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AN UPPER BOUND OF A DERIVATIVE
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(Communicated by J. Pecari¢)

Abstract. In [S. Kumar and R. Lal, Generalizations of some polynomial inequalities, Int. Elec-
tron. J. Pure Appl. Math., 3,2 (2011), 111-117.], Kumar and Lal provided an upper bound of a
derivative for polynomial degree n having some of zeros at the origin and rest of zeros lying on or
outside the boundary of a prescribed disk. In this paper, we present an upper bound of a derivative
n—(tm+--+1y)
for polynomials p(z) = (z—zm)™ (z—zm—1)"1 - (z—20)0 a0+ Y, ava> of degree
v=u
n having zeros zo,...,z, with |z;| < 1 for 0 < j <m and the remaining n— (t,,+---+1o) zeros
are outside {z: |z| <k} where k> 1.

1. Introduction

Let p(z) be a polynomial of degree n. Then we have the Bernstein’s inequality
(see [2])

max |p'(z)| < nmax |p(z)|. (1)
|z|=1 lz]=1
Equality holds in (1) if and only if p(z) has all of its zeros at the origin.

For a positive real number &, we let D(0,k) and C(0,k) denote the sets {z: |z]| <
k} and {z: |z| =k}, respectively.

If we restrict ourselves to the class of polynomials having no zero in D(0, 1), the
inequality (1) can be sharpened. In fact, it was conjectured by Erdos and later proved
by Lax [8] that if p(z) has no zero in D(0,1), then
n
max |p/(z)| < 5 max |p(z)]. (2)

lz|=1 2 |z=1
The equality holds if all zeros of p(z) lie on C(0,1), for example, p(z) = ot + B2",
o] = [B].

Aziz and Dawood [1] improved the inequality (2) under the same hypothesis and

obtained that

n .
max [p'(z)| < 5 |max[p(z)] —min |p(z)]| . 3)
Jz|=1 2 [|z=1 Jz|=1
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Equality in (3) holds for p(z) = B+ ", |B| > |a].
For the class of polynomials p(z) of degree n having no zero in D(0,k), k > 1,
Malik [9] proved that

max |p'(z)| < p(2)]- )

" ma
a— X
lz|=1 1+k|z=1

Inequality (4) was further improved by Govil [6] under the same hypothesis as

max’Z ngax 2)| = min z ' 5
max /()] < 1 | max |p(3)| — min p()| 5)

Inequalities (4) and (5) are sharp and extremal polynomial is p(z) = (z+k)".
Chan and Malik [3] considered the class of polynomials as in [9] and obtained the
following generalization of (4).

ao+2y—y avz”, 1 < u < n, is a polynomial of degree
1

, then

, n
max < max . 6
|z]=1 P ) L+ k* |z=1 P ©)

The result is best possible and extremal polynomial is p(z) = (Z* +k*) i where n isa
multiple of L.

The following theorem was proved by Pukhta [10], which is an improvement of
Theorem 1 and a generalization of the inequality (5).

THEOREM 2. [10] If p(z) = a0+ X\_,avz’, 1 < p <n, is a polynomial of
degree n having no zero in D(0,k), k > 1, then

n
max |p'(z)] <

S max |p(z)| —min |p(z)|] .
mar s [maxlp(@)] - minioc)

|z|=k

The result is best possible and extremal polynomial is p(z) = (2 + k") i where n is a
multiple of L.

For polynomials having all its zeros on C(0,k), k < 1, Govil [5] proved that
p n
m <———m )| 7
max P )< T Ip(2)] (7)

Dewan and Hans [4] generalized the inequality (7) for the polynomials of the type
P(2) = "+ Xy cn—vZ"™", 1 < 1t < n and proved the following theorem.

THEOREM 3. [4] If p(z) = ao+Xy_yavz’, 1 < U <n, is a polynomial of degree
n having all its zeros on C(0,k), k < 1, then

n

/ < | .
I‘glli)l(‘p (2)] fn—20+1 | fn—pt1 g‘li)l(|l7(2)| 8)
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Kumar and Lal [7] investigated the polynomials of degree n having some zeros at
the origin and the rest of zeros lying on or outside the boundary of a prescribed disk.
They obtained a generalized results of some well-known results.

THEOREM 4. [7] If p(z) =2* (a0 +Xy=} avz”), I<u<n—s, 0<s<n—1,is
a polynomial of degree n having zeros of order s at the origin and the remaining n—s
zeros are outside D(0,k), k > 1, then
n+ sk* (n—ys)

max < max |p(z)| —
max 7/ (2)] < - max e

k(14 k) ﬁﬁ'p(zﬂ )

2. Main results

THEOREM 5. (Main) If p(z) = (z—20)* (a0 + Xy avz”), 1 <p<n—s, 0<
s <n—1, is a polynomial of degree n having zero of order s at zy with |zo| < 1 and
the remaining n— s zeros are outside D(0,k), k > 1, then

K A A .

max |p (z)| < + max |p(z)| — ————= min |p(2)|,

mP S [T =) B PO Gy )
(L+zol)* ' (n—5)
(1+) (1= |z]) -

where A =

Proof. Let p(z) = (z—20)°¢(z) where ¢(z) =ap+X}_) ayz” be a polynomial of
degree n — s having no zero in D(0,k), k > 1.

Then p'(z) = (2 20)°9'(2) +s(z—20)*'9(2) and (z—20)p'(2) = sp(2) + (z —
ZO)'Y+1¢/(Z)~

Therefore, max;_ [z — zo||p’(2)] < smax | |p(z)| +maxp;_; [z— 20" |¢’ (2)].

Since |z—zo| > |z| —|z0] = 1 —|z0| and |z—zo| < |z + |z0] = 1+ |z0] for |z] =1,
we obtain (1 —|zo|) max;— [p'(z)| < smaxy;— |p(2)|+ (1+ |ZODS+lmaX|z\:l 19/ (2)].

Now let m = miny,_ |¢(z)|. Then m < |¢(z)] for |z| =

If ¢(z) has a zero on C(0,k), then m = 0. From now on, we assume that all
n—s zeros of ¢(z) lie outside D(0,k), k > 1. Therefore, for every complex number o
such that |of| < 1, it follows from Rouche’s Theorem that all zeros of the polynomial
¢(z) — am of degree n — s lie outside D(0,k), k > 1.

Applying the relation (6) to the polynomial ¢(z) — om, we get

max[o/(2)] < {7 max |0(2) — ool (10)
Now choosing o such that
0(z) —am| = |9(z)| — |et|m (1D

and letting |o| — 1, we get from (10) in view of (11) that

max |¢'(z)| <

max g max(0(2)| - m) (12
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Combining the relation (11) and the relation (12), we obtain that

1_ / g 1 s+1 n—s
( IZO\)ﬁglp(Z)l srga)fp(Z)IJr[( +|zol) Tk g}g\(b(Z)l
n—s
— [(1 + 20! H——kﬂ] m. (13)

The relation between ¢(z) and p(z) implies that

! 1
ﬁi’f‘(b(z)' - [m p(Z)@ < Tl ﬁg{\p(zﬂ.

Applying this relation in the relation (13), we have

o (b

(1= |zol) max |p'(2)| <

[ maxlote)

lz=1 (L&) (1 = [zo])*
n—s s+1
o L

Again, the relation between ¢(z) and p(z) yields

1 1
m=min|¢(z)| = min | ——|p(2)|| > 7——; min|p(z)|-
min|0/(2)| = min [k_ms n( >|] T M)

Applying this relation in the relation (14), we have
(1 +Jzo)** (n —5)
() (1= | 5170

[y
(T k) (+ aal)

(1~ ey max /)] < [s-+
Z|=

] min (2|

Consequently,

/ s A A )
Pl < [(1—|zo> ’ (1—zo>s]‘,?a’f”<z>|‘m min|p(2)].

(1+ a0 (n—s)

a0 )

where A =

n—s

T and

REMARK 1. By letting zo =0 in Theorem 5, we get A =

A .
max [p'(z)| < (s+A) max|p(z)| — — min |p(z)|
l2=1 lel=1 kS 2=k

n—+ skt (n—ys)

= (T P e figle)

which is the relation (9).
In particular, Theorem 5 is an extension of Theorem 4.
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REMARK 2. It is not shown in [7] that the upper bound (9) in Theorem 4 is best
possible. Next, we give an example to show that the bound is best possible.

Consider the polynomial p(z) = z*(z+k)"~* where & is a real number with k > 1.

Since p'(z) =2*(n—s)(z+ k)" 14 (z+ k)" *sz*~!, we have

‘HTax\p( )|<(n—s)rﬂax\z| |z+ k" 14—sr‘nax|z+k|" Szt
z|=1 =

= (n+sk)(1+k)"! (15)
and max\p( )|—max\z| lz+ k" S—max|z+k|” S=(1+k)""

|z]=1 |z]=1 |z|=
The right-hand side of the relation (9) is

n+ skt (n—s) . n+ sk - o
Y N = Lk = (1 4 k)
T DX IP @ = 5 minlp()l = o (1407 = (n 4 sk)(14+&)

which is equal to maxj,_; [p/(z)| in (15).
Thus, the bound in Theorem 4 is best possible.

n—(t1+t)
COROLLARY 1. If p(z) = (z—z21)" (z—20)" [ @0+ D, avzv> Iy <n—
v=u
(1 +19), 0< 11 +19 < n—1, is a polynomial of degree n having zeros zo,z1 with
lz0] <1, |z1| < 1 and the remaining n— (t, +1o) zeros are outside D(0,k), k > 1, then

f(1+z )1t (1+|z1])110
max <
= (1P @I (T=fz)r (1= |zol)(1 = |z}
(L+|z1])"A
+ ax|p(z
(1 —zol)o (1 — [z1])1 | |z]=1 P@)]

(L+ Jai])"A |
B {(H 2ol (k+ mn} min p(2)l

(14 |z (n— (t0+11))

where A =
(L+&)(1 —zo])

(to+11)
Proof. Let po(z) = (z—2z0)° | a0+ Z ayz’ | .
-

Then p(z) = (z—z1)" po(z) and p'(z) = (z—21)" py(z) +11(z—21)" ' po(z).
Theorem 5 implies that

(I+|zi)ro  (1+|z])1A
0—|o) <1—zo|>fo}|z 2 |po(2)]
(1+ |z ])14

~ e M k|Po()|

max|p/2) < |1+ a )P+
Z
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(1+ [z (n — (10 +11))

where A =
(L+&H) (1= |zo])

Since

1 1
lln x|po(z)| = ‘ | X (m |P(Z)|> < A—TaD" Eﬁ?ﬂp(zﬂ

and

1 1
min =min | — |p(z)| | = ————— min|p(z)|,
min )| |z=k(z_zln p<>|) e (o)

we obtain that

max a1+l | (+a)
|z\al|p( )| < (1— |z (1 —|zo]) (1 = |z¢])n
(tlapa ]
(1= zo)0 (1 — |z |)1 lz\a1|p( J

[ i
e e el

REMARK 3. By using Theorem 5, we can obtain an upper bound of rﬂax 1P’ (2)]
z|=1

for a polynomial

n ([mJF “+o)
p(@)=(z—zm)"(z—zm—1)™ "+ (z2—20)° (ao + Y avzv>

v=U

of degree n having zeros zo,...,z, with |zj| <1 for 0 < j < m and the remaining
n— (tm+---+1to) zeros are out51de D(0,k),k > 1.
n—(tm+--+to)
Let po(z) = (z—20)" (ao + Z a,2" | and pj(z) = (z—2zj)"pj-1(z) for
v=t
1 < j < m. We obtain an upper bound of max|,_; |pj(z)| by Theorem 5.
By substitution this upper bound with the facts that

in|p1(z)|,

1 1
max|po(2)] < r——5y max|pi(z)] and - min |po(z)| >
el=1 (= Jarl)" 21 =+ (kT al)r Fit
we obtain an upper bound of max|,_; |p}(z)| as in Corollary 1.

Next, we can find an upper bound of max,_ 1|pj( z)| for 1 < j < m by simi-
lar process with using an upper bound of maxy,—; |p/; i@ from the previous pro-

cess and the facts that max\pj 1(z)] < max|p,( )| and Irr‘lir]1€|pj_1(z)| >
2=

_
j2l= (L=lzi])" Lel=

m\l k|P/()|f0f1<j<m.
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THEOREM 6. If p(z) = (z—20)* (ao—l—Z’f,;sﬂ avz"), I<pu<n—s, 0<s<n—1,
is a polynomial of degree n having zero zo with |zo| < 1 and the remaining n—s zeros
are on C(0,k), k > 1, then

5 (1+[ao])** (2 )
<
R T P e e ey R

Proof. Let p(z) = (z—20)°9(z) where ¢(z) = ao+ X\ avz” is a polynomial of
degree n — s having all its zeros on C(0,k), k > 1.
Applying the relation (8) to ¢(z), we obtain that

n—s
max|6/()| < G ey M9 (16)

As in the proof of Theorem 5, one can show that
(1- \m\)mglp’&)l < smax|p(z)]+ (1+ IZOI)”I‘HEXW @)- 17

Applying the relation (16) in the inequality (17), we have

(14 |z0)* ! (n—s)
(1- \ml)ﬁglp( )| < <sr‘gaX\p( 2)|+ (2 i) klg\(b(zw

1
Using the fact that max |¢(z)| < ————— max|p(z)|, we get
lel=1 (1= zol)? [el=1

(1+ [z (n =)

(1= o) max /) < s+ (ot e max

Therefore,
s (1+ |zo])* ™ (n—s)
max < max O
ma 1|P( 2)| [1 o] T (s 2 T s ) (1 [z | e 1‘p( 2)|-

3. Conclusion

This paper gives an upper bound of a derivative for polynomials

n_(tn1+"'+t0)
P) = (= 2m)" (2= zm 1)+ (= 20)" (“0 ) Z)

v=U

of degree n having zeros zo,...,z, with |zj| <1 for 0 < j < m and the remaining
n—(tm+---+1y) zeros are out51de {zt]z| <k}, k>1.
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