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Abstract. In the article, we present the greatest values α and λ , and the least values β and μ
in [0,1/2] such that the double inequalities

H[αa+(1−α)b,αb+(1−α)a] < TQ(a,b) < H[βa+(1−β)b,βb+(1−β)a],

G[λa+(1−λ)b,λb+(1−λ)a] < TQ(a,b) < G[μa+(1−μ)b,μb+(1−μ)a]

hold for all a,b > 0 with a �= b , where H(a,b) = 2ab/(a+b) , G(a,b) =
√

ab and TQ(a,b) =
2
π

∫ π/2
0 acos2 θ bsin2 θ dθ are respectively the harmonic, geometric and Toader-Qi means of a and

b .

1. Introduction

For a,b > 0, the Toader-Qi mean TQ(a,b) [1], harmonic mean H(a,b) and geo-
metric mean G(a,b) are defined by

TQ(a,b) =
2
π

∫ π/2

0
acos2 θ bsin2 θ dθ ,

H(a,b) =
2ab
a+b

, G(a,b) =
√

ab,

respectively.
Recently, the Toader-Qi mean TQ(a,b) have attracted the attention of several re-

searchers. In particular, many remarkable inequalities for the Toader-Qi mean TQ(a,b)
can be found in the literature [2, 3].

In [2], Qi et al. proved that the identity

TQ(a,b) =
√

ab I0

(
1
2

log
b
a

)
(1.1)

and the inequalities

L(a,b) < TQ(a,b) <
A(a,b)+G(a,b)

2
<

2A(a,b)+G(a,b)
3

< I(a,b) (1.2)
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hold for all a,b > 0 with a �= b , where

I0(t) =
∞

∑
n=0

t2n

22n(n!)2 (1.3)

is the modified Bessel function of the first kind [4], L(a,b) = (b− a)/(logb− loga) ,
A(a,b) = (a+b)/2 and I(a,b) = (bb/aa)1/(b−a)/e are respectively the classical loga-
rithmic, arithmetic and identric means of a and b .

In [3], Yang proved that the double inequalities

√
2A(a,b)L(a,b)

π
< TQ(a,b) <

√
A(a,b)L(a,b),

A1/4(a,b)L3/4(a,b) < TQ(a,b) <
1
4
A(a,b)+

3
4
L(a,b)

hold for all a,b > 0 with a �= b .
It is well-known that the inequalities

H(a,b) < G(a,b) < L(a,b) < I(a,b) < A(a,b) (1.4)

hold for all a,b > 0 with a �= b .
Let x ∈ [0,1/2] , f (x) = H[xa+(1− x)b,xb+(1− x)a] and g(x) = G[xa+(1−

x)b,xb+(1− x)a] . Then we clearly see that both f and g are continuous and strictly
increasing on the interval [0,1/2] for all fixed a,b > 0 with a �= b .

Note that

f (0) = H(a,b), g(0) = G(a,b), f

(
1
2

)
= g

(
1
2

)
= A(a,b). (1.5)

It follows from (1.2), (1.4) and (1.5) that

f (0) < TQ(a,b) < f

(
1
2

)
, g(0) < TQ(a,b) < g

(
1
2

)
. (1.6)

Motivated by (1.6) and the monotonicity of f and g on the interval [0,1/2] , it is
natural to ask what are the greatest values α and λ , and the least values β and μ in
[0,1/2] such that the double inequalities

H[αa+(1−α)b,αb+(1−α)a]< TQ(a,b) < H[βa+(1−β )b,βb+(1−β)a],

G[λa+(1−λ )b,λb+(1−λ)a]< TQ(a,b) < G[μa+(1− μ)b,μb+(1−μ)a]

hold for all a,b > 0 with a �= b? The main purpose of this paper is to answer this
question.
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2. Lemmas

In order to prove our main results we need several lemmas, which we present in
this section.

LEMMA 2.1. (See [5]) For n ∈ N , the Wallis ratio

Wn =
(2n−1)!!

(2n)!!

satisfies the double inequality

1√
π

(
n+ 1

2

) < Wn <
1√

π
(
n+ 1

4

) .

LEMMA 2.2. (See [3]) Let I0(t) be defined by (1.3). Then the identity

I2
0 (t) =

∞

∑
n=0

(2n)!
22n(n!)4 t2n

holds for all t ∈ R .

LEMMA 2.3. (See [3]) Let sn = (2n)!(2n+ 1)!/[24n(n!)4] . Then the sequence
{sn}∞

n=0 is strictly decreasing and

lim
n→∞

sn =
2
π

. (2.1)

LEMMA 2.4. (See [6, 7]) Let A(t) = ∑∞
k=0 aktk and B(t) = ∑∞

k=0 bktk be two real
power series converging on (−r,r) (r > 0) with bk > 0 for all k . If the non-constant
sequence {ak/bk} is increasing (decreasing) for all k , then the function A(t)/B(t) is
strictly increasing (decreasing) on (0,r) .

LEMMA 2.5. (See [8]) Let {an}∞
n=0 and {bn}∞

n=0 be two real sequences with
bn > 0 and limn→∞ an/bn = s. Then the power series ∑∞

n=0 antn is convergent for all
t ∈ R and

lim
t→∞

∑∞
n=0 antn

∑∞
n=0 bntn

= s

if the power series ∑∞
n=0 bntn is convergent for all t ∈ R .

LEMMA 2.6. Let I0(t) be defined by (1.3). Then the function

ϕ(t) =
cosh(t)[cosh(t)− I0(t)]

sinh2(t)

is strictly increasing from (0,∞) onto (1/4,1) .

Proof. We clearly see that

ϕ(t) =
cosh(t)

cosh(t)+1
× cosh(t)− I0(t)

cosh(t)−1
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and cosh(t)/[cosh(t)+1] is strictly increasing from (0,∞) onto (1/2,1) . Therefore, it
suffices to prove that the function

ϕ1(t) =
cosh(t)− I0(t)

cosh(t)−1
(2.2)

is strictly increasing from (0,∞) onto (1/2,1) .
Let

an =
2nn!− (2n−1)!!

2nn!(2n)!
, bn =

1
(2n)!

. (2.3)

Then simple computations lead to

an

bn
= 1− (2n−1)!!

(2n)!!
, (2.4)

an+1

bn+1
− an

bn
=

(2n−1)!!
2n+1(n+1)!

> 0 (2.5)

for all n � 1.
From Lemma 2.1 and (2.4) we get

1− 1√
π

(
n+ 1

4

) <
an

bn
< 1− 1√

π
(
n+ 1

2

) ,

lim
n→∞

an

bn
= 1. (2.6)

It follows from (1.3) and (2.2) together with (2.3) that

ϕ1(t) =
∑∞

n=0
t2n

(2n)! −∑∞
n=0

t2n

22n(n!)2

∑∞
n=0

t2n

(2n)! −1
=

∑∞
n=1 ant2n

∑∞
n=1 bnt2n . (2.7)

Lemma 2.4, (2.5) and (2.7) lead to the conclusion that ϕ1(t) is strictly increasing
on (0,∞) .

From Lemma 2.5, (2.4), (2.6) and (2.7) we have

lim
t→0

ϕ1(t) =
a1

b1
=

1
2
, lim

t→∞
ϕ1(t) =

an

bn
= 1. �

LEMMA 2.7. Let I0(t) be defined by (1.3). Then the function

φ(t) =
cosh2(t)− I2

0(t)
sinh2(t)

(2.8)

is strictly increasing from (0,∞) onto (1/2,1) .

Proof. Let sn be defined as in Lemma 2.3 and

cn =
(2n)!

22n−1(n!)4 , dn =
22n

(2n)!
. (2.9)
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Then simple computations lead to

cn

dn
=

2sn

2n+1
, (2.10)

cn+1

dn+1
− cn

dn
= − (4n+3)sn

2(n+1)2(2n+1)
< 0 (2.11)

for all n � 1.
It follows from (2.8) and (2.9) together with Lemma 2.2 and the power series

formula cosh(t) = ∑∞
n=0 t2n/(2n)! that

φ(t) =
1+ cosh(2t)−2I2

0(t)
cosh(2t)−1

= 1− ∑∞
n=1 cnt2n

∑∞
n=1 dnt2n . (2.12)

Lemma 2.4, (2.11) and (2.12) lead to the conclusion that φ(t) is strictly increasing
on (0,∞) .

From Lemma 2.5, (2.1), (2.9), (2.10) and (2.12) we clearly see that

lim
t→0

φ(t) = 1− c1

d1
=

1
2
,

lim
t→∞

φ(t) = 1− lim
n→∞

cn

dn
= 1− lim

n→∞

2sn

2n+1
= 1. �

3. Main results

THEOREM 3.1. Let α,β ∈ [0,1/2] . Then the double inequality

H[αa+(1−α)b,αb+(1−α)a]< TQ(a,b) < H[βa+(1−β )b,βb+(1−β )a]

holds for all a,b > 0 with a �= b if and only if α = 0 and β � 1/4 .

Proof. Since both the Toader-Qi mean TQ(a,b) and harmonic mean H(a,b) are
symmetric and homogeneous of degree 1, without loss of generality, we assume that
b > a > 0. Let p ∈ [0,1/2] , t = (logb− loga)/2 > 0 and v = (a− b)/(a + b) =
tanh(t) ∈ (0,1) . Then (1.1) leads to

TQ(a,b)−H[pa+(1− p)b, pb+(1− p)a] (3.1)

=
√

abI0(t)− a+b
2

[
1− (1−2p)2v2]

=
√

abI0(t)−
√

abcosh(t)
[
1− (1−2p)2 tanh2(t)

]

=
√

absinh2(t)
cosh(t)

[
(1−2p)2−ϕ(t)

]
,

where ϕ(t) is defined as in Lemma 2.6.
Therefore, Theorem 3.1 follows easily from Lemma 2.6 and (3.1). �

From Theorem 3.1 we get Corollary 3.1 immediately.
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COROLLARY 3.1. The double inequality

1
cosh(t)

< I0(t) <
3cosh(t)

4
+

1
4cosh(t)

holds for all t > 0 .

THEOREM 3.2. Let λ ,μ ∈ [0,1/2] . Then the double inequality

G[λa+(1−λ )b,λb+(1−λ)a]< TQ(a,b) < G[μa+(1− μ)b,μb+(1−μ)a]

holds for all a,b > 0 with a �= b if and only if λ = 0 and μ � 1/2−√
2/4 .

Proof. Without loss of generality, we assume that b > a > 0. Let q ∈ [0,1/2] ,
t = (logb− loga)/2 > 0 and v = (a−b)/(a+b) = tanh(t) ∈ (0,1) . Then (1.1) leads
to

TQ(a,b)−G[qa+(1−q)b,qb+(1−q)a] (3.2)

=
√

abI0(t)− a+b
2

√
1− (1−2q)2v2

=
√

abI0(t)−
√

abcosh(t)
√

1− (1−2q)2 tanh2(t)

=
√

absinh2(t)

cosh(t)
√

1− (1−2q)2 tanh2(t)+ I0(t)

[
(1−2q)2−φ(t)

]
,

where φ(t) is defined by (2.8).
Therefore, Theorem 3.2 follows easily from Lemma 2.7 and (3.2). �

From Theorem 3.2 we get Corollary 3.2 immediately.

COROLLARY 3.2. The inequality

I0(t) <

√
2
[
1+ cosh2(t)

]
2

holds for all t > 0 .
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[8] G. PÓLYA AND G. SZEGŐ, Problems and Theorems in Analysis I, Springer-Verlag, Berlin, 1998.

(Received October 20, 2015) Wei-Mao Qian
School of Distance Education

Huzhou Broadcast and TV University
Huzhou 313000, China

e-mail: qwm661977@126.com

Xiao-Hui Zhang
Department of Mathematics

Huzhou University
Huzhou 313000, China

e-mail: zhangxiaohui2005@126.com

Yu-Ming Chu
Department of Mathematics

Huzhou University
Huzhou 313000, China

e-mail: chuyuming@zjhu.edu.cn

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


