
Journal of
Mathematical

Inequalities

Volume 11, Number 1 (2017), 99–112 doi:10.7153/jmi-11-09

BOUNDEDNESS ON MORREY SPACE OF MULTILINEAR

SINGULAR INTEGRAL OPERATORS SATISFYING

A VARIANT OF HÖRMANDER’S CONDITION

JINSONG PAN

(Communicated by J. Pečarić)

Abstract. We prove the boundedness properties on Morrey space of the multilinear operator
associated to the singular integral operator satisfying a variant of Hörmander’s condition.

1. Introduction and preliminaries

As the development of singular integral operators, their commutators and multi-
linear operators have been well studied (see [2–4], [6–9], [12], [15], [16]). Let T be
the Calderón-Zygmund singular integral operator and b ∈ BMO(Rn) , a classical re-
sult of Coifman, Rochberg and Weiss (see [6]) stated that the commutator [b,T ]( f ) =
T (b f )−bT ( f ) is bounded on Lp(Rn) for 1 < p < ∞ . In [12], Hu and Yang proved a
variant sharp function estimate for the multilinear singular integral operators. In [15–
16], C. Pérez, G. Pradolini and R. Trujillo-Gonzalez obtained a sharp weighted esti-
mates for the singular integral operators and their commutators. The main purpose of
this paper is to study the boundedness properties on Morrey space of the multilinear
operator associated to the singular integral operator satisfying a variant of Hörmander’s
condition.

First, let us introduce some notations. Throughout this paper, Q = Q(x,r) will
denote a cube of Rn with sides parallel to the axes and center at x and edge is r . For
any locally integrable function f , the sharp function of f is defined by

M#( f )(x) = sup
Q�x

1
|Q|

∫
Q
| f (y)− fQ|dy,

where, and in what follows, fQ = |Q|−1 ∫
Q f (x)dx . It is well-known that (see [10], [17])

M#( f )(x) ≈ sup
Q�x

inf
c∈C

1
|Q|

∫
Q
| f (y)− c|dy
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and
||b−b2kQ||BMO � Ck||b||BMO for k � 1.

We say that f belongs to BMO(Rn) if M#( f ) belongs to L∞(Rn) and || f ||BMO =
||M#( f )||L∞ . Let M be the Hardy-Littlewood maximal operator defined by

M( f )(x) = sup
Q�x

|Q|−1
∫

Q
| f (y)|dy,

and we write that Mp( f ) = (M( f p))1/p for 0 < p < ∞ .
We denote the Muckenhoupt weights by A1 , that is (see [10]):

A1 = {0 < w ∈ L1
loc(R

n) : M(w)(x) � Cw(x),a.e.}.
Given a weight function w . For 1 � p < ∞ , the weighted Lebesgue space Lp(Rn,w)

is the space of functions f such that

|| f ||Lp(w) =
(∫

Rn
| f (x)|pw(x)dx

)1/p

< ∞.

Throughout this paper, ϕ will denote a positive, increasing function on R+ for
which there exists a constant D > 0 such that

ϕ(2t) � Dϕ(t) for t � 0.

Let w be a weight function on Rn (that is w is a non-negative locally integrable func-
tion) and f be a locally integrable function on Rn . Set, for 1 � p < ∞ ,

|| f ||Lp,ϕ (w) = sup
x∈Rn, d>0

(
1

ϕ(d)

∫
Q(x,d)

| f (y)|pw(y)dy

)1/p

.

The generalized weighted Morrey spaces are defined by

Lp,ϕ(Rn,w) = { f ∈ L1
loc(R

n) : || f ||Lp,ϕ (w) < ∞}.

If ϕ(d) = dδ , δ > 0, then Lp,ϕ(Rn,w) = Lp,δ (Rn,w) , which is the classical Morrey
space (see [1], [16], [17]). As the Morrey space may be considered as an extension
of the Lebesgue space (the Morrey space Lp,λ becomes the Lebesgue space Lp when
λ = 0), it is natural and important to study the boundedness of the multilinear singular
integral operator on the Morrey spaces Lp,ϕ(Rn,w) (see [1], [7], [8]).

2. Theorem

DEFINITION 1. Let Φ = {φ1, . . . ,φm} be a finite family of bounded functions in
Rn . For any weight function w and locally integrable function f , the Φ sharp maximal
function of f is defined by

M#
Φ( f )(x) = sup

Q�x
inf

{c1,...,cm}
1

w(Q)

∫
Q
| f (y)−

m

∑
j=1

c jφ j(xQ − y)|w(y)dy,
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where the infimum is taken over all m-tuples {c1, . . . ,cm} of complex numbers and xQ

is the center of Q .

REMARK. Note that M#
Φ ≈ M#( f ) if m = 1 and φ1 = 1 (see [15]).

DEFINITION 2. Given a positive and locally integrable function f in Rn , we say
that f satisfies the reverse Hölder’s condition (write this as f ∈ RH∞(Rn)), if for any
cube Q centered at the origin we have

0 < sup
x∈Q

f (x) � C
1
|Q|

∫
Q

f (y)dy.

In this paper, we will study some singular integral operators as following (see [1]).

DEFINITION 3. Let K ∈ L2(Rn) and satisfy

||K̂||L∞ � C,

|K(x)| � C|x|−n,

there exist functions B1, . . . ,Bm ∈ L1
loc(R

n−{0}) and Φ = {φ1, . . . ,φm} ⊂ L∞(Rn) such
that |det[φ j(yi)]|2 ∈ RH∞(Rnm) , and for a fixed δ > 0 and any |x| > 2|y| > 0,

|K(x− y)−
m

∑
j=1

Bj(x)φ j(y)| � C
|y|δ

|x− y|n+δ .

For f ∈C∞
0 , we define the singular integral operator related to the kernel K by

T ( f )(x) =
∫

Rn
K(x− y) f (y)dy.

Let l and mj be the positive integers ( j = 1, · · ·, l) , m1 + · · ·+ml = m and b j be the
functions on Rn ( j = 1, · · ·, l) . Set, for 1 � j � l ,

Rmj+1(b j;x,y) = b j(x)− ∑
|α |�mj

1
α!

Dαb j(y)(x− y)α .

The multilinear operator associated to T is defined by

Tb( f )(x) =
∫

Rn

∏l
j=1 Rmj+1(b j;x,y)

|x− y|m K(x− y) f (y)dy.

Note that the classical Calderón-Zygmund singular integral operator satisfies Defi-
nition 5 (see [11], [18]). Also note that when m = 0, Tb is just multilinear commutators
of T and b (see [15–16]). It is well-known that multilinear operator, as a non-trivial
extension of commutator, is of great interest in harmonic analysis and has been widely
studied by many authors (see [2–4]). The main purpose of this paper is to prove the
sharp maximal inequalities for the commutator Tb . As the application, we obtain the
weighted Lp -norm inequality and Morrey space boundedness for the multilinear singu-
lar integral operator Tb .

We shall prove the following theorems in Section 3.
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THEOREM 1. Let 1 < r < ∞ , T be the singular integral operator as Definition 3
and Dαb j ∈ BMO(Rn) for all α with |α| = mj and j = 1, · · ·, l . Then there exists a
constant C > 0 such that for any f ∈C∞

0 (Rn) , 1 < s < ∞ and x̃ ∈ Rn ,

M#
Φ(Tb( f ))(x̃) � C

l

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

THEOREM 2. Let 1 < p < ∞ , w ∈ A1 , T be the singular integral operators as
Definition 3 and Dαb j ∈ BMO(Rn) for all α with |α| = mj and j = 1, · · ·, l . Then Tb

is bounded on Lp(Rn,w) , that is

||Tb( f )||Lp(w) � C
l

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ || f ||Lp(w).

THEOREM 3. Let 1 < p < ∞ , w ∈ A1 , 0 < D < 2n , T be the singular integral
operators as Definition 3 and Dαb j ∈ BMO(Rn) for all α with |α| = mj and j =
1, · · ·, l . Then Tb is bounded on Lp,ϕ(Rn,w) , that is

||Tb( f )||Lp,ϕ (w) � C
l

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ || f ||Lp,ϕ (w).

3. Proof of Theorem

We begin with some preliminaries lemmas.

LEMMA 1. (see [4]) Let b be a function on Rn and Dαb ∈ Lq(Rn) for |α| = m
and some q > n. Then

|Rm(b;x,y)| � C|x− y|m ∑
|α |=m

(
1

|Q̃(x,y)|
∫

Q̃(x,y)
|Dαb(z)|qdz

)1/q

,

where Q̃(x,y) is the cube centered at x and having side length 5
√

n|x− y| .
LEMMA 2. (see [11], [18]) Let T be the singular integral operator as Definition

3. Then T is bounded on Lp(Rn,w) for w ∈ A1 and 1 < p < ∞ .

LEMMA 3. (see [18]) Let 1 < p < ∞ , w ∈ A1 and Φ = {φ1, . . . ,φm} ⊂ L∞(Rn)
such that |det[φ j(yi)]|2 ∈ RH∞(Rnm) . Then∫

Rn
M( f )(x)pw(x)dx � C

∫
Rn

M#
Φ( f )(x)pw(x)dx

for any smooth function f for which the left-hand side is finite.
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LEMMA 4. Let 1 < p < ∞ , w ∈ A1 , 0 < D < 2n and Φ = {φ1, . . . ,φm} ⊂ L∞(Rn)
such that |det[φ j(yi)]|2 ∈ RH∞(Rnm) . Then, for any smooth function f for which the
left-hand side is finite,

(a) ||M( f )||Lp,ϕ (w) � C||M#
Φ( f )||Lp,ϕ (w) ;

(b) ||Mr( f )||Lp,ϕ (w) � C|| f ||Lp,ϕ (w) for 1 < r < p.

Proof. (a) For any cube Q = Q(x0,d) in Rn , we know M(wχQ)∈ A1 for any cube
Q = Q(x,d) by [5]. We get, by Lemma 3,

∫
Q

M( f )(y)pw(y)dy =
∫

Rn
M( f )(y)pw(y)χQ(y)dy

� C
∫

Rn
|M( f )(y)|pM(wχQ)(y)dy � C

∫
Rn
|M#

Φ( f )(y)|pM(wχQ)(y)dy

� C

[∫
Q
|M#

Φ( f )(y)|pM(w)(y)dy+
∞

∑
k=0

∫
2k+1Q\2kQ

|M#
Φ( f )(y)|p

(
sup
Q�y

1
|Q|

∫
Q

w(z)dz

)
dy

]

� C

[∫
Q
|M#

Φ( f )(y)|pM(w)(y)dy+
∞

∑
k=0

∫
2k+1Q\2kQ

|M#
Φ( f )(y)|p

(
1

|2k+1Q|
∫

B
w(z)dz

)
dy

]

� C

[∫
Q
|M#

Φ( f )(y)|pw(y)dy+
∞

∑
k=0

∫
2k+1Q

|M#
Φ( f )(y)|p w(y)

2nk dy

]

� C||M#
Φ( f )||pLp,ϕ (w)

∞

∑
k=0

2−nkϕ(2k+1d)

� C||M#
Φ( f )||pLp,ϕ (w)

∞

∑
k=0

(2−nD)kϕ(d)

� C||M#
Φ( f )||pLp,ϕ (w)ϕ(d),

thus
||M( f )||Lp,ϕ (w) � C||M#

Φ( f )||Lp,ϕ (w).

A similar argument as in the proof of (a) will give the proof of (b), we omit the details.
This finishes the proof. �

Proof of Theorem 1. Without loss of generality, we may assume l = 2. It suffices
to prove for f ∈C∞

0 (Rn) and some constant C0 , the following inequality holds:

1
|Q|

∫
Q
|Tb( f )(x)−C0|dx � C

2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

Fix a cube Q=Q(x0,d) and x̃∈Q . Let Q̃=5
√

nQ and b̃ j(x)=b j(x)− ∑
|α |=m

1
α!(D

αb j)Q̃xα ,

then Rm(b j;x,y) = Rm(b̃ j;x,y) and Dα b̃ j = Dαb j − (Dαb j)Q̃ for |α| = mj . We write,

for f1 = f χQ̃ , f2 = f χRn\Q̃ and C0 = ∑m
j=1 c jφ j(x0 − x) with c j =

∫
Rn

K(x0,y)
|x0−y|m B j(x0 −
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y) f2(y)dy ,

Tb( f )(x) =
∫

Rn

∏2
j=1 Rmj (b̃ j;x,y)

|x− y|m K(x− y) f1(y)dy

− ∑
|α1|=m1

1
α1!

∫
Rn

Rm2(b̃2;x,y)(x− y)α1Dα1 b̃1(y)
|x− y|m K(x− y) f1(y)dy

− ∑
|α2|=m2

1
α2!

∫
Rn

Rm1(b̃1;x,y)(x− y)α2Dα2 b̃2(y)
|x− y|m K(x− y) f1(y)dy

+ ∑
|α1 |=m1
|α2 |=m2

1
α1!α2!

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)Dα2 b̃2(y)
|x− y|m K(x− y) f1(y)dy

+
∫

Rn

∏2
j=1 Rmj+1(b̃ j;x,y)

|x− y|m K(x− y) f2(y)dy

= T

(
∏2

j=1 Rmj (b̃ j;x, ·)
|x−·|m f1

)

−T

(
∑

|α1|=m1

1
α1!

Rm2(b̃2;x, ·)(x−·)α1Dα1 b̃1

|x−·|m f1

)

−T

(
∑

|α2|=m2

1
α2!

Rm1(b̃1;x, ·)(x−·)α2Dα2 b̃2

|x−·|m f1

)

+T

(
∑

|α1|=m1, |α2|=m2

1
α1!α2!

(x−·)α1+α2Dα1 b̃1Dα2 b̃2

|x−·|m f1

)

+T b̃( f2)(x),

then

∣∣∣Tb( f )(x)−C0

∣∣∣ �
∣∣∣∣∣T
(

∏2
j=1 Rmj (b̃ j;x, ·)

|x−·|m f1

)∣∣∣∣∣
+

∣∣∣∣∣T
(

∑
|α1|=m1

1
α1!

Rm2(b̃2;x, ·)(x−·)α1Dα1 b̃1

|x−·|m f1

)∣∣∣∣∣
+

∣∣∣∣∣T
(

∑
|α2|=m2

1
α2!

Rm1(b̃1;x, ·)(x−·)α2Dα2 b̃2

|x−·|m f1

)∣∣∣∣∣
+

∣∣∣∣∣T
(

∑
|α1|=m1, |α2|=m2

1
α1!α2!

(x−·)α1+α2Dα1 b̃1Dα2 b̃2

|x−·|m f1

)∣∣∣∣∣
+|T b̃( f2)(x)−C0|

= L1(x)+L2(x)+L3(x)+L4(x)+L5(x)



MORREY SPACE OF MULTILINEAR SINGULAR INTEGRAL OPERATORS 105

and

1
|Q|

∫
Q

∣∣∣Tb( f )(x)−C0

∣∣∣dx

� 1
|Q|

∫
Q
L1(x)dx+

1
|Q|

∫
Q
L2(x)dx+

1
|Q|

∫
Q
L3(x)dx+

1
|Q|

∫
Q
L4(x)dx+

1
|Q|

∫
Q
L5(x)dx

= L1 +L2 +L3 +L4 +L5.

Now, for L1 , if x ∈ Q and y ∈ 2Q , by using Lemma 1, we get

Rm(b̃;x,y) � C|x− y|m ∑
|α |=m

||Dαb||BMO,

thus, by the Ls boundedness of T (see Lemma 2) and Hölder’s inequality, we obtain

L1 � C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ 1

|Q|
∫

Q
|T ( f1)(x)|dx

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠( 1

|Q|
∫

Rn
|T ( f1)(x)|rdx

)1/r

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠( 1

|Q|
∫

Rn
| f1(x)|rdx

)1/r

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠( 1

|Q̃|
∫

Q̃
| f (x)|rdx

)1/r

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

For L2 , denoting r = uv for 1 < u,v < ∞ and 1/v+1/v′ = 1, we have

L2 � C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

∑
|α |=m

1
|Q|

∫
Q
|T (Dα1 b̃1 f1)(x)|dx

� C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

(
1
|Q|

∫
Rn
|T (Dα1 b̃1 f1)(x)|udx

)1/u

� C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

(
1
|Q|

∫
Rn
|Dα1 b̃1(x)|| f1(x)|udx

)1/u
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� C ∑
|α2|=m2

||Dα2b2||BMO

(
1

|Q̃|
∫

Q̃
| f (x)|uvdx

)1/uv

× ∑
|α1|=m1

(
1

|Q̃|
∫

Q̃
|Dα1 b̃1(x)− (Dα1 b̃1)Q̃|uv′dx

)1/uv′

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

For L3 , similar to the proof of L2 , we get

L3 � C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

Similarly, for L4 , denoting r = uw for 1 < u,v1,v2,w < ∞ and 1/v1 +1/v2 +1/w = 1,
we obtain, by Hölder’ inequality,

L4 � C ∑
|α1|=m1,|α2|=m2

1
|Q|

∫
Q
|T (Dα1 b̃1D

α2 b̃2 f1)(x)|dx

� C ∑
|α1|=m1,|α2|=m2

(
1
|Q|

∫
Rn
|T (Dα1 b̃1D

α2 b̃2 f1)(x)|udx

)1/u

� C ∑
|α1|=m1,|α2|=m2

|Q|−1/u
(∫

Rn
|Dα1 b̃1(x)Dα2 b̃2(x) f1(x)|udx

)1/u

� C ∑
|α1|=m1,|α2|=m2

(
1

|Q̃|
∫

Q̃
|Dα1 b̃1(x)|uv1dx

)1/uv1
(

1

|Q̃|
∫

Q̃
|Dα2 b̃2(x)|uv2dx

)1/uv2

×
(

1

|Q̃|
∫

Q̃
| f (x)|uwdx

)1/uw

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

For L5 , we write

T b̃( f2)(x)−C0

=
∫

Rn

(
∏2

j=1 Rmj+1(b̃ j;x,y)
|x− y|m − ∏2

j=1 Rmj+1(b̃ j;x0,y)
|x0− y|m

)
K(x− y) f2(y)dy

+
∫

Rn

∏2
j=1 Rmj+1(b̃ j;x0,y)

|x0− y|m
(

K(x− y)−
m

∑
j=1

Bj(x0− y)φ j(x0 − x)

)
f2(y)dy

= L(1)
5 (x)+L(2)

5 (x).
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By Lemma 1 and the following inequality (see [17])

|bQ1 −bQ2 | � C log(|Q2|/|Q1|)||b||BMO for Q1 ⊂ Q2,

we know that, for x ∈ Q and y ∈ 2k+1Q̃\ 2kQ̃ ,

|Rmj (b̃ j;x,y)| � C|x− y|mj ∑
|α |=mj

(||Dαb j||BMO + |(Dαb j)Q̃(x,y) − (Dαb j)Q̃|)

� Ck|x− y|mj ∑
|α |=mj

||Dαb j||BMO.

By the formula (see [4]):

Rmj (b̃ j;x,y)−Rmj(b̃ j;x0,y) = ∑
|β |<mj

1
β !

Rmj−|β |(Dβ b̃ j;x,x0)(x− y)β

and Lemma 1, we have

|Rmj (b̃ j;x,y)−Rmj(b̃ j;x0,y)| � C ∑
|β |<mj

∑
|α |=mj

|x− x0|mj−|β ||x− y||β |||Dαb j||BMO,

Note that |x− y| ∼ |x0− y| for x ∈ Q and y ∈ Rn \ Q̃ , thus, by the conditions on K , we
obtain, for 1 < s1,s2 < ∞ with 1/r+1/s1 +1/s2 = 1,

|L(1)
5 (x)| �

∫
Rn

∣∣∣∣ 1
|x− y|m − 1

|x0− y|m
∣∣∣∣ | 2

∏
j=1

Rmj (b̃ j;x,y)||K(x− y)|| f2(y)|dy

+
∫

Rn

∣∣Rm1(b̃1;x,y)−Rm1(b̃1;x0,y)
∣∣ |Rm2(b̃2;x,y)|

|x0− y|m |K(x− y)|| f2(y)|dy

+
∫

Rn

∣∣Rm2(b̃2;x,y)−Rm2(b̃2;x0,y)
∣∣ |Rm1(b̃1;x0,y)|

|x0 − y|m |K(x− y)|| f2(y)|dy

+ ∑
|α1 |=m1,
|α2 |=m2

1
α1!

∫
Rn

∣∣∣∣(x− y)α1

|x− y|m − (x0− y)α1

|x0− y|m
∣∣∣∣ |Rm1(b̃1;x,y)||Dα2 b̃2(y)|

×|K(x− y)|| f2(y)|dy

+ ∑
|α1 |=m1,
|α2 |=m2

1
α1!

∫
Rn

∣∣∣∣(x0 − y)α1

|x0− y|m
∣∣∣∣ |Rm1(b̃1;x,y)−Rm1(b̃1;x0,y)||Dα2 b̃2(y)|

×|K(x− y)|| f2(y)|dy

+ ∑
|α1 |=m1,
|α2 |=m2

1
α2!

∫
Rn

∣∣∣∣(x− y)α2

|x− y|m − (x0− y)α2

|x0− y|m
∣∣∣∣ |Rm2(b̃2;x,y)||Dα1 b̃1(y)|

×|K(x− y)|| f2(y)|dy

+ ∑
|α1 |=m1,
|α2 |=m2

1
α2!

∫
Rn

∣∣∣∣(x0 − y)α2

|x0− y|m
∣∣∣∣ |Rm2(b̃2;x,y)−Rm2(b̃2;x0,y)||Dα1 b̃1(y)|
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×|K(x− y)|| f2(y)|dy

+ ∑
|α1 |=m1,
|α2 |=m2

1
α1!α2!

∫
Rn

∣∣∣∣ (x− y)α1+α2

|x− y|m − (x0 − y)α1+α2

|x0− y|m
∣∣∣∣ |Dα1 b̃1(y)||Dα2 b̃2(y)|

×|K(x− y)|| f2(y)|dy

�
∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣ 1
|x− y|m − 1

|x0 − y|m
∣∣∣∣ | 2

∏
j=1

Rmj(b̃ j;x,y)||K(x− y)|| f (y)|dy

+
∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣Rm1(b̃1;x,y)−Rm1(b̃1;x0,y)
∣∣ |Rm2(b̃2;x,y)|

|x0−y|m |K(x−y)|| f (y)|dy

+
∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣Rm2(b̃2;x,y)−Rm2(b̃2;x0,y)
∣∣ |Rm1(b̃1;x0,y)|

|x0−y|m |K(x−y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣(x− y)α1

|x−y|m − (x0−y)α1

|x0− y|m
∣∣∣∣ |Rm1(b̃1;x,y)||Dα2 b̃2(y)|

×|K(x− y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣(x0−y)α1

|x0−y|m
∣∣∣∣ |Rm1(b̃1;x,y)−Rm1(b̃1;x0,y)||Dα2 b̃2(y)|

×|K(x− y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣(x−y)α2

|x−y|m − (x0−y)α2

|x0−y|m
∣∣∣∣ |Rm2(b̃2;x,y)||Dα1 b̃1(y)|

×|K(x− y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣(x0−y)α2

|x0−y|m
∣∣∣∣ |Rm2(b̃2;x,y)−Rm2(b̃2;x0,y)||Dα1 b̃1(y)|

×|K(x−y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣(x−y)α1+α2

|x−y|m −(x0−y)α1+α2

|x0−y|m
∣∣∣∣ |Dα1 b̃1(y)||Dα2 b̃2(y)|

×|K(x− y)|| f (y)|dy

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=0

k2
∫

2k+1Q̃\2kQ̃

|x− x0|
|x0− y|n+1 | f (y)|dy

+C ∑
|α1|=m1

||Dα1b1||BMO ∑
|α2|=m2

∞

∑
k=0

k
∫

2k+1Q̃\2kQ̃

|x− x0|
|x0− y|n+1 |Dα2 b̃2(y)|| f (y)|dy

+C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

∞

∑
k=0

k
∫

2k+1Q̃\2kQ̃

|x− x0|
|x0− y|n+1 |Dα1 b̃1(y)|| f (y)|dy



MORREY SPACE OF MULTILINEAR SINGULAR INTEGRAL OPERATORS 109

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

|x− x0|
|x0− y|n+1 |Dα1 b̃1(y)||Dα2 b̃2(y)|| f (y)|dy

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=1

k22−k
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

+C ∑
|α1|=m1

||Dα1b1||BMO ∑
|α2|=m2

∞

∑
k=1

k2−k
(

1

|2kQ̃|
∫

2kQ̃
|Dα2 b̃2(y)|r′dy

)1/r′

×
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

+C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

∞

∑
k=1

k2−k
(

1

|2kQ̃|
∫

2kQ̃
|Dα1 b̃1(y)|r′dy

)1/r′

×
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=1

2−k
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

×
(

1

|2kQ̃|
∫

2kQ̃
|Dα1 b̃1(y)|s1dy

)1/s1( 1

|2kQ̃|
∫

2kQ̃
|Dα2 b̃2(y)|s2dy

)1/s2

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=1

k22−kMr( f )(x̃)

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

For L(2)
5 , similar to the proof of L(1)

5 and by the conditions on K , we get, for 1 < t1,t2 <
∞ with 1/r+1/t1 +1/t2 = 1,

|L(2)
5 (x)| �

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

∏2
j=1 |Rmj (b̃ j;x0,y)|

|x0−y|m |K(x−y)−
m

∑
j=1

Bj(x0−y)φ j(x0−x)|| f (y)|dy

+C ∑
|α2|=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

|Rm1(b̃1;x0,y)||Dα2 b̃2(y)||(x0− y)α2 |
|x0− y|m

×|K(x− y)−
m

∑
j=1

Bj(x0− y)φ j(x0− x)|| f (y)|dy

+C ∑
|α1|=m1

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

|Rm2(b̃2;x0,y)||Dα1 b̃1(y)||(x0− y)α1 |
|x0− y|m
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×|K(x− y)−
m

∑
j=1

Bj(x0− y)φ j(x0− x)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

|Dα1 b̃1(y)||Dα2 b̃2(y)||(x0− y)α1+α2 |
|x0− y|m

×|K(x− y)−
m

∑
j=1

Bj(x0− y)φ j(x0− x)|| f (y)|dy

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=0

k2
∫

2k+1Q̃\2kQ̃

|x− x0|δ
|x0− y|n+δ | f (y)|dy

+C ∑
|α1|=m1

||Dα1b1||BMO ∑
|α2|=m2

∞

∑
k=0

k
∫

2k+1Q̃\2kQ̃

|x−x0|δ
|x0−y|n+δ |Dα2 b̃2(y)|| f (y)|dy

+C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

∞

∑
k=0

k
∫

2k+1Q̃\2kQ̃

|x−x0|δ
|x0−y|n+δ |Dα1 b̃1(y)|| f (y)|dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=0

∫
2k+1Q̃\2kQ̃

|x− x0|δ
|x0− y|n+δ |Dα1 b̃1(y)||Dα2 b̃2(y)|| f (y)|dy

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=1

k22−δk
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

+C ∑
|α1|=m1

||Dα1b1||BMO ∑
|α2|=m2

∞

∑
k=1

k2−δk

×
(

1
|2k+1Q|

∫
2kQ̃

|Dα2 b̃2(y)|r′dy

)1/r′( 1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

+C ∑
|α2|=m2

||Dα2b2||BMO ∑
|α1|=m1

∞

∑
k=1

k2−δk

×
(

1

|2kQ̃|
∫

2kQ̃
|Dα1 b̃1(y)|r′dy

)1/r′( 1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

dy

+C ∑
|α1 |=m1,
|α2 |=m2

∞

∑
k=1

2−δk
(

1

|2kQ̃|
∫

2kQ̃
| f (y)|rdy

)1/r

×
(

1

|2kQ̃|
∫

2kQ̃
|Dα1 b̃1(y)|t1dy

)1/t1( 1

|2kQ̃|
∫

2kQ̃
|Dα2 b̃2(y)|t1dy

)1/t2
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� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠ ∞

∑
k=1

k22−δkMr( f )(x̃)

� C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

Thus

L5 � C
2

∏
j=1

⎛
⎝ ∑

|α j |=mj

||Dα j b j||BMO

⎞
⎠Mr( f )(x̃).

This completes the proof of Theorem 1. �

Proof of Theorem 2. Taking 1 < r < p in Theorem 1 and by Lemma 3, we obtain

||Tb( f )||Lp(w) � ||M(Tb( f ))||Lp(w) � C||M#
Φ(Tb( f ))||Lp(w)

� C
l

∏
j=1

⎛
⎝ ∑

|α |=mj

||Dαb j||BMO

⎞
⎠ ||Mr( f )||Lp(w)

� C
l

∏
j=1

⎛
⎝ ∑

|α |=mj

||Dαb j||BMO

⎞
⎠ || f ||Lp(w).

This finishes the proof. �

Proof of Theorem 3. Taking 1 < r < p in Theorem 1 and by Lemma 4, we obtain

||Tb( f )||Lp,ϕ (w) � ||M(T b( f ))||Lp,ϕ (w) � C||M#
Φ(Tb( f ))||Lp,ϕ (w)

� C
l

∏
j=1

⎛
⎝ ∑

|α |=mj

||Dαb j||BMO

⎞
⎠ ||Mr( f )||Lp,ϕ (w)

� C
l

∏
j=1

⎛
⎝ ∑

|α |=mj

||Dαb j||BMO

⎞
⎠ || f ||Lp,ϕ (w).

This finishes the proof. �
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