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THE DAVIS-GUT LAW AND LAI LAW FOR
FINITELY INHOMOGENEOUS WALKS
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(Communicated by J. Pecaric)

Abstract. Let {X,,> 1} be a sequence of independent and identically distributed random vari-
ables with partial sums S, = ¥}_; Xx, n > 1. Davis-Gut law states that

<1 <o, ife>0

—P{I8,] > (1+¢)y/2nloglogn} ¢ = ’
2;" ISu| > (1+¢) glog {_w7 fe <0
if and only if EX; =0 and EXI2 = 1. Lai law states that

<o, ife>0,
n1P{|S,| >(1+8)\/2rnlogn}{ !
' = oo,

ife<0

oo

n=

if and only if EX; =0, EX? =1 and E(X?/log|X;|)"*! < e, where r > 0. The paper will
extend those results to the case where {X,,,n > 1} are no longer identically distributed, but rather
their distributions come from a finite set of distributions.

1. Introduction and the main result

The classical Hartman-Wintner law of the iterated logarithm (see Hartman and
Wintner [6]) states that for {X,,n > 1}, a sequence of independent and identically
distributed random variables, if

EX; =0 and EX{ =1, (1.1)

then

S}’l . . Sn
limsup———= =1 a.s. and liminf

n—e +/2nloglogn n—e \/2nloglogn B
where S, =Y} X;, n> 1, logx = log, max{x,e} for x > 0. The converse, the impli-
cation (1.2)=-(1.1), was proved by Strassen [15].

The following theorem, related to the Hartman-Wintner law of the iterated loga-
rithm, is well-known.

-1 as., (1.2)
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THEOREM A. Let {X,,n > 1} be a sequence of independent and identically dis-
tributed random variables with partial sums S, = Y}_; Xi, n > 1. The following state-
ments are equivalent

(1.1) holds,
- 1 < oo ife >0

—P< S, > (14+¢€)4/2nloglo ’ ’ 1.3
PN {184 > (1+¢)y/2nlog gn}{:w, oo, (13)

One can call this result the Davis-Gut law. The implication (1.1)=>(1.3) should be
due to Theorem 4 of Davis [4] which was remedied by Corollary 2.3 of Li et al. [10].
For the implication (1.3)=-(1.1), see Theorem 6.2 of Gut [5]. The sufficient part of
Theorem A for the moving processes, i.e. (1.1)=>(1.3), is obtained by Chen and Wang
[2].

The following theorem, related to the law of single logarithm, is also well-known.

THEOREM B. Let r >0 and {X,,n > 1} be a sequence of independent and iden-
tically distributed random variables with partial sums S, = Y7_ Xy, n > 1. Suppose
that

EX; =0, EX} =1and E(X}?/log|X;|) "' < co. (1.4)

Then =
> 0 P{|Su| > (1+€)\/2rnlogn} < e, forall &> 0. (1.5)

n=1

Conversely, if (1.5) holds for some € > —1, then EX; =0 and E(X} /log|X;|)" ™! < e.

One can label this result as the Lai law which first established by Lai [9]. Chen
and Wang [2] extended it to the moving processes partly, and furthermore showed that

S " P{ISy| > (1+¢€)\/2rnlogn} = eo, forall & <0.
n=1

Combining the results of Lai [9] and Chen and Wang [2], we have

> W TP{|S,] > (1+£)\/2rnlogn}{<w’ ?f8>0’ (1.6)
P =oo, ife<0
if and only if (1.4) holds.

When r = 0, an analog of (1.6) is discussed by Chen and Qi [1].

Recently, Spataru [14] obtained the classical Hartman-Wintner law of the iterated
logarithm for finitely inhomogeneous walks. The term finitely inhomogeneous walk
designs a sequence of sums S, = >}_; Xg,n > 1, where the steps X,,, n > 1, are inde-
pendent random variables having a finite number of possible distributions. This setting
arises naturally in the study of some type Galton-Watson process, and was proposed by
Kesten and Lawler [8]. Due to the work of Spataru [14], the purpose of this paper is to
generalize Theorem A and Theorem B to the finitely inhomogeneous walks.

In the following, we always assume that {X,,n > 1} is a sequence of independent
random variables having a finite number of possible distributions as Yi,---,Y,, p > 1,
set S, =7 Xy, n>1. Some lemmas and the proofs of the main results will be
presented in the next section.
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THEOREM 1.1. Assume that EY; = 0 and EYI-2 =1 for 1 <i<p. Then (1.3)
holds.

THEOREM 1.2. Let r > 0. Assume that EY; =0, EY? =1 and E(Y? /log|¥;|)" !
< oo for 1 <i< p. Then (1.6) holds.

THEOREM 1.3. Let {Xu,1 < k <,n > 1} be an array of independent random
variables having a finite number of possible distributions as Yy,---,Y,, p > 1, set
Snn = Xj_1 Xnk, n > 1. Assume that EY; =0, EYZ-2 =1 and E(Yiz/log\Yi\)2 < oo for
1<i<p. Then

Snn
limsup S a.s. (1.7)

- =1
n—oo \/ 2n10gn

Throughout this paper, C always stands for a positive constant which may differ
from one place to another and I(A) denotes the indicator function of the event A.

2. Lemmas and proofs of main results

The main idea in the proof of the main result is from the invariance principle’ way
to estimate the rate of convergence (see Sakhanenko [11, 12, 13]), which is a powerful
tool in the field of limit theory (for example, see Csorgo, Szyszkowicz and Wu [3],
Jiang and Zhang [7], Chen and Wang [2], etc.) and is listed as the following lemma.

LEMMA 2.1. Forany q > 2, there exists B= B(q) > 0 satisfying that for any se-
quence of independent random variables {&;,1 <k < n} with mean zero and E|& |1 <
oo, 1 < k < n, there is a sequence of independent normal random variables {n,1 <
k< n} with En,. =0, ET],? = E’g’k2 and for all y > 0,

P{ max |Z§k—2nk|>y}<3y”2E|€qu~ (2.1)
k=1 k=1 k=1

1<m<n

The following two lemmas are well-known.

LEMMA 2.2. Let Y be a random variable with EY* < . Then
> P{|Y| > /n} <CEY? <o
n=1

and

nIPE|Y|(]Y| < /i) < CE|Y]? < oo,

n=1
forany g > 2.

LEMMA 2.3. Let Y be a random variable with E(Y?/log|Y|) ! < e for some
r>0. Then

S wP{|Y| > \/nlogn} < CE(Y?/log|Y|)"™! < e
n=1
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and

N w'(nlogn)~1?E|Y|I(|Y| < \/nlogn) < CE(Y?/log|Y|)™! < o
n=1

forany g >2(r+1).

Proof of Theorem 1.1. Set a, = \/2nloglogn, X, = XiI(|Xx| < v/n) and T, =

Yi—1 Xuk . We first prove that

=

1
> ~P{ISu| > (1+€)an} <o, V>0,

n=1

Note that

{ISa] > (1+€)an} C {lrgflgn [Xe| >V} U{| T > (14 €)an}

and by Lemma 2.2,

=3

ZIP{IEaX |Xe| > v/n} < iip{p’b\f} CZEY2<oo
i=1

n= ln I<ksn i=ln=1

and
1

——0
v2loglogn -

as n — oo. Hence to prove (2.2), it is enough to prove that

1 1 &
a_|ETn| < an 7 ZE\Xk\I |Xk| > v/n) <
n k=1

=1
D ;P{|Tn —ETy| > (1+€)a,} <o, Ye>0.
n=1

(2.2)

(2.5)

We can get from Lemma 2.1 that for any n > 1, there exists normal random variables
Zu with EZy =0 and EZ2, = E(X,x — EXy)?, 1 < k < n, such that for any g > 2

andall y >0

n n
P{(T,, —ET,) =Y Zu| > y} <Ay 1Y E|Xu— EXul?.
k=1

Note that

(T, —ETy| > (1 +&)ay} {(Tn _ET,) - iznk\ > 81an}

k=1

U{| ian| > (1+82)an}

k=1

(2.6)



THE DAVIS-GUT LAW AND LAI LAW FOR FINITELY INHOMOGENEOUS WALKS 285

where € > 0, > 0 with € = & + & . Hence

=1
Y ZP{\TH —ET,| > (1+¢€)ay}

n=1

:IH

= 11 + 1.
By (2.6) and Lemma 2.2 we can derive that for g > 2

{ T—ETn)—ian>£1an} i% {|§‘an>(1+82)61"}

k=1 k=1

Ms
‘._
M=

S
)

L <C E[Xuk — EXpi|?

SQ

S
]

T

[N

‘ -

E|X|1(|X| < v/n)

N
a
M s
M:

N
N
ERS

3
Il
—_
o~
Il
—_

| -

E|Y|*I([Y}] < V/n)

N
a
M
M s

Il

—_

3

Il

—_
I

)

VA
_ 0
T
Ry
~
(3]
AN
8

Let N be a standard normal random variable. Note that E (X, — EXnk)2 < 1 for all
I<k<nandn>1,and P{|N|>x} ~ «/Z/Ex_le_"z/z. Hence for large enough n,

1 (l —|—82)Lln
PUS Zul > (1+8)a, =PI IN
{kzl | > (1+&)a } { | > \/zzlE(Xnk_EXnk)z}

< Cox (14 &)%nloglogn
h P Zk 1 ( nk_EXnk)

< Cexp{—(1+&)*loglogn}

=C(logn)™",
where t; = (1+&)? > 1. Then I, < oo.
Now we prove that
iy
EZP{‘Sn|>(1+8)an}:°°7 Ve <O. (2.7)
n=1
By (2.3) and (2.4), (2.7) is equivalent to
|
ZZP{|TH—ETH\>(1+8)an}:°o, Ve<O. (2.8)
n=1

Note that for any € < 0, if we take €3 > 0 and & < 0 with & = & + €, then

{ ian| > (1+84)an} C {(Tn_ETn)— ian‘ > £3an}

k=1 k=1
U{|T, —ET,| > (1+¢€)ay},
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Then by I} < e, it is enough to show that

i { Ean\> 1+¢&4)a } oo, (2.9)

k=1

:l’—‘

Since n_lzﬁzlE(Xnk EX,,k) — 1 as n — oo, then there exists 6 < 1 close to 1
enough with 1, = (14 &)?/8 < 1 such that Zk VE(Xox — EXp1)? = 6n for n large

enough. Using P{|N| > x} ~ \/2/m x e=*'/? again,

n (l —|—£4)an
PIY Zul > (1+&)a, p = P{ IN| >
{|kz1 k| > (1+&)a } {| \ S By EX) }
(1 +84)an } N C
Von (logn)™(loglogn)'/2”

Therefore (2.9) holds by the fact that the series Y=, n~! (logn) 2 (loglogn) /2 = e
The proof is completed. []

>P{|N >

Proof of Theorem 1.2. Forall ] <k<nandn>1,set
Xok = Xkl(‘Xnk| < nlogn I, = Z Xk -
We first prove that

N 0" P{[Sa] > (1+€)y/2rnlogn} < o, ¥ &> 0. (2.10)

n=1

Note that
P{|Sn] > (1+¢€)+/2rnlogn} C {1111132 |Xi| > \/nlogn} U{|T,| > (14 ¢€)+/2rnlogn}

and by Lemma 2.3,

Zn’_lP{lrgsgn 1X¢| > \/nlogn} < Z anP{|Y\ > /nlogn}}

n=1 i=ln=
<C2E (v2/log %) < oo (2.11)
and
1 z 1
ET,| < E|X|I(]X y/nl < 0 2.12
\/nlogn‘ nl < nlogng‘ Xell (X < /mlogn) logn - ( )

as n — oo. Hence to prove (2.10), it is enough to prove that

SN 0 'P{|T, — ET,| > (1+¢€)/2rnlogn} < e, V&> 0. (2.13)

n=1
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We can get from Lemma 2.1 that for any n > 1, there exists normal random variables
Zy with EZy =0 and EZ2, = E(X — EXu)?. 1 < k < n, such that for any g > 2
andall y >0

P{(Tn —ET) — Y, Zul >y} SAY T Y E Xk — EXpu|?. (2.14)
k=1 k=1
Note that
k
{\Tn _ET,| > (1 —|—8)\/2rnlogn} c {|(Tn —ET) =Y Zu| > 81\/2rnlogn}
k=1

U {| ian\ > (1 —|—82)\/2rn10gn}

k=1

where & > 0, > 0 with € = & + & . Hence

oo

3 nr’lP{\Tn —ET,| > (1 +8)\/2rnlogn}

n=1

oo n
<Y nHP{(Tn —ET,) = Y, Zu| > 81\/2rnlogn}
n=1 k=1

8

n
+ anlP{ Ean\ > (1 +£2)\/2rn10gn} =Ji1+J.

n=1 k=1

By (2.14) and Lemma 2.3 we can derive that for any g > 2(r+ 1),

" (logn) "1 Y E|Xy — EXp?
k=1

n
n" 1712 (logn)~ 1% Y E|Xi|*1(|Xi| < v/nlogn)
k=1

=~
N
a

Nk

3
Il
—_

A
a
NgE

3
Il
—

n=9/2(logn) Y, |“I(|Y;| < \/nlogn)

N
a
Mo
Ms

Il
—
3
Il
—_

E(r?/log|¥])"! < e

N
a
Me

Il
-

Let N be a standard normal random variable. Note that E(X,; — EX,;)*> < 1 for all
I<k<nand n>1,and P{|N|>x} ~/2/% x~1e=/2 Hence for large enough n,

P{| ian‘ > (1+82>\/W} =P{IN| - (1+&)\/2rnlogn }
k

=1 \/ZZ:l E(Xnk - EXnk)2

(14 &)%nlogn }
<Cexpy —=x
p{ 57 E (X — EXpr)2

< Cexp{—r(l+g&)*logn} =Cn",
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where t; = r(14£&)? > r. Then J, < oo.
Now we prove that

in’_lP{|Sn\ > (1+8)\/2rnlogn} — o, Ve <O (2.15)

n=1

By (2.11) and (2.12), (2.15) is equivalent to

EnHP{\Tn —ET,| > (1 +£)\/2rn10gn} =, V<0, (2.16)
n=1

Note that for any € < 0, if we take &3 > 0 and & < 0 with & = & + €, then
n n
{ > Zul > (1 +£4)s/2rn10gn} C {(T,, —ET,) = Y, Zu| > 83«/2rn10gn}
k=1 k=1
U {|Tn CETy > (1 +8)\/2rn10gn},

Then by J; < o, it is enough to show that

oo

an_lP{|ian| > (1+£4)\/2rnlogn} = oo, (2.17)
k=1

n=1 —

Since n~ 'Y E (X —EX,;)> — 1 as n — oo, then there exists § < 1 close to 1
enough with 7, = r(1 +&)?/8 < r such that Y EXu — EX,%)? > 8n for n large

enough. Using P{|N| > x} ~ \/2/m x~'e~*"/2 again,

n (1+84)\/W
1 2rnl =
P{| N Zu| > ( +84)\/T02J1} P{|N - \/ZZIE(Xnk—EXnk)z}

k=1
(1+84)\/2rnlogn}
> P4 |N| >
{ | Von
C

= w2 (logn) 172

Therefore (2.17) holds by the fact that the series Y=, n"~!~2(logn)~'/> = co. The
proof is completed. [

Proof of Theorem 1.3. By the same argument as Theorem 1.2, we have

& <oo, ife>0,
S P{|Sml > (1+£)\/2n10gn}{_ !
n=1 -

oo, ife<O.

Then by the Borel-Cantelli lemma, (1.7) holds at once. [
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