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NEW TYPES OF INEQUALITIES FOR FUSION FRAMES

ZHONG-QI XIANG

(Communicated by J. Pecari¢)

Abstract. In this paper, we establish a more general inequality for fusion frames, which involves
a scalar A € [0,1]. It is shown that the result we obtained covers the existing corresponding
results recently given by Guo, Leng and Li. We also present several new inequalities for fusion
frames, which are different in structure from previous ones.

1. Introduction

Frames (classical frames), which provide stable but generally non-unique expan-
sions for a given vector, were formally defined by Duffin and Schaeffer [10] in their
work to deal with some deep problems on nonharmonic Fourier series. Since the pub-
lication of the fundamental paper [9] on wavelet theory due to Daubechies, Grossmann
and Meyer, frames have become the focus of active research. Today, owing to the flex-
ibility, frames have been used in a variety of fields, both in theory and in applications,
such as the characterization of function spaces, sampling theory, digital signal process-
ing etc. For more details on frame theory and its applications, we refer the reader to [2,
4,5, 8, 16].

Being an extension of frames, the notion of fusion frames was proposed by Casazza
and Kutyniok in [6] and Fornasier in [11], which offers us a useful tool to work on some
large systems. It should be remarked that, although most properties of fusion frames
are similar to those for classical frames, new phenomena do arise due to the complex
structure of fusion frames. This makes the study of fusion frames interesting. Now,
fusion frames have shown their applications in dozens of areas, see [3, 7], for example.

To proceed with this section, we need to recall some notations and basic defini-
tions.

Throughout this paper, the symbols .7 and J refer, respectively, to a separa-
ble Hilbert space and a finite or countable index set, {W;}cy and {V;}cy are two
sequences of closed subspaces of #”, and 7y, is used to denote the orthogonal pro-
jection onto W;. We denote by {w;};cy and {v;};cy the sequences of weights, i.e.,
®;j,v; > 0 for each j € J, the notation Id s is reserved for the identity operator on
I
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We call the pair {(W;, ®;)}jcy afusion frame for #, if there exist two constants
0 < C < D < o0 such that

CllfI? < Y oillmw, (F)I> < DIfI?, Vfer. (1.1)
jel

The numbers C and D are called fusion frame bounds. We call {(W;, ®;)}jcy a p-
tight fusion frame if C = D = u, and a Parseval fusion frame if C = D = 1. If only the
right hand inequality in (1.1) is satisfied, then we call {(W;,®;)};cy a Bessel fusion
sequence with Bessel bound D.

Let {(W;,w;)}jey be a fusion frame for J#’, the fusion frame operator for
{(W;,wj)} jey is defined by

S:H — A, Sf=Y oinw(f), VfeH. (1.2)
Jj€d
It is easy to check that S is positive, self-adjoint and invertible. It has been proved

in [12] that {(S™!'W},®;)} ey is still a fusion frame for ., which is called the dual
fusion frame of {(W;,®;)} jey. Moreover, from equation (1.2) we see that

> oiS ay (f)=S""Sf=f
Jj€d
=8S7'f =Y oimw,(S"'f) (1.3)
Jj€l
is valid for each f € J7.
Let {(W;,®;)}jecy be a fusion frame for . with fusion frame operator S, and

{(Vj,v))} ey be a Bessel fusion sequence for 7. Then {(V;,v;)} ey is said to be an
alternate dual fusion frame of {(W;,®;)} ey, if for any f € 7 we have

f= 2 vﬂ,'a)jnijfanj (f)- (1.4)
jel
Let {(W;,®;)} ey be a Bessel fusion sequence for #. For any K C J, we let
= J\K, and define the operators Sk, Skc : H — H by

Skf =Y oimw,(f), Sxef= Y, oimw,(f), VfeH. (1.5)
jek jeKe
It is trivial that Sk and Ske are positive, bounded linear and self-adjoint operators.
Balan et al. [1] discovered a remarkable identity for Parseval frames when work-
ing on efficient algorithms for signal reconstruction. Moreover, in [1] the following
inequality was obtained:

THEOREM 1.1. Let {f;};cy be a Parseval frame for €, then for every K C J
and every f € F, we have

> f P+

jeK

2

S (f %wzam

jeKe

=3 [P+

jeKe

S

jeK
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Later on, Gavruta in [13] generalized inequality (1.6) to general frames:

THEOREM 1.2. Let {f;} jcy be aframe for 7 with canonical dual frame {f;} jey.
Then for all K C J and all f € 77, we have

EmmmﬂimkmﬁW=EnmﬁW+2mmﬂW>§zwwW.

jeK jel jeKe 2 jel
(1.7)

Recently, Guo, Leng and Li [14] extended inequalities (1.6) and (1.7) to the case
of fusion frames:

THEOREM 1.3. Let {(W;,@;)}jcy be an A-tight fusion frame for €, then for
any K C J and any f € 5, we have

A, oF |w, ()| + || Ske £
jek

3
=A ¥ ofllmw; (N +ISf|* > 4%, )- (18)
JjEKe

THEOREM 1.4. Let {(W;,w;)}jey be a fusion frame for S with fusion frame
operator S and {(S™'W;, ®;)} jey be the dual fusion frame of {(W;,®;)} ey. Then for
any K C J and any f € 5, we have

>, Flmw, (N)IIP+ Y, 0 [|mw, (S~ Sxe /)|

jeK jel

=Y o}mw, ()P + Y, 0} mw, (ST sk f))? =
jeKe Jjed

(Sf.f) (1.9)

AW

In this work, we generalize the inequalities (1.8) and (1.9) to a more general form
where a scalar A € [0, 1] is involved. We also present several new inequalities for fusion
frames, which differ in structure from those in Theorems 1.3 and 1.4.

2. Main results

To derive our main results, we need the following lemmas due to Gavruta [13] and
Poria [15], respectively.

LEMMA 2.1. (see [13]) If P and Q are two bounded linear operators on
satisfying P+ Q =1d ¢, then

pw+%@f+Q%:@Q+§w“Hv>§mf~ 2.1
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LEMMA 2.2. (see [15]) Let P and Q be two bounded linear and self-adjoint
operators on H such that P+ Q =1d ¢, then for any A € [0,1] and any f € H# we
have

IPFII?+20(Qf, f) = |1Qf > +2(1 = A)(PL. ) + QA= D|IfIIP = 24 = A7) f1I*.
(2.2)

THEOREM 2.3. Let {(W;,})} jcy be a fusion frame for 7 with the fusion frame
operator S and {(S™'W;, ®;)} jey be the dual fusion frame of {(W;,®;)} ey. Then for
any A €10,1], forall K C J and all f € 7, we have

(S£. 1) =Y, ofllmw, (NI + Y, oF 2w, (S Ske )|
JjeK jel

=Y of|mw, (£ + Y, o [z, (S sk )|

jeKe jel

> (24 = AD)(Skf. f) + (1= A2)(Ske f, f). (2.3)

Proof. Since Sk +Sge =S, it follows that S~2 SgS~7 + 83 SgeS~% =Id 5 . Tak-
ing S’%SKS’%, S’%SKCS’% and §2 f instead of P, Q and f respectively in Lemma
2.2 yields

(STISKf, Sk f) = (S Skef, Sxe f)+2(1=A) (S [, £)+(RA—1)(Sf, f)—2A(Ske f. f)
> (20— 23)(S. 1)~ 2A(Skef. f)
= 20((SF. ) = (Se o 1) = A(ST. f)
=24(Skf.f) = A2 (SF. f)- (2.4)

Noting that

(S'Skf,Skf) + (Skef, f)
= (STISkSTISIF,STISkS IS ) + (Sue . )
= ((Ide — S 2SgeS 2)S2 £, (Id s — S~ 2SxcS™2)S2 f) + (Sice £, f)
= (S1f,53f) — (S1f,57EsuesThsh ) — (S hsweshsE A 53 1)
(ST S5eS 282 £, 2SS IS f) + (Swce f. f)
= (Sfof) = Sk ) = (Sref f) + (S Sge f,Sxe f) + (Sge f f)
= (S7'Sef,Ske f) + (S f. f), (2.5)

we have

> oflmw, (NI + Y, oF l|w, (S~ Ske )P

jeK jel
= (Skf, f) + (SS™'Sie f, S Ske f)
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= (Skf,[f) + (S Ske f, Sk f)
= (Sgef, ) + (87 Sk f, S f)
= (Sxef, f)+ (SST'Sk f.5 'Sk f)
=Y, @ llmw, ()II* + X, o 7w, (S~ Swf)|*- (2.6)
jeKe jel
Now, from (2.4) it follows that
> of|lmw, (NI + Y, o [|7w, (S Ske f)|1?
JjEK jel

=Y ofllmw, (NI + Y o llmw, (S 'Sk f)II*
jeKe jel
> 2A(Skf, f) — AX(SE,f) + (Skef. f)
= 24 = A2)(Skf, f) + (1 =A%) (Ske f, f). 2.7)

It remains to prove the left hand inequality in (2.3). It is easily seen that P =S~ 3 SKS_%
and 0= *%SKES’% are positive operators and that PQ = QP. Thus,

0<PQ=P(Idyy —P)=P—P>=83(Sx — S8~ 'Sx)S 2,
implying that Sg — SgS~ 'Sk > 0. Hence
> F lmw, (N)IIP+ X, o0f |y, (S~ Ske )|
jeK jel
=Y o llaw,()I*+ Y, o l|mw, (S~ Sk )
Jjeke jel
= (Sef. )+ (57" Sk, S5k f)
This completes the proof. [
If {(Wj,))}jey is an A-tight fusion frame for .7 with the fusion frame oper-
ator S, then § = Ald». Combining Theorem 2.3 with 3¢5 @,2||nwj (S7ISgef)|? =

3lISxe f1I? and ¥;cp @F || 7w, (S~ S f) 1> = %Sk f]|*, we immediately obtain the fol-
lowing result.

COROLLARY 2.4. Let {(W;, @;)}jcy be an A-tight fusion frame for S, then for
any A €[0,1], forall K C J and all f € 5, we have

AfIP =AY @ |7, ()] + 1Sk ]
jeK

=AY o|mw, (/)| + ISk fIP
jeke

> AQA — A2 (S f, f) +A(L— A (Ske f, f). (2.9)
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REMARK 2.5. If we take A = % in Theorem 2.3 and Corollary 2.4, then we can

obtain the inequalities in Theorems 1.4 and 1.3, respectively.

The next two theorems give several new inequalities for fusion frames, which pos-
sess different structure comparing with the inequalities shown in Theorems 1.3 and 1.4.

THEOREM 2.6. Let {(W;,w;)}jcy be an A-tight fusion frame for F with the
fusion frame operator S, then for any K C J and any f € 5, we have

2 2
A
0<A Y of|mw, (N> — || Y, @ mw,( Z||fH2. (2.10)
jeK jeK
A2 2 2
TP <) X ojaw, (N|| +] X @jaw, ()| <A%IAP. @1
jek jeke

Proof. Applying Sk + Sge = § = Ald s, we have that A~'Sg + A~ Sge = Id .
Noticing that Sk and Ske are positive and that SxSke = SkeSk , we have

0< (A7) (A Ske) = A Sk (Id sy — A7 1SK) = A7 ISk — A28 (2.12)

We also have
2
—1 22 —1 1
AT Sk —ASg=—(A SK—EIdjf + - Idjf Id% (2.13)

Since
2

TSk ) —ATHSRS ) =AY oF|mw ()P —A

jeK

Z(Oﬂw

jekK

for each f € 47, combination of (2.12) and (2.13) it follows that

2 2
A
0<A Y, oflmw; (NI —|| X ofmw, (1) <111 (2.14)
jeK jeK
We next prove that (2.11) holds. On one hand we have

A7282 + AT2SE = A72S% 4 (Idp — A 1Sk )?

=2A725% —2A7 ISk +1d

., A 2
=2A SK—EId%J += Idjf Idjf. (2.15)

On the other hand we get

AT+ AT2S2 = AT28% + (Ide — A7 18K )?
=1Idyp —2(A"'Sg —A725%) < 1dp, (2.16)
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since, as mentioned before, A~!Sx — A~2S% > 0. Therefore,

A2
Sldor < S% + 8% <A’Mdp. (2.17)
Finally, for each f € 77, we have
(SESAf) + (Ske - f) = ISk 1>+ [|Se fII*

2
>, @ mw,(f)

JjeK

2

> wJZn'W.f(f)

jeke

(2.18)

This along with (2.17) yields (2.11) and the proof is completed. []

The above theorem leads to a direct consequence as follows.

COROLLARY 2.7. Let {(W;, ®;)} ey be a Parseval fusion frame for €, then for
any K C J and any f € 52, we have

0< Y, of|mw, (f)|* - Zwm —MF (2.19)
jeK
1
SIWAP < | X ofzw (N|| +|| X ofmw, ()| <A™ (2.20)
JjEK JjeKe

Let {(W;,®;)}jecy be a fusion frame for .7 with fusion frame operator S, and
{(Vj,v})} jey be the alternate dual fusion frame of {(W;, ®;)} jcy. We define the bounded
linear operators Ly, Lge : 5 — 7 as follows:

Lxf= 2 vQ,'a)jnij”nWj(f), Lgcf = 2 vjaq/nijfanj(f), Ve (2.21)
jeK jekKe

THEOREM 2.8. Let {(W;,w;)}jcy be a fusion frame for 7€ with fusion frame
operator S, and {(V;,v;)} ey be the alternate dual fusion frame of {(W;,®;)} jey-
Then for any K C J and any f € €, we have

34|k — Lell* | L2 -1 ? -1
DI By e 2 | S vy ()| +Re S vyl ()., (1)
jeK jeKe
2
Z 'Uj(l)jTEVjS_lﬂ'Wj (f) +Re Z Uj(l)j(S_lﬂ'Wj (f)van (f)>
jeKe jeK
3
> I/ (222)

Proof. Clearly, Lx + Lge = Id »». Applying this fact to Lemma 2.1, we obtain

2
+Re Y 0o (S mw, (f), v, (f))
jeKe

= <LKf7LKf> +RG<LK£f,f>

2. vy, S mw, (f)
jek
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—~

= (LiLgf: /) + 5 ((Lie + Lie) £, f)

1
2
(Lx +Lx)f. )
e<L]Kf7f>

= (LgcLgef, f)
= (Lge f,Lge f)

T | =

_|_
_|_

2
+Re Y, vj0; (S mw, (f), v, (f))
jeK

-1
ZKC vy, S mw, (f)
JE

3
> I71%, (223)

for each f € .77. One the other hand we have

jeKe

2
+Re 2 ‘l)j(Dj<S717TWj (f)?an (f)>

jeK
=Re(Lx [, f) + (ke f,Lxe f) =Re((f, f) = (Lke f, f)) + (L f, Lk f)
= <f f> _Re<LK”faf> + <LK”faLK”f> = <faf> _Re<LK”faLKf>

1
=(f.f)— <LKf7LKff>_§<L]K”faLKf>
_ 3
= 4||fH +
3
= —||fH2+

2 v.fwjansianj (f)

—_

4

%<LKf7L]Kf> + Z<LKffaL]Kff> -

= AP+ 2~ L) . (L~ L))

3+ ||Lx — L ||
4

1<(L1K+L1Kf) (Lg + Lge) f) — §<LKf,LKff>—%<LKff,LKf>
1 %<LKf, Ly f) — %<LKff7L]Kf>

< AP + e~ L P = 171 (2.24)

Now, combining this with (2.23), we obtain the relation stated in the theorem. [J
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