT| X 1ID%bjllsmo | [1Mr(F)]2r )

j=1 ‘a|:mj

~

<C >, 1ID%bjlIsmo | 12r(w)-

J=1 \ |a|=m;
This finishes the proof. [J
Proof of Theorem 3. Taking 1 < r < p in Theorem 1 and by Lemma 4, we obtain

HTb(f)HLP~<P(W) < \|M(Tb(f))\|mw(w) < CHMg(Tb(f))HLw(W)

—

<C Z HDaijBMO HMr(f)HLP~<P(W)

loe|=m;

~
I
iR

> 1ID%bjllsmo | |1 f1ro(w)-

‘O{l=mj

\
I
iR

N
.0
—~

This finishes the proof. [J
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