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OPERATORS ON WEIGHTED HERZ–TYPE HARDY SPACES
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Abstract. In this paper, the authors establish the boundedness of commutators generated by the
generalized Calderón-Zygmund operators and weighted BMO functions or weighted Lipschitz
functions on weighted Herz-type Hardy spaces.

1. Introduction

The research of the generalized Calderón-Zygmund operator is motivated by the
classical Calderón-Zygmund operator, whose theory is one of the greatest results of
classical analysis in the last century.

Suppose that T is a generalized Calderón-Zygmundoperator, whose accurate defi-
nition will be given later, and b is a locally integrable function on Rn . The commutator
[b,T ] generated by b and T is defined as following:

[b,T ]( f )(x) = b(x)T f (x)−T (b f )(x).

In 1995, Pérez [17] studied the boundedness of the commutators generated by
classical Calderón-Zygmund operators and BMO functions from Hardy type spaces to
Lebesgue spaces. Lu, Wu and Yang in [11] established the boundedness of the com-
mutators generated by classical Calderón-Zygmund operators and Lipschitz functions
from Hardy spaces to Lebesgue spaces. Since Herz spaces and Herz-type Hardy spaces
cover, respectively, the Lebesgue spaces and the Hardy spaces and their weighted ver-
sions with power weights, it is a natural idea to generalize the above results to the
corresponding boundedness from Herz-type Hardy spaces to Herz spaces. The bound-
edness of the commutators generated by classical Calderón-Zygmund operators and
BMO functions or Lipschitz functions from Herz-type Hardy spaces to Herz spaces
was established in [14, 11], respectively.

The authors in [1] discussed the boundedness of generalized Calderón-Zygmund
operators on weighted Lebesgue spaces and weighted Hardy spaces. In 2011, Lin [6]
proved the boundedeness of [b,T ] on Morrey spaces when b is a BMO function or a
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Lipschitz function respectively. Lin and Sun [8] showed the boundedness of the gener-
alized Calderón-Zygmund operator and its commutators with weighted BMO functions
on weighted Morrey spaces. In 2015, Lin, Liu and Cong [7] obtained the bounded-
ness of commutators generated by the generalized Calderón-Zygmund operators and
weighted Lipschitz functions on weighted Morrey spaces. Liu and Li [10] established
the boundedness of the commutators generated by generalized Calderón-Zygmund op-
erators and BMO functions or Lipschitz functions from Herz-type Hardy spaces to Herz
spaces, respectively.

Inspired by the above results, with further development, it is naturally interesting
to consider the boudedness of commutators generated by the generalized Calderón-
Zygmund operator and a weighted BMO function or a weighted Lipschitz function
from weighted Herz-type Hardy spaces to weighted Herz spaces in this paper.

DEFINITION 1. Let S be the space of all Schwartz functions on Rn and S′ its
dual space, the class of all tempered distributions on Rn . Suppose T : S → S′ is a linear
operator with K(.,.) defined initially by

T ( f )(x) =
∫

Rn
K(x,y) f (y)dy, f ∈C∞

c (Rn), x /∈ supp f .

The operator T is called a generalized Calderón-Zygmund operator provided the fol-
lowing three conditions are satisfied.

(1) T can be extended into a continuous operator on L2(Rn).
(2) K is smooth away from the diagonal {(x,y) : x = y} with

∫
|x−y|>2|z−y|

(|K(x,y)−K(x,z)|+ |K(y,x)−K(z,x)|)dx � C,

where C > 0 is a constant independent of y and z .
(3) There is a sequence of positive constant numbers {Cj} such that for each

j ∈ N,

(∫
2 j |z−y|�|x−y|<2 j+1|z−y|

|K(x,y)−K(x,z)|q0dx

) 1
q0 � Cj(2 j|z− y|)−

n
q′0 ,

and
(∫

2 j |y−z|�|y−x|<2 j+1|y−z|
|K(y,x)−K(z,x)|q0dx

) 1
q0 � Cj(2 j|z− y|)−

n
q′0 ,

where (q0,q′0) is a fixed pair of positive numbers with 1/q0+1/q′0 = 1 and 1 < q′0 < 2.
Comparing the generalized Calderón-Zygmund operator with the classical Calde-

rón-Zygmund operator, whose kernel K(x,y) enjoys the conditions:

|K(x,y)| � C|x− y|−n

and

|K(x,y)−K(x,z)|+ |K(y,x)−K(z,x)|� C|x− y|−n
( |z− y|
|x− y|

)δ
,
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where |x− y| > 2|z− y| for some δ > 0, we can find out that the classical Calderón-
Zygmund operator is actually a generalized Calderón-Zygmund operator defined as in
Definition 1 with Cj = 2− jδ , j ∈ N, and any 1 < q0 < ∞.

DEFINITION 2. ([15]) A non-negative measurable function ω is said to be in the
Muckenhoupt class Ap with 1< p < ∞ if for every cube Q in Rn , there exists a positive
constant C independent of Q such that(

1
|Q|

∫
Q

ω(x)dx

)(
1
|Q|

∫
Q

ω(x)1−p′
)p−1

� C,

where Q denotes a cube in R
n with the side parallel to the coordinate axes and 1/p+

1/p′ = 1. When p = 1, a non-negative measurable function ω is said to belong to A1,
if there exists a constant C > 0 such that for any cube Q ,

1
|Q|

∫
Q

ω(y)dy � Cω(x), a.e.x ∈ Q.

It is well known that if ω ∈ Ap with 1 < p < ∞ , then ω ∈ Ar for all r > p , and
ω ∈ Aq for some 1 < q < p. In particularly, A∞ = ∪1�p<∞Ap.

For k ∈ Z , let Bk = {x∈ Rn : |x|� 2k}, Ek = Bk\Bk−1 and χk denote the charac-
teristic function of the set Ek. For any given weight function ω on Rn and 0 < p < ∞ ,
we denote by Lp

ω(Rn) the space of all functions f satisfying

‖ f‖Lp(ω) =
(∫

Rn
| f (x)|pω(x)dx

)1/p

< ∞.

DEFINITION 3. ([12]) Let α ∈R,0 < p < ∞,1 < q < ∞ and ω1,ω2 be two weight
functions on Rn . The homogeneous weighted Herz space K̇α ,p

q (ω1,ω2) is defined by

K̇α ,p
q (ω1,ω2) =

{
f ∈ Lq

loc(R
n \ {0};ω2) : ‖ f‖K̇α,p

q (ω1,ω2)
< ∞

}
,

where

‖ f‖K̇α,p
q (ω1,ω2)

=
(

∑
k∈Z

ω1(Bk)
α p
n ‖ f χk‖p

Lq(ω2)

) 1
p

.

DEFINITION 4. ([13]) Let 0 < α < ∞,0 < p < ∞,1 < q < ∞ and ω1,ω2 be two
weight functions on Rn . Let G( f ) is the grand maximal function of f defined by

Gf (x) = sup
ϕ∈AN

sup
|x−y|<t

| f ∗ϕt(y)|,

where AN = {ϕ ∈ S(Rn) : sup|α |,|β |�N |xαDβ ϕ(x)| � 1} and N > n+1.

The homogeneous weighted Herz-type Hardy space HK̇α ,p
q (ω1,ω2) is defined by

HK̇α ,p
q (ω1,ω2) =

{
f ∈ S′ : G( f ) ∈ K̇α ,p

q (ω1,ω2)
}

,

and we define ‖ f‖HK̇α,p
q (ω1,ω2)

= ‖G( f )‖K̇α,p
q (ω1,ω2)

.
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DEFINITION 5. ([13]) Let 1 < q < ∞, n(1−1/q)� α < ∞ and s � [α +n(1/q−
1)].

(i) A function a(x) on Rn is said to be a central (α,q,ω1,ω2)-atom if it satisfies
(a) suppa ⊂ B(0,r) = {x ∈ Rn : |x| < r},r > 0;
(b) ‖a‖Lq(ω2) � (ω1(B(0,r)))−

α
n ;

(c)
∫
Rn a(x)xβ dx = 0 for every multi-index β with |β | � s.

Here and in what follows, for t ∈ R , [t] is the largest integer no more than t .
(ii) Let b(x) be a locally integrable function on Rn . A function a(x) on Rn is said

to be a central (α,q,b,ω1,ω2)-atom if it satisfies
(d) a is a (α,q,ω1,ω2)-atom;
(e)

∫
Rn a(x)b(x)dx = 0.

DEFINITION 6. Let ω1, ω2 ∈ A1, 0 < p < ∞, 1 < q < ∞, n(1− 1/q) � α < ∞
and b be a locally integrable function on Rn. Define

HK̇α ,p
q,b (ω1,ω2) =

{
f : f = ∑

j∈Z

λ ja j in S′(Rn) and ∑
j∈Z

|λ j|p < ∞
}

,

where each a j is a central (α,q,b,ω1,ω2)-atom supported on Bj = B(0,2 j) . More-
over,

‖ f‖HK̇α,p
q,b (ω1,ω2)

∼ inf

{(
∑
j∈Z

|λ j|p
)1/p}

.

Here the infimum is taken over all decompositions of f as above.

DEFINITION 7. Let 1 � p < ∞ and ω be a weighted function. A locally inte-
grable function b is said to be in the weighted BMO space BMOp(ω) if

‖b‖BMOp(ω) = sup
Q

(
1

ω(Q)

∫
Q
|b(x)−bQ|pω(x)1−pdx

) 1
p

< ∞,

where bQ =
1
|Q|

∫
Q b(y)dy,ω(Q) =

∫
Q ω(y)dy and the supremum is taken over all cubes

Q ⊂ Rn. Moreover, we denote simply by BMO(ω) when p = 1.

DEFINITION 8. Let 1 � p < ∞, 0 < β < 1 and ω be a weighted function. A
locally integrable function b is said to be in the weighted Lipschitz space Lipp

β (ω) if

‖b‖Lipp
β (ω) = sup

Q

1

ω(Q)
β
n

(
1

ω(Q)

∫
Q
|b(x)−bQ|pω(x)1−pdx

) 1
p

< ∞,

where bQ = 1
|Q|

∫
Q b(y)dy,ω(Q) =

∫
Q ω(y)dy and the supremum is taken over all cubes

Q ⊂ R
n. Moreover, we denote simply by Lipβ (ω) when p = 1.
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DEFINITION 9. The Hardy-Littlewood maximal operator M is defined by

M( f )(x) = sup
Q
x

1
|Q|

∫
Q
| f (y)|dy.

We set Ms( f ) = M(| f |s) 1
s , where 0 < s < ∞.

The sharp maximal operator M� is defined by

M�( f )(x) = sup
Q
x

1
|Q|

∫
Q
| f (y)− fQ|dy ∼ sup

Q
x
inf
a∈C

1
|Q|

∫
Q
| f (y)−a|dy.

We define the t -sharp maximal operator M�
t ( f ) = M�(| f |t ) 1

t , where 0 < t < 1.
Let ω be a weight. The weighted maximal operator Mω is defined by

Mω ( f )(x) = sup
Q
x

1
ω(Q)

∫
Q
| f (y)|ω(y)dy.

We also set Ms,ω( f ) = Mω(| f |s) 1
s , where 0 < s < ∞.

DEFINITION 10. ([3]) A weighted function ω belongs to the reverse Hölder class
RHr if there exists two constants r > 1 and C > 0 such that the following reverse Hölder
inequality (

1
|Q|

∫
Q

ω(x)rdx

) 1
r

� C

(
1
|Q|

∫
Q

ω(x)dx

)

holds for every cube Q in Rn . Denote rω = sup{r > 1 : ω ∈ RHr}.

DEFINITION 11. For 0 < α < n,1 � l < ∞ , the fractional maximal operator Mα ,l

is defined by

Mα ,l( f )(x) = sup
Q
x

(
1

|Q|1− αl
n

∫
Q
| f (y)|ldy

) 1
l

,

where the supremum is taken over all cubes Q containing x .

DEFINITION 12. For 0 < β < n,1 � r < ∞ and a weight ω , the weighted frac-
tional maximal operator Mβ ,r,ω is defined by

Mβ ,r,ω( f )(x) = sup
Q
x

(
1

ω(Q)1− βr
n

∫
Q
| f (y)|rω(y)dy

) 1
r

,

where the supremum is taken over all cubes Q containing x .

It follows from [18] that Mβ ,r,ω is bounded from Lp(ω) to Lq(ω) , where 0 < β <
n , 1 < r < p < n/β , 1/q = 1/p−β/n and ω ∈ A1 .
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2. Main results

Firstly, we establish the boundedness of commutators of generalized Calderón-
Zygmund operators on weighted Lebesgue spaces.

THEOREM 1. Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 and the sequence { jCj} ∈ l1. Suppose q′0 < p < ∞ , ω ∈ A1,

and rω >
(p−1)q′0

p−q′0
. If b ∈ BMO(ω), then [b,T ] is bounded from Lp(ω) to Lp(ω1−p).

THEOREM 2. Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 and the sequence { jCj} ∈ l1. Suppose 0 < β < min{1, n/q′0},
q′0 < p < n/β , 1/q = 1/p−β/n, ωq/p ∈ A1 and rω >

(p−1)q′0
p−q′0

. If b ∈ Lipβ (ω), then

[b,T ] is bounded from Lp(ω) to Lq(ω1−q).

Secondly, we can also obtain the boundedness of the commutators on weighted
Herz-type Hardy spaces.

THEOREM 3. Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 . Suppose q′0 < q < q0 , 0 < p < ∞ , n(1− 1/q) � α < ∞ ,

ε > α + n/q, ω ∈ A1 , rω > max
{

(q−1)q′0
q−q′0

, q0
q0−q

}
and the sequence {Cj2 jε} ∈ l1. If

b ∈ BMO(ω), then [b,T ] is continuous from HK̇α ,p
q,b (ω ,ω) to K̇α ,p

q (ω ,ω1−q).

THEOREM 4. Let T be a generalized Calderón-Zygmund operator, q′0 be the

same as in Definition 1 . Suppose 0 < β < min{n(1−2/q0),1} , q′0 < q1 <
1

1/q0 + β/n
,

1/q2 = 1/q1 − β/n, ωq2/q1 ∈ A1, rω > max
{

(q1−1)q′0
q1−q′0

, q0
q0−q2

}
, 0 < p < ∞ , n(1−

1/q1) � α < ∞, ε > α + n/q1 and the sequence {Cj2 jε} ∈ l1. If b ∈ Lipβ (ω), then
[b,T ] is continuous from HK̇α ,p

q1,b
(ω ,ω) to K̇α ,p

q2 (ω ,ω1−q2).

REMARK 1. The corresponding results of Theorem 3 and Theorem 4 on non-
homogeneous weighted Herz-type Hardy spaces can also be obtained. we omit the
details since their similarity.

3. Preliminaries

Before giving the proof of our main results, we need some lemmas.

LEMMA 1. ([13]) Let ω1 , ω2 ∈ A1 , 0 < p < ∞ , 1 < q < ∞ , n(1−1/q)� α < ∞
and s � [α +n(1/q−1)]. Then f ∈HK̇α ,p

q (ω1,ω2) if and only if f (x) = ∑ j∈Z λ ja j(x)
in the sense of S′(Rn), where ∑ j∈Z |λ j|p < ∞ with each a j a central (α,q,ω1,ω2)-
atom supported on Bj = B(0,2 j). Moreover,

‖ f‖HK̇α,p
q (ω1,ω2)

∼ inf

{(
∑
j∈Z

|λ j|p
)1/p}

,
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where the infimum is taken over all the decompositions of f .

REMARK 2. By Definition 6 and Lemma 1, it is easy to see HK̇α ,p
q,b (ω1,ω2) ⊂

HK̇α ,p
q (ω1,ω2).

LEMMA 2. ([16, 2]) Let ω ∈ A1. Then for any 1 � p < ∞, there exists an abso-
lute constant C > 0 such that ‖b‖BMOp(ω) � C‖b‖BMO(ω).

LEMMA 3. ([16, 2]) Let ω ∈ A1 and 0 < β < 1. Then for any 1 � p < ∞, there
exists an absolute constant C > 0 such that ‖b‖Lipp

β (ω) � C‖b‖Lipβ (ω).

LEMMA 4. ([4]) Let ω ∈ A1 , then there are constants C1,C2 and 0 < η < 1
depending only on A1 -constant of ω , such that for any measurable subset E of a ball
B,

C1
|E|
|B| � ω(E)

ω(B)
� C2

( |E|
|B|

)η
.

LEMMA 5. ([9]) If 1 < p < ∞ and ω ∈ A∞ , then for any 1 < s < p < ∞,

‖Ms,ω( f )‖Lp(ω) � C‖ f‖Lp(ω).

LEMMA 6. ([8]) Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 and the sequence {Cj} ∈ l1. If 0 < δ < 1 and q′0 � s < ∞,
there exists a positive constant C such that

M�
δ (T f )(x) � CMs( f )(x), x ∈ R

n,

for every bounded and compactly supported function f .

LEMMA 7. If 1 < r < p < ∞ and ω ∈ Ap/r, then,

‖Mr( f )‖Lp(ω) � C‖ f‖Lp(ω).

Proof. Because of the (Lp/r(ω),Lp/r(ω)) bundedness of M , we have

‖Mr( f )‖Lp(ω) = ‖M(| f |r)‖1/r

Lp/r(ω)
� C‖| f |r‖1/r

Lp/r(ω)
= C‖ f‖Lp(ω). �

LEMMA 8. Let T be a generalized Calderón-Zygmund operator, q′0 be the same
as in Definition 1 and the sequence {Cj} ∈ l1. Suppose q′0 < p < ∞ and ω ∈ Ap/q′0 ,
then we have

‖T f‖Lp(ω) � C‖ f‖Lp(ω).
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Proof. Since q′0 < p < ∞ and ω ∈ Ap/q′0 , there exists an l such that 1 � l < p/q′0
and ω ∈ Al. So q′0 < p/l � p, and there exists an s such that q′0 < s < p/l � p. By
Lemma 6 and Lemma 7, we can get

‖T f‖Lp(ω) � ‖Mδ (T f )‖Lp(ω) �C‖M�
δ (T f )‖Lp(ω) �C‖Ms( f )‖Lp(ω) �C‖ f‖Lp(ω). �

LEMMA 9. ([5]) If 0 < α < n, 1 < l < p < n/α , 1/q = 1/p−α/n and ω ∈ A1,
then there is a constant C > 0, independent of f , such that

(∫
Rn

(Mα ,l f (x))qω(x)dx

) 1
q

� C

(∫
Rn

| f (x)|pω(x)
p
q dx

) 1
p

.

LEMMA 10. ([8]) Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 and the sequence { jCj} ∈ l1. Let 0 < δ < 1 , ω ∈ A1 ∩RHr

with r > q′0 and b ∈ BMO(ω) , then for all s >
(r−1)q′0
r−q′0

and a.e. x ∈ Rn, we have

M�
δ ([b,T ] f )(x) �C‖b‖BMO(ω)(ω(x)Ms,ω (T f )(x)+ω(x)Ms,ω ( f )(x)+ω(x)Ms( f )(x)).

LEMMA 11. ([7]) Let T be a generalized Calderón-Zygmund operator, q′0 be the
same as in Definition 1 and the sequence { jCj} ∈ l1. Let 0 < δ < 1 , 0 < β < 1 ,

ω ∈ A1 , rω > q′0 and b ∈ Lipβ (ω), then for all s >
(rω −1)q′0
rω −q′0

and a.e. x ∈ Rn, we

have

M�
δ ([b,T ] f )(x) � C‖b‖Lipβ (ω)

(
ω(x)Mβ ,s,ω(T f )(x)+ ω(x)Mβ ,s,ω( f )(x)

+ ω(x)1+ β
n Mβ ,s( f )(x)

)
.

4. Proof of main results

Now we are able to prove our main results.

Proof of Theorem 1. Since rω >
(p−1)q′0

p−q′0
, there exists a r such that r >

(p−1)q′0
p−q′0

and ω ∈ RHr. It follows from r >
(p−1)q′0

p−q′0
that p >

(r−1)q′0
r−q′0

. Then we can choose an

s such that p > s >
(r−1)q′0
r−q′0

. Since ω ∈ A1, then ω1−p ∈ Ap. Applying Lemma 10,

Lemma 7, Lemma 5 and Lemma 8, we have

‖[b,T ]( f )‖Lp(ω1−p)

� ‖Mδ ([b,T ] f )‖Lp(ω1−p)

� C‖M�
δ ([b,T ] f )‖Lp(ω1−p)

� C‖b‖BMO(ω)‖ωMs,ω(T f )+ ωMs,ω( f )+ ωMs( f )‖Lp(ω1−p)
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� C‖b‖BMO(ω)(‖Ms,ω (T f ))‖Lp(ω) +‖Ms,ω( f ))‖Lp(ω) +‖Ms( f )‖Lp(ω))

� C‖b‖BMO(ω)(‖T f‖Lp(ω) +‖ f‖Lp(ω))

� C‖b‖BMO(ω)‖ f‖Lp(ω).

This completes the proof of Theorem 1. �

Proof of Theorem 2. It follows from rω >
(p−1)q′0

p−q′0
that p >

(rω−1)q′0
rω−q′0

. Thus there

exists a r such that p > r >
(rω−1)q′0
rω−q′0

. Since ωq/p ∈ A1, then ω ∈ A1 and ω1−q ∈ Aq.

By Lemma 11, we have

‖[b,T ]( f )‖Lq(ω1−q)

� C‖M�
δ ([b,T ] f )‖Lq(ω1−q)

� C‖b‖Lipβ (ω)‖ωMβ ,r,ω(T f )+ ωMβ ,r,ω( f )+ ω1+ β
n Mβ ,r( f )‖Lq(ω1−q)

� C‖b‖Lipβ (ω)(‖Mβ ,r,ω(T f )‖Lq(ω) +‖Mβ ,r,ω( f )‖Lq(ω) +‖Mβ ,r( f )‖
Lq(ω

q
p )

).

Since Mβ ,r,ω is bounded from Lp(ω) to Lq(ω) , then by Lemma 9 and Lemma 8,
we can get

‖[b,T ]( f )‖Lq(ω1−q)

� C‖b‖Lipβ (ω)(‖T f‖Lp(ω) +‖ f‖Lp(ω))

� C‖b‖Lipβ (ω)‖ f‖Lp(ω),

which completes the proof of Theorem 2. �

Proof of Theorem 3. For f ∈ HK̇α ,p
q,b (ω ,ω), we can write f = ∑k∈Z λkak with

each ak a (α,q,b,ω ,ω)-atom supported on Bk = B(0,2k) and ∑k∈Z |λk|p < ∞. Then,
‖ak‖Lq(ω) � ω(Bk)−

α
n and

∫
Rn ak(x)dx =

∫
Rn ak(x)b(x)dx = 0. Write

‖[b,T ]( f )‖p
K̇α,p

q (ω,ω1−q)

� C ∑
j∈Z

ω(Bj)
α p
n

∥∥∥∥
j−2

∑
k=−∞

λk[b,T ](ak)χ j

∥∥∥∥
p

Lq(ω1−q)

+C ∑
j∈Z

ω(Bj)
α p
n

∥∥∥∥
+∞

∑
k= j−1

λk[b,T ](ak)χ j

∥∥∥∥
p

Lq(ω1−q)

:= V1 +V2.

Let us estimate V2 first. Since ε > α + n/q , α � n(1− 1/q) and the sequence
{Cj2 jε}∈ l1, then 2 jε � 2 jn � j and the sequence { jCj}∈ l1. It follows from Theorem
1 that [b,T ] is a continuous operator from Lq(ω) to Lq(ω1−q).
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By Lemma 4, we have
ω(Bj)
ω(Bk)

�C2( j−k)nη for k � j−1. It follows from Theorem
1 and Hölder’s inequality that

V2 � C ∑
j∈Z

ω(Bj)
α p
n

( +∞

∑
k= j−1

|λk|‖[b,T ](ak)‖Lq(ω1−q)

)p

� C‖b‖p
BMO(ω) ∑

j∈Z

ω(Bj)
α p
n

( +∞

∑
k= j−1

|λk|ω(Bk)−
α
n

)p

� C‖b‖p
BMO(ω) ∑

j∈Z

( +∞

∑
k= j−1

|λk|2( j−k)αη
)p

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C‖b‖p
BMO(ω) ∑

j∈Z

( +∞

∑
k= j−1

|λk|p2( j−k)αη p
)

, if 0 < p � 1

C‖b‖p
BMO(ω) ∑

j∈Z

( +∞

∑
k= j−1

|λk|p2( j−k)αη
)( +∞

∑
k= j−1

2( j−k)αη
) p

p′
, if p > 1

�

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

C‖b‖p
BMO(ω) ∑

k∈Z

|λk|p
k+1

∑
j=−∞

2( j−k)αη p, if 0 < p � 1

C‖b‖p
BMO(ω) ∑

k∈Z

|λk|p
k+1

∑
j=−∞

2( j−k)αη , if p > 1

� C‖b‖p
BMO(ω)

(
∑
k∈Z

|λk|p
)

.

Now we estimate V1 . Observe that

[b,T ](ak)(x) = (b(x)−bBj)Tak(x)+T ((bBj −b)ak)(x),

then,

‖[b,T ](ak)χ j‖Lq(ω1−q) � ‖(b−bBj)T (ak)χ j‖Lq(ω1−q) +‖T((bBj −b)ak)χ j‖Lq(ω1−q)

:= G1 +G2.

By the cancellation condition of ak and the Minkowski inequality, we then obtain

G1 =
(∫

Ej

|b(x)−bBj |q
∣∣∣∣
∫

Bk

(K(x,y)−K(x,0))ak(y)dy

∣∣∣∣
q

ω(x)1−qdx

) 1
q

�
∫

Bk

|ak(y)|
(∫

Ej

|b(x)−bBj |q|K(x,y)−K(x,0)|qω(x)1−qdx

) 1
q

dy.

Since rω > q0
q0−q , there exists an s such that ω ∈ RHs and s > q0

q0−q . Let r =
(s−1) q0

q , then we can get s = 1+ rq
q0

> q0
q0−q . Furthermore, we have r > q0

q0−q = ( q0
q )′.

Since 1
q0
q

+ 1
r < 1, there exists an l > 1 such that 1

q0
q

+ 1
r + 1

l = 1. It follows from

r(1− 1
l ) = rq

q0
+1 = s that ω ∈ RHs = RHr(1− 1

l ).
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Thus, by Hölder’s inequality for the three numbers q0
q , l and r, we have

G1 �
∫

Bk

|ak(y)|
(∫

Ej

|b(x)−bBj |qω(x)
1
l −q|K(x,y)−K(x,0)|qω(x)1− 1

l dx

) 1
q

dy

�
∫

Bk

|ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

(∫
Ej

|b(x)−bBj |lqω(x)1−lqdx

) 1
lq

×
(∫

Ej

ω(x)r(1− 1
l )dx

) 1
rq

dy.

When x ∈ Ej,y ∈ Bk and k � j− 2, we have |x| � 2 j−1 � 2k+1 � 2|y|. By the
condition (3) of Definition 1 and the sequence {Cj2 jε} ∈ l1 , we have

(∫
Ej

|K(x,y)−K(x,0)|q0 |x|n
q0
q′0

+q0ε
dx

) 1
q0

�
+∞

∑
i=1

(∫
2i|y|�|x|<2i+1|y|

|K(x,y)−K(x,0)|q0 |x|n
q0
q′0

+q0ε
dx

) 1
q0

�
+∞

∑
i=1

(2i+1|y|)
n
q′0

+ε
(∫

2i|y|�|x|<2i+1|y|
|K(x,y)−K(x,0)|q0dx

) 1
q0

� C
+∞

∑
i=1

(2i+1|y|)
n
q′0

+ε
Ci(2i|y|)−

n
q′0

� C|y|ε .
Then,

(∫
Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

� C2
− j( n

q′0
+ε)

(∫
Ej

|K(x,y)−K(x,0)|q0 |x|n
q0
q′0

+q0ε
dx

) 1
q0

� C2
− j( n

q′0
+ε)|y|ε . (1)

Using the definition of the weighted BMO function and Lemma 2, we can easily
get

(∫
Bj

|b(x)−bBj |lqω(x)1−lqdx

) 1
lq

� C‖b‖BMO(ω)ω(Bj)
1
lq . (2)

Since ω ∈ RHr(1− 1
l ), we have

(
1

|Bj|
∫

Bj

ω(x)r(1− 1
l )dx

) 1
r(1− 1

l ) � C
ω(Bj)
|Bj| .
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Then,

(∫
Bj

ω(x)r(1− 1
l )dx

) 1
rq

� Cω(Bj)
1− 1

l
q |Bj|

1
rq−

1− 1
l

q . (3)

Note that

∫
Bk

|ak(y)|dy � C

(∫
Bk

|ak(y)|qω(y)dy

) 1
q
(∫

Bk

ω(y)−
q′
q dy

) 1
q′

� C|Bk|ω(Bk)
− 1

q ω(Bk)−
α
n . (4)

By (1)–(4) and
ω(Bj)
ω(Bk)

� C2( j−k)n for k � j−2, we can get

G1 � C‖b‖BMO(ω)2
− j( n

q′0
+ε)|Bj|

1
rq− 1

q + 1
lq ω(Bj)

1
q

∫
Bk

|ak(y)||y|εdy

� C‖b‖BMO(ω)2
− j( n

q′0
+ε)+kε |Bk|ω(Bk)

− 1
q ω(Bk)−

α
n ω(Bj)

1
q |Bj|

1
rq− 1

q+ 1
lq

� C‖b‖BMO(ω)2
− j( n

q′0
+ε)+kε+kn+ jn( 1

rq− 1
q + 1

lq )
ω(Bk)−

α
n

(
ω(Bj)
ω(Bk)

) 1
q

� C‖b‖BMO(ω)2
− j( n

q′0
+ε)+kε+kn+ jn( 1

rq− 1
q + 1

lq )+( j−k) n
q ω(Bk)−

α
n

=C‖b‖BMO(ω)2
(k− j)(ε+ n

q′ )ω(Bk)−
α
n . (5)

Next we estimate G2.

By the cancellation condition of ak and the Minkowski inequality, we can obtain
that

G2 =
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBj −b(y))ak(y)dy

∣∣∣∣
q

ω(x)1−qdx

) 1
q

�
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBj −bBk)ak(y)dy

∣∣∣∣
q

ω(x)1−qdx

) 1
q

+
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBk −b(y))ak(y)dy

∣∣∣∣
q

ω(x)1−qdx

) 1
q

:= G21 +G22.

Notice that ( q0
q )′ = q0

q0−q and (1− q) q0
q0−q = 1− q(q0−1)

q0−q . Let u′ = q(q0−1)
q0−q . The

fact 1
u + 1

u′ = 1 implies u = q(q0−1)
q0(q−1) . It follows from ω ∈ A1 that ω ∈ Au. Thus,

(
1

|Bj|
∫

Bj

ω(x)dx

)(
1

|Bj|
∫

Bj

ω(x)1−u′dx

)u−1

� C.
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Note that u−1 = q0−q
q0(q−1) and

(
1

|Bj|
∫

Bj

ω(x)1−u′dx

)u−1

� C
|Bj|

ω(Bj)
.

We have (
1

|Bj|
∫

Bj

ω(x)(1−q)( q0
q )′dx

) q0−q
q0(q−1)

� C
|Bj|

ω(Bj)
.

Then,

(∫
Bj

ω(x)(1−q)( q0
q )′dx

) 1
q(

q0
q )′ � C|Bj|

1
q′0 ω(Bj)

−(1− 1
q ). (6)

Since

|bBi+1 −bBi| �
1
|Bi|

(∫
Bi

|b(y)−bBi+1|qω(y)1−qdy

) 1
q
(∫

Bi

ω(y)−
(1−q)q′

q dy

) 1
q′

� C‖b‖BMO(ω)
ω(Bi+1)
|Bi| ,

we have

|bBj −bBk | �
j−1

∑
i=k

|bBi+1 −bBi|

� C‖b‖BMO(ω)( j− k)ω(Bj)2( j−k)n 1
|Bj| . (7)

The fact y ∈ Bk implies |y| � 2k. By the estimate of (4), we have
∫

Bk

|ak(y)||y|εdy � C2kε |Bk|ω(Bk)
− 1

q ω(Bk)−
α
n . (8)

By (1), (6)–(8) and
ω(Bj)
ω(Bk)

� C2( j−k)n for k � j−2, we get

G21 � |bBj −bBk|
∫

Bk

|ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|qω(x)1−qdx

) 1
q

dy

� |bBj −bBk|
∫

Bk

|ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

×
(∫

Ej

ω(x)(1−q)( q0
q )′dx

) 1
q(

q0
q )′

dy

� C‖b‖BMO(ω)( j− k)ω(Bj)2( j−k)n 1
|Bj|2

− j( n
q′0

+ε)
ω(Bj)

− 1
q′ |Bj|

1
q′0

×
∫

Bk

|ak(y)||y|εdy
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� C‖b‖BMO(ω)( j− k)2(k− j)ε
(

ω(Bj)
ω(Bk)

) 1
q

ω(Bk)−
α
n

� C‖b‖BMO(ω)( j− k)2( j−k)( n
q−ε)ω(Bk)−

α
n . (9)

Using ω(Bk)
ω(Bj)

�C2(k− j)nη for k � j−2, (1), (6) and the Minkowski inequality, we

obtain

G22 �
∫

Bk

|b(y)−bBk||ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|qω(x)1−qdx

) 1
q

dy

�
∫

Bk

|b(y)−bBk||ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

×
(∫

Ej

ω(x)(1−q)( q0
q )′dx

) 1
q(

q0
q )′

dy

� Cω(Bj)
− 1

q′ |Bj|
1
q′0 2

− j( n
q′0

+ε) ∫
Bk

|b(y)−bBk||ak(y)||y|εdy

� Cω(Bj)
− 1

q′ |Bj|
1
q′0 2(k− j)ε2

− j n
q′0

(∫
Bk

|b(y)−bBk|q
′
ω(y)−

q′
q dy

) 1
q′

×
(∫

Bk

|ak(y)|qω(y)dy

) 1
q

� Cω(Bj)
− 1

q′ |Bj|
1
q′0 2(k− j)ε2

− j n
q′0

(∫
Bk

|b(y)−bBk|q
′
ω(y)−

q′
q dy

) 1
q′

ω(Bk)−
α
n

� C‖b‖BMO(ω)2
(k− j)εω(Bk)−

α
n

(
ω(Bk)
ω(Bj)

) 1
q′

� C‖b‖BMO(ω)2
(k− j)(ε+ nη

q′ )ω(Bk)−
α
n . (10)

Finally, by (5), (9) and (10), we have for k � j−2

‖[b,T ](ak)χ j‖Lq(ω1−q)

� C‖b‖BMO(ω)2
(k− j)εω(Bk)−

α
n

(
2

(k− j) n
q′ +( j− k)2( j−k) n

q +2
(k− j) nη

q′
)

� C‖b‖BMO(ω)ω(Bk)−
α
n ( j− k)2( j−k)( n

q−ε).

So we obtain the following estimate,

V1 � C‖b‖p
BMO(ω) ∑

j∈Z

ω(Bj)
α p
n

( j−2

∑
k=−∞

|λk|( j− k)2( j−k)( n
q−ε)ω(Bk)−

α
n

)p

.
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It follows from α + n
q − ε < 0 that

V1 � C‖b‖p
BMO(ω) ∑

j∈Z

( j−2

∑
k=−∞

|λk|( j− k)2( j−k)(α−ε+ n
q )

)p

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C‖b‖p
BMO(ω) ∑

j∈Z

j−2

∑
k=−∞

|λk|p( j− k)p2( j−k)(α−ε+ n
q )p, if 0 < p � 1

C‖b‖p
BMO(ω) ∑

j∈Z

( j−2

∑
k=−∞

|λk|p( j− k)p2( j−k)(α−ε+ n
q )

)

×
( j−2

∑
k=−∞

2( j−k)(α−ε+ n
q )

) p
p′

, if p > 1

�

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

C‖b‖p
BMO(ω) ∑

k∈Z

|λk|p
+∞

∑
j=k+2

( j− k)p2( j−k)(α−ε+ n
q )p, if 0 < p � 1

C‖b‖p
BMO(ω) ∑

k∈Z

|λk|p
+∞

∑
j=k+2

( j− k)p2( j−k)(α−ε+ n
q ), if p > 1

� C‖b‖p
BMO(ω)

(
∑
k∈Z

|λk|p
)

.

Combining V1 and V2 , we have

‖[b,T ]( f )‖p
K̇α,p

q (ω,ω1−q)
� C‖b‖p

BMO(ω)

(
∑
k∈Z

|λk|p
)

.

By taking infimum over all decompositions of f , we get

‖[b,T ]( f )‖K̇α,p
q (ω,ω1−q) � C‖b‖BMO(ω)‖ f‖HK̇α,p

q,b (ω,ω).

This completes the proof of Theorem 3. �

Proof of Theorem 4. For f ∈ HK̇α ,p
q1,b

(ω ,ω) , we can write f = ∑k∈Z λkak with

each ak a (α,q1,b,ω ,ω)-atom supported on Bk = B(0,2k) and ∑k∈Z |λk|p < ∞. Then,
‖ak‖Lq1 (ω) � ω(Bk)−

α
n and

∫
Rn ak(x)dx =

∫
Rn ak(x)b(x)dx = 0. Write

‖[b,T ]( f )‖p
K̇α,p

q2 (ω,ω1−q2 )

� C ∑
j∈Z

ω(Bj)
α p
n

∥∥∥∥
j−2

∑
k=−∞

λk[b,T ](ak)χ j

∥∥∥∥
p

Lq2 (ω1−q2 )

+C ∑
j∈Z

ω(Bj)
α p
n

∥∥∥∥
+∞

∑
k= j−1

λk[b,T ](ak)χ j

∥∥∥∥
p

Lq2 (ω1−q2 )

:= H1 +H2.
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Let us estimate H2 firstly. Since ε > α +n/q1, α � n(1−1/q1) and the sequence
{Cj2 jε}∈ l1, then 2 jε � 2 jn � j and the sequence { jCj}∈ l1. It follows from Theorem
2 that [b,T ] is a continuous operator from Lq1(ω) to Lq2(ω1−q2).

By Lemma 4, we have
ω(Bj)
ω(Bk)

� C2( j−k)nη for k � j−1. As the estimate of V2 in
the proof of Theorem 3, we have

H2 � C ∑
j∈Z

ω(Bj)
α p
n

( +∞

∑
k= j−1

|λk|‖[b,T ](ak)‖Lq2 (ω1−q2)

)p

� C‖b‖p
Lipβ (ω) ∑

j∈Z

ω(Bj)
α p
n

( +∞

∑
k= j−1

|λk|‖ak‖Lq1 (ω)

)p

� C‖b‖p
Lipβ (ω)

(
∑
k∈Z

|λk|p
)

.

Now we estimate H1 . Observe that

[b,T ](ak)(x) = (b(x)−bBj)Tak(x)+T ((bBj −b)ak)(x),

then,

‖[b,T ](ak)χ j‖Lq2 (ω1−q2 )(x)

� ‖(b−bBj)T (ak)χ j‖Lq2 (ω1−q2 ) +‖T ((bBj −b)ak)χ j‖Lq2 (ω1−q2 )

:= F1 +F2.

By the cancellation condition of ak and the Minkowski inequality, similar to esti-
mate G1 , we obtain that

F1 �
∫

Bk

|ak(y)|
(∫

Ej

|b(x)−bBj |q2 |K(x,y)−K(x,0)|q2ω(x)1−q2dx

) 1
q2

dy.

The fact q1 < 1
1
q0

+ β
n

and 1
q2

= 1
q1
− β

n implies q2 < q0. Since rω > q0
q0−q2

, there

exists an s such that ω ∈ RHs and s > q0
q0−q2

. Let r = (s− 1) q0
q2

, then we can get

s = 1+ rq2
q0

> q0
q0−q2

. Furthermore, we have r > q0
q0−q2

= ( q0
q2

)′. Since 1
q0
q2

+ 1
r < 1, there

exists an l > 1 such that 1
q0
q2

+ 1
r + 1

l = 1. It follows from r(1− 1
l ) = rq2

q0
+1 = s that

ω ∈ RHs = RHr(1− 1
l ).

By Hölder’s inequality for the three numbers q0
q2

, l and r, it is easy to estimate F1

similarly to G1 . Thus,

F1 �
∫

Bk

|ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

(∫
Ej

|b(x)−bBj |lq2ω(x)1−lq2dx

) 1
lq2

×
(∫

Ej

ω(x)r(1− 1
l )dx

) 1
rq2

dy.



COMMUTATORS OF GENERALIZED CALDERÓN-ZYGMUND OPERATORS 277

Using the definition of the weighted Lipschitz function, we can easily get

(∫
Bj

|b(x)−bBj |lq2ω(x)1−lq2dx

) 1
lq2 � C‖b‖Lipβ (ω)ω(Bj)

1
lq2

+ β
n . (11)

As in the estimate of (3), we can get

(∫
Bj

ω(x)r(1− 1
l )dx

) 1
rq2 � Cω(Bj)

1− 1
l

q2 |Bj|
1

rq2
− 1− 1

l
q2 . (12)

Note that

∫
Bk

|ak(y)|dy � C

(∫
Bk

|ak(y)|q1ω(y)dy

) 1
q1

(∫
Bk

ω(y)−
q′1
q1 dy

) 1
q′1

� C|Bk|ω(Bk)
− 1

q1 ω(Bk)−
α
n . (13)

By (1), (11)–(13) and
ω(Bj)
ω(Bk)

� C2( j−k)n for k � j−2, we have

F1 � C‖b‖Lipβ (ω)2
− j( n

q′0
+ε)

ω(Bj)
1
q1 |Bj|

1
rq2

− 1
q2

+ 1
lq2

∫
Bk

|ak(y)||y|εdy

� C‖b‖Lipβ (ω)2
− j( n

q′0
+ε)+kε+kn+ jn( 1

rq2
− 1

q2
+ 1

lq2
)
ω(Bk)−

α
n

(
ω(Bj)
ω(Bk)

) 1
q1

� C‖b‖Lipβ (ω)2
(k− j)(ε+ n

q′1
)
ω(Bk)−

α
n . (14)

Next we will estimate F2.
By the cancellation condition of ak and the Minkowski inequality, we can obtain

that

F2 =
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBj −b(y))ak(y)dy

∣∣∣∣
q2

ω(x)1−q2dx

) 1
q2

�
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBj −bBk)ak(y)dy

∣∣∣∣
q2

ω(x)1−q2dx

) 1
q2

+
(∫

Ej

∣∣∣∣
∫

Rn
(K(x,y)−K(x,0))(bBk −b(y))ak(y)dy

∣∣∣∣
q2

ω(x)1−q2dx

) 1
q2

:= F21 +F22.

Notice that ( q0
q2

)′ = q0
q0−q2

and (1− q2)
q0

q0−q2
= 1− q2(q0−1)

q0−q2
. Let v′ = q2(q0−1)

q0−q2
.

The fact 1
v + 1

v′ = 1 implies v = q2(q0−1)
q0(q2−1) . It follows from ω ∈ A1 that ω ∈ Av.

As in the estimate of (6), we have

(∫
Bj

ω(x)(1−q2)(
q0
q2

)′
dx

) 1
q2(

q0
q2

)′ � C|Bj|
1
q′0 ω(Bj)

−(1− 1
q2

)
. (15)
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Since

|bBi+1 −bBi| � 1
|Bi|

(∫
Bi

|b(y)−bBi+1|q2ω(y)1−q2dy

) 1
q2

(∫
Bi

ω(y)−
(1−q2)q′2

q2 dy

) 1
q′2

� C‖b‖Lipβ (ω)
ω(Bi+1)1+ β

n

|Bi| ,

we have

|bBj −bBk| �
j−1

∑
i=k

|bBi+1 −bBi|

� C‖b‖Lipβ (ω)( j− k)ω(Bj)1+ β
n 2( j−k)n 1

|Bj| . (16)

The fact y ∈ Bk implies |y| � 2k. Using (13), we have
∫

Bk

|ak(y)||y|εdy � C2kε |Bk|ω(Bk)
− 1

q1 ω(Bk)−
α
n . (17)

By (1), (15)–(17) and
ω(Bj)
ω(Bk)

� C2( j−k)n for k � j−2, similar to (9), we get

F21 � C‖b‖Lipβ (ω)( j− k)ω(Bj)1+ β
n 2( j−k)n 1

|Bj|2
− j( n

q′0
+ε)

ω(Bj)
− 1

q′2 |Bj|
1
q′0

×
∫
Bk

|ak(y)||y|εdy

� C‖b‖Lipβ (ω)( j− k)2( j−k)( n
q1

−ε)ω(Bk)−
α
n . (18)

It follows from (1), (15) and Hölder’s inequality that

(∫
Ej

|K(x,y)−K(x,0)|q2ω(x)1−q2dx

) 1
q2

�
(∫

Ej

|K(x,y)−K(x,0)|q0dx

) 1
q0

(∫
Ej

ω(x)(1−q2)(
q0
q2

)′
dx

) 1
q2(

q0
q2

)′

� Cω(Bj)
− 1

q′2 |Bj|
1
q′0 2

− j( n
q′0

+ε)|y|ε . (19)

By ω(Bk)
ω(Bj)

�C2(k− j)nη for k � j−2, (19) and the Minkowski inequality, we obtain

F22 �
∫

Bk

|b(y)−bBk||ak(y)|
(∫

Ej

|K(x,y)−K(x,0)|q2ω(x)1−q2dx

) 1
q2

dy

� Cω(Bj)
− 1

q′2 |Bj|
1
q′0 2

− j( n
q′0

+ε)
∫

Bk

|b(y)−bBk||ak(y)||y|εdy
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� Cω(Bj)
− 1

q′2 |Bj|
1
q′0 2(k− j)ε2

− j n
q′0

(∫
Bk

|b(y)−bBk|q
′
1ω(y)−

q′1
q1 dy

) 1
q′1

×
(∫

Bk

|ak(y)|q1ω(y)dy

) 1
q1

� C‖b‖Lipβ (ω)2
(k− j)εω(Bk)−

α
n

(
ω(Bk)
ω(Bj)

) 1
q′2

� C‖b‖Lipβ (ω)2
(k− j)(ε+ nη

q′2
)
ω(Bk)−

α
n . (20)

Finally, by (14), (18) and (20), we have

‖[b,T ](ak)χ j‖Lq2 (ω1−q2)

� C‖b‖Lipβ (ω)2
(k− j)εω(Bk)−

α
n

(
2

(k− j) n
q′1 +( j− k)2( j−k) n

q1 +2
(k− j) nη

q′2
)

� C‖b‖Lipβ (ω)( j− k)2( j−k)( n
q1

−ε)ω(Bk)−
α
n .

So we obtain the following estimate

H1 � C ∑
j∈Z

ω(Bj)
α p
n

( j−2

∑
k=−∞

|λk|‖[b,T ](ak)χ j‖Lq2 (ω1−q2 )

)p

� C‖b‖p
Lipβ (ω) ∑

j∈Z

ω(Bj)
α p
n

( j−2

∑
k=−∞

|λk|( j− k)2( j−k)( n
q1

−ε)ω(Bk)−
α
n

)p

.

Similarly to estimate V1 in the proof of Theorem 3, it follows from α + n
q1
−ε < 0

that

H1 � C‖b‖p
Lipβ (ω)

(
∑
k∈Z

|λk|p
)

.

Combining H1 and H2 , we have

‖[b,T ]( f )‖p
K̇α,p

q2 (ω,ω1−q2 )
� C‖b‖p

Lipβ (ω)

(
∑
k∈Z

|λk|p
)

.

By taking infimum over all decompositions of f , we get

‖[b,T ]( f )‖K̇α,p
q2 (ω,ω1−q2 ) � C‖b‖Lipβ (ω)‖ f‖HK̇α,p

q1,b(ω,ω).

This completes the proof of Theorem 4. �
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