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SHARP BOUNDS FOR THE TOADER–QI MEAN IN

TERMS OF HARMONIC AND GEOMETRIC MEANS

WEI-MAO QIAN, XIAO-HUI ZHANG AND YU-MING CHU

Abstract. In the article, we present the greatest values α and λ , and the least values β and μ
in [0,1/2] such that the double inequalities

H[αa+(1−α)b,αb+(1−α)a] < TQ(a,b) < H[βa+(1−β)b,βb+(1−β)a],

G[λa+(1−λ)b,λb+(1−λ)a] < TQ(a,b) < G[μa+(1−μ)b,μb+(1−μ)a]

hold for all a,b > 0 with a �= b , where H(a,b) = 2ab/(a+b) , G(a,b) =
√

ab and TQ(a,b) =
2
π

∫ π/2
0 acos2 θ bsin2 θ dθ are respectively the harmonic, geometric and Toader-Qi means of a and

b .
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