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Abstract. We discuss and stress the role of ultramodularity and Schur concavity in special types
of constructions of copulas. After recalling some known ultamodularity-based results, we focus
on the so-called D -product of a copula and its dual. We show that for each copula D which is
ultramodular and Schur concave on the left upper triangle of the unit square, this D -product of
an arbitrary copula and its dual is again a copula. Several examples and counterexamples are
given. Finally, some of our results are generalized to the case of semicopulas and quasi-copulas.
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[15] S. DÍAZ, B. DE BAETS, AND S. MONTES, General results on the decomposition of transitive fuzzy
relations, Fuzzy Optim. Decis. Mak. 9: 1–29, 2010.
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[38] A. KOLESÁROVÁ, R. MESIAR, AND J. KALICKÁ, On a new construction of 1 -Lipschitz aggregation

functions, quasi-copulas and copulas, Fuzzy Sets and Systems 226: 19–31, 2013.
[39] D.-M. LI AND H.-N. SHI, Schur convexity and Schur-geometrically concavity of generalized expo-

nent mean, J. Math. Inequal. 3: 217–225, 2009.
[40] E. LIEBSCHER, Construction of asymmetric multivariate copulas, J. Multivariate Anal. 99: 2234–

2250, 2008.
[41] C. M. LING, Representation of associative functions, Publ. Math. Debrecen 12: 189–212, 1965.
[42] M. MARINACCI AND L. MONTRUCCHIO, Ultramodular functions, Math. Oper. Res. 30: 311–332,

2005.
[43] M. MARINACCI AND L. MONTRUCCHIO, On concavity and supermodularity, J. Math. Anal. Appl.

344: 642–654, 2008.



ULTRAMODULARITY, SCHUR CONCAVITY, AND THE CONSTRUCTION OF COPULAS 363

[44] A. W. MARSHALL AND I. OLKIN, Majorization in multivariate distributions, Ann. Statist. 2: 1189–
1200, 1974.

[45] A. W. MARSHALL, I. OLKIN, AND B. C. ARNOLD, Inequalities: Theory of Majorization and Its
Applications, Springer, New York, second edition, 2011.

[46] R. MESIAR AND J. SZOLGAY, W -ordinal sums of copulas and quasi-copulas, In Proceedings MA-
GIA & UWPM 2004, pages 78–83, Bratislava, 2004, Slovak University of Technology, Publishing
House of STU.

[47] R. MOYNIHAN, On τT semigroups of probability distribution functions II, Aequationes Math. 17:
19–40, 1978.
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[64] A. SKLAR, Fonctions de répartition à n dimensions et leurs marges, Publ. Inst. Statist. Univ. Paris 8:

229–231, 1959.
[65] F. SPIZZICHINO, Subjective Probability Models for Lifetimes, Chapman & Hall/CRC, Boca Raton,

2001.
[66] M. SUGENO, Theory of fuzzy integrals and its applications, PhD thesis, Tokyo Institute of Technology,

1974.
[67] S. WEBER, A general concept of fuzzy connectives, negations and implications based on t -norms and

t -conorms, Fuzzy Sets and Systems 11: 115–134, 1983.
[68] E. M. WRIGHT, An inequality for convex functions, Amer. Math. Monthly 61: 620–622, 1954.
[69] R. R. YAGER, Joint cumulative distribution functions for Dempster-Shafer belief structures using

copulas, Fuzzy Optim. Decis. Mak. 12: 393–414, 2013.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


