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TWO-WEIGHT ENTROPY BOUNDEDNESS OF
MULTILINEAR FRACTIONAL TYPE OPERATORS

MINGMING CAO AND QINGYING XUE

(Communicated by L. Liu)

Abstract. This paper will be devoted to study the two-weight norm inequalities of the multilin-
ear fractional maximal operator .# and the multilinear fractional integral operator .#;. The
entropy conditions in the multilinear setting will be introduced and the entropy bounds for .,
and .7, will be given.

1. Introduction

1.1. Background

Let My, and I, be the fractional maximal operator and fractional integral operator
defined by

f)

T4y o< o <n.
»e—ype®

Maf ()= sup |01 (g o). faf )= [,

In 1982, Saywer [22] first showed that M (-0) : L?(0) — L?(w) holds if and only if
(w, o) satisfies the following testing condition

[w,als

S(p, q) IQG HL‘? < oo

= supo(Q) 7

o
Subsequently, using the similar testing conditions, Saywer [23, 24] gave some charac-
terizations of two-weight weak and strong type inequalities of /.

After the works of Saywer, many works have been done in the characterizations
of two weighed boundedness of continuous operators. Among such achievements are
the celebrated works of Hytonen [7], Lacey [10, 11], Lacey et al [15], which demon-
strated the characterizations of the two weighted L? inequality of Hilbert transform in
terms of Saywer type testing conditions and two-weight A, condition. Recently, Lacey
and Li [12] gave a characterization of two-weight norm inequalities for the classical
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Littlewood-Paley g-function. Still more recently, Cao, Li and Xue [1] obtained the
characterization of two weighted inequalities for the g -function with more general
fractional type of Poisson kernels. As for the discrete operators, on the one hand, two-
weight characterizations of martingale transforms and dyadic shifts were presented by
Nazarov et al [20] and Hytonen [8]. The two weighted L” (o) — L(w)-type inequali-
ties of positive dyadic operators were established by Nazarov et al [20] with p =g =2,
Lacey et al [14] with p < g and Hytonen [6] with p,q € (1,e0). On the other hand, in
order to study the sufficient conditionS for the two weight inequalities of the singular
integral operators, Treil and Volberg [26] introduced the entropy conditions. Later on,
the entropy conditions were used to obtain the two-weight norm inequalities of intrinsic
square functions and fractional maximal and integral operators by Lacey, Li [13] and
Rahm, Spencer [21], respectively.

In the multilinear setting, several works also have already been done for the muliti-
linear fractional maximal operator .#,, and fractional integral operators .7, (0 < o <
mn ), which are defined by

Aa 7)) =sl0l T[N 100, FulP = [ TSI 4y
Q ( ")m|(y17“‘7ym)|

i=1

In 2013, Chen and Damidn [4] first gave some sufficient conditions for the two-weight
inequalities of the multilinear maximal operator .#. In 2015, Li and Sun [18] con-
sidered the problem of two weighted inequalities of multilinear fractional maximal op-
erator .4y . But it is worth pointing out that their method is not valid for the case
0< a<n(l/p—1/max{p;}). In 2016, Cao and Xue [2] extended the ranges of expo-
nents to 0 < o < mn by applying the atomic decomposition of tent space. Moreover,
Cao, Xue and Yabuta [3] defined and studied the multilinear fractional strong maximal
operator and the corresponding multiple weights associated with rectangles. Under the
dyadic reverse doubling condition, a necessary and sufficient condition for two-weight
inequalities of the multilinear fractional strong maximal operator was given.

It is well known that it is difficult to give a two-weight characterization of .#,, and
S with respect to Saywer-type testing condition. Even if we make it, it is generally
very hard to verify Saywer-type testing condition in practice. This leads us to quest
some sufficient conditions for two-weight norm inequalities of .#,, and .# . This kind
of conditions should mainly concerned with A, like conditions.

In this paper, we are mainly concerned with A, like conditions that are sufficient
for two-weight norm inequalities of .#, and .#,. We will work with the multiple
version of entropy conditions and try to obtain the entropy bounds of .#Z, and .7, .
For simplicity, we only give the results and the proofs in the case m=2, although our
results still hold for general m > 2.

1.2. Main results

First, we give one definition related to multiple weights.

1 1

DEFINITION 1.1. (Multiple weights class) Let 0 < o < mn, % T

with 1 < py,-++,pm <oo,and 0 < p < g <oo.Let w,0; (i=1,...,m) be nonnegative
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and locally integrable functions on R”, and vz =[I/, 6 /Pi We define

[ 8l = S0 T4, 6:0) <=
q B N
[w G}A(Pq)Aexp i= sup Ay ,(w, 33 Q)AZP (Vg3 Q) 7 < oo,
0
n 1
[, 8lags gy 7= U Fiig (1, 8: Q) [[AZP (0.0) 7 < o=

where

AZ?(w:Q) = (w)gexp ((logw™")o). g

REMARK 1.2. If we denote

m P ., 3 m P
[Gluz = sup[[AZP(01:0) 7. [Glrm :=supvs(Q)~' [T ai(@) 7,
0 i=1 0 i=1
it is easy to check that
= 1
e < 098lag Vol

q
< - - < -1l / )4 -
op < [w, Ola iz < [Ggp,[w, 0] A ASP
Now, we give the definition of multilinear version of entropy conditions.

DEFINITION 1.3. (Multilinear version of entropy conditions) Let O
= L+---—|—p% with 1 <pj, -+, pn<eo,and 0 < p<Lg<eo. Letw,0; (i=1,...

1
p T p "
be norllnegative and locally integrable functions on R". We define

I
sup (1017 [T(erbo) " - (05) 0¥, (@) (¥(.141(0))

i=1

[[6}](1',],1{),8,. =

where €,7,¢; are monotonic increasing functions on (1,), and

Pu(Q) = w(Q)! /Q M(1w)(x)dx and pe(Q) = pu(Q)E(pu(0)),
fgt/%a(lQGthGj)(x) Pij dx 1 1 1
P = — 7 d _ — —_—
Vi (Q) Pip P g N T " pj

(Jooi" o dx) i
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We now state the main results of this paper as follows.

THEOREM 1.1. Let 0 < o < 2n, 0 < p < g < o and %:plﬁé with 1 <
p1, P2 <eoo. Suppose that 61,02, w are weights on R". Let € be a monotonic increasing
function on (1,°0) that satisfies [ ts ) < oo, Then the following inequality holds

2
|- #u(fi101, f200) HLq(W) S w6154 HfiHLPi(c,-)'
i=1

THEOREM 1.2. Let 0 < ¢ < 2n, 0 < p < g < o and %:%in with 1 <
P1,P2,q < eo. Suppose that ©y,0>,w are weights on R". Let 8176271’] be monotonic

increasing functions on (1,e) that satisfy [ 7w dt),, <o and [{° o7 < oo. Then

)
there holds that

2
|2 (fi01, f200) HL‘I(W) SIPE | | HfiHLf’i(o,-)'
i=1

THEOREM 1.3. Let 0 < o0 < 2n, and 1 < p; < oo (i =1,2,3) with ﬁ+ pi/ >1
for i # j. Suppose that ©1,0,,03 are weights on R". Let € be a monotonic increasing

Sunctionon (1,e0) such that [{° # <o, i=1,2,3. Then the following inequalities
tg (1 t
hold

[Fa(fior, o) s ) S . % . f,k S,HHfll i (1.1)
1,],K)€
&)/
[Za(fion, o)l e o) S ; j"k 81H||fl||y,, (1.2)
(i,],k)€Q

where Q is the set of all permutations of (1,2,3).

The article is organized as follows: In Section 2, some notations and lemmas will
be given. In Section 3, we will demonstrate Theorem 1.1 and Theorem 1.2. Section 4
will be devoted to complete the proofs of Theorem 1.3.

2. Preliminaries
First, we present some definitions and lemmas, which will be used later.
DEFINITION 2.1. A collection, & of cubes is said to be a dyadic grid if it satisfies

(1) The side length of every Q € Z equals 2* for some k € Z.

(2) Forany Q,R€ 2, ONR={0,R,0}.
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B3) R'= U Q, % =1{0¢€ 2:4(Q) =2k} forany k € Z.
€Yy

DEFINITION 2.2. A subset . of a dyadic grid is said to be spare, if for every
Q € .7 there holds that
1
‘ U Ql) <3 10|
Qes
0'co
Equivalently, if E(Q) = 0\ Uge.» @', then the sets {E(Q)}ge.~ are pairwise disjoint

0'co
and |Q| <2|E(Q)|.

DEFINITION 2.3. Let 0 < oo < mn and Z,.% be a given dyadic grid and a spare
set. The dyadic versions of multilinear fractional maximal and fractional integral oper-
ators are defined by

m

AT (F)(x) = sup |07 [T{fil)o 1o(x),
Qe

i=1

S2H = 3 1015 [T o100,

(0137 i=1
TraH)x) = 3 101" [[{f) o Leo)®).
Qe i=1

We will need the following lemma given by Hytonen and Pérez in [9].

LEMMA 2.1. There are 2" dyadic grids %, t € {0,1/3}" such that for any cube
O C R” there exists a cube Q; € 9 satisfying Q C Q; and £(Q;) < 6£(Q), where the
dyadic grid 9, is defined by

I =270, 1) +m+ (- 1)%) k€ Z,me 2"}, t € {0,1/3}".
We also need the following lemma.

LEMMA 2.2. Let 9 be a dyadic grid. For any non-negative integrable f; (i =
1,...,m), there exist sparse families . C 9 such that for all x € R", it holds that

-, =, -,

Mo(f)x) = sup A (F) ), A (F)x) = Ty a(F)); 2.1
1€{0,1/3}"

Io(F)x) = sup IS (Fx), I3 (Fx) = T a(H)E). (2.2)
1e{0,1/3}n

The proof of (2.1) can be found in [17] and (2.2) was shown in [19].
We will apply the following multilinear version of Carleson embedding theorem
[25] at certain key points in the proofs of our results.
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LEMMA 2.3. (Carleson embedding theorem) Let 0 < p < g < e and % = % +
4 me satisfying 1 < pi,...,pm < eo. Suppose that the nonnegative numbers {cg}o

satisfy
> co<AVs(Q)?, forany Q' € 9,
oco

where o; (i=1,---,m) are weights and vz = [, Gf/pi. Then for all nonnegative
functions f; € LPi(0;), we have

> co[1(UG)" S AIAE () lay) <A _leiHZm(o)

07 i=1 i

where LP4(w) is the Lorentz space defined by

171

o= | [ (st mri > an ] <

3. Proofs of Theorems 1.1-1.2

In this section, our aim is to demonstrate Theorem 1.1 and Theorem 1.2 by mak-
ing use of dyadic techniques (see for examples, [8] and [16]).

3.1. Proof of Theorem 1.1

Let . be any sparse set of . By Lemma 2.2, it suffices to show that

(3.1)

2
177 .a(f101,1202) | aguy S 1985 TT1ill i

We may assume that each f; is a non-negative function for i = 1,2. Denote

T = {Q SN 2_k|—W76-|ﬁ,q,e < F(Q) < 2_k+1|—w G-lpqs}
1

11 o 1 . o
where T'(Q) := |Q|4 A (w )QHZ 1(0,>Q “Ppvs(Q)7&(py;(Q)). Using the pairwise
disjointness of the sets {E£(Q)}ge.~, we deduce that

oo a 2 q o0
|7 alfionron) [l = X X (1017 [Ttohe) WEQ) = ¥ A
k=1Q¢€.% i=1 k=1
To obtain the bound of A;, we need to introduce the notion
co = (101*"(01)0(02)0) 'W(E(Q)).

Then, it is easy to see that

&= 3 (g mg)"

[o}s87%



TWO-WEIGHT BOUNDEDNESS 447

In order to apply the Carleson embedding theorem, we need to analyze {cp}oc.s, - Fix
Q' € .%. Since I'(Q) ~27%[w, 67, foreach Q € .%, we get

1

[)L [)2 q

co < r(Q) Gl(Q)l 0:(0)
QeS:0cQ ¢ Qef’kztéCQ’ <Pv5(Q)p e(pvs (Q )))
ve(Q)1/?

<S27M1,6¢

e Qeyg‘QcQ’ Pvg (Q)q/pS(Pva (Q))¢

=27, 61% AL
Now, we tentatively claim that
AL S va(Q)/P. 3.2)
Therefore, if the above claim is true, we actually obtain that

Y cos27Mwel], vs(Q)7,
0270

and

2
Ay 5 2—kq |—W7 (_ﬂ g‘,q,g H Hf‘ HZ/’"(O':'V

where we have used Lemma 2.3. Consequently, it yields that

I 2
17727 Ollgy = X A< D0 STl o

This shows that inequality (3.1) is true.
Now, we are in the position to demonstrate (3.2). Set

S ={0e A 0cQ, 2V <py(0) <2/},

and .7, is the collection of maximal elements in .% ;. Thereby, we have

(3 we)"'< ¥ 3 w©

QS 0 ey 0c0"
DD / (1g*vs)olo(x)dx

Q*Ey* QCO*
<

/ sup (1 vg ) plp(x)dx
0 e ;0C0 E(Q) Pe2

< Y /sup(lQ*va>p1p(x)dx
ore.sF 0" Pey
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< 3 [ Mg ve) s
Q*Ey*
= 3 vs(Q)py,(Q) S2v5(Q).
g ey
Accordingly, we deduce that
ey L q/p
A < Z  Salreyi QEZ% Vs(Q)
)
< vﬂ(Q/)q/p i 1'
~ 70 j=03(2j)q
< VH(Q/)q/p/w dr vs(Q)4/P
~ 'O 1 1‘8([)’1 ~ 'O

The proof of (3.2) is finished. [

3.2. Proof of Theorem 1.2

By duality, we have

H%’a(fﬁ)}!mw) = sup

)y (|Q\%<f101>Q<f262>Q)/Qg(x)wdx

I\g\lmf(w)gl Qe
‘= sup }“V(g)}
HgHL,/(WKl

Denote
Fr={0€ 72" <29 <2}, Ao = 5 ,(w,3:0)pun (Q Hpghgl

Then, we have k < Ko :=log, |w,G | 5,  , - Therefore, by the Holder inequality, it now
follows that

Ko 2 (£, pi, Wiy i
V(g) = 2 Z AQH <f>QG (Qi <g>Q (Q)L
k=10 =1 poe (@) puwn(Q)7

<$o( g USR5 (g0 w0 )

k=1 \Qeti=1  Pg,e(Q)7 Qe Pun (Q)

Y.

1

<l 1( T (0 57D 5 (! O

0
0 0c A P (Q)
By the Carleson embedding theorem 2.3, it is enough to show that for each Q' € .%

ci(0)

Q€. Poi.é; (Q)
oco

ISGI(Q/)? i:172737
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where 63 =w and & = 1. A completely analogous calculation to that of the preceding
subsection yields the desired result. [J

4. Proof of Theorem 1.3

In this section, we shall give the proof of Theorem 1.3. We need the following
two-weight characterization of fo‘:/ , which was proved in [6] and [19].

LEMMA 4.1. Let 9 be a dyadic grid and ¥ C & be a sparse family. Suppose
that 61, 0> and O3 are positive Borel measures and 1 < p; < e (i = 1,2,3) with
%—!-p%, > 1 fori+#j. Then

(1) The strong type inequality

2
17 (i1, £202)ll sy < TNl

holds if and only if the following test conditions hold for any triple (i, j, k) € Q,

HZQey\QI%<Gj>Q<Gk>QlQ o
OCR L'i(0y)

ey o(R) ()

(2) The weak type inequality

2
Hj&/(flglaf262)HLq.w(63) < mweakljll Hf‘HLI’I(O',)

holds if and only if T 5 (; j ) < oo, for any triple (i, j,k) € Q and i # 3.

Moreover, the best constants satisfy

N D Toiim Meea™ 2, T
(i,7,k)eQ i#3,(i,j,k)eQ

Proof of Theorem 1.3. By Lemma 4.1, it suffices to show
T k) SO jk).er foreach (i, j k) € Q.

By symmetry, we only focus on estimating the case (i,j,k) = (1,2,3). For conve-
nience, we write ¢ = p%, p = pi» and y= Y(12,3)- From now on, we fix the cube
R € 2 and introduce the notations

3 10/ (61)0(0)0l0

o/ (R) := ‘ P

Li(Rw)’

m

#(0) = (10/* [T(one)

i=1

~Ja

~(w)oY(Q)e1 (1(Q))-
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Then, we make a partition of .¥ by setting
Fup={0€ 7 QCR2< B(Q) <21 2" < y(Q) <211

Note that 2¢ < [[G]](12,3),¢, - Now we construct the stopping cubes .7 . Let .7 be the
m1n1ma1 subset of ., 5, containing the maximal cubes in ., such that Whenever F e

, the max1mal cubes Q C F, Q € .7, with |Q|7 (0 ) (01)g > 4|F|7 (01)F (01)F
are also in .#. Denote by m#(Q) the minimal cube in .% which contains Q. Denote

a
n

Iy = {QGYab, 1017 (01)0(02) ~ 2 ¥|n7(0Q)| <Gl>7r,¢(Q)<G2>ny(Q)}~

Then Minkowski inequality implies that

22 H o1)of

a,bk=1 erk

=YY 0, 4.1)
ab k=1

For each F € .% , write

Yri= 21010000, Wry = el et oo
[SS
nz(Q)=F

Making use of Holder inequality, we may obtain that

e l(27

1
77 q

7 3 ),

j=1 Fe7 l(w)

o _l 1 o 1
(2 7 )q 21" 2 Yl 4.2)
j=1 j=1 FeZ (w)

1
5(2 (a=1) > ‘PFJ qwdx)q.

j=1 FeZ

Therefore, we are in a position to consider the contribution of the integral in the above
inequality. Before doing that, we first claim that the following estimate is true:

w({x Pr(x) > A27HF|7 (01)r(02)r }) S2Hw(F). (4.3)

By (4.3) and noticing the fact that the set {x;¥r(x) > A2 ¥|F|" (01)r(0s)r} coin-
cides with F if 0 <A < j/2 and is empty if A > j, it is easy to get that

/ AT ({x W (x) > A2 F |5 (01)r (02)r})dA < j92 S w(F).
0
Hence, it now follows that

Wr ()0 dx < 27 F |5 (0) % (02) % (72 A w(F)). (4.4)
Qo
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Collecting the inequalities (4.2) and (4.4), we have

(Toh) s (22*) L2t 3 ¥ e0fionfutr)

1 j=1 FeZ
a 4
S5 : > <|F\%<01>F<02>F>"|F\-
2%¢(2 )Fe;é’“

Let .#* be the maximal elements of .% , then we obtain

> 24 q
(9]; ) ,S M, (IF*Gl,lF*Gz)(X); dx
<I§1 ’ 2 Qb)F*;?*F*DZF{E? EE)
211
< —— 1 +Op, 1+ d
24 q 24 =
< va(F*)? < va(F"))"
a®) 2 ARTE) <2 ’
24 q 24 1 1
< vz(R)r < o1 (R 1o, (R) P2 19
£l (2}7) 0'( )p € (2}7) |: l( ) 2( ) ]

Consequently, the equation (4.1) gives that

' (R) < 72”[1 R o R »
r1 2
( )Ng;gl(zb)l/qm( )71 05(R)

o1/ < dt L L
S [[6”(1,[12,3),31 /1 e (O (O o1 (R)"102(R)"2.

This shows that

o7l
T2 S 61155,

We are left to prove the claim (4.3). If w is the Lebesgue measure, the inequality
is obvious. For any Q € jﬂkh satisfying g (Q) = F, it holds that

\IQ

2~ B(Q) = (27H|F| " (01)r (02)r) 7 (W) 02 €1 (2").

Let fj » be the maximal cubes in .#%, and

ﬁ@(z—"wﬁmﬁm)

[

AF =

Note that the set {x;¥r(x) > A2 ¥|F|% (01)r(02)F} is the union of maximal cubes
P €.y, with mz(P) = F and infWr(x) > A2 F | (01)F(02)F . Then, it yields
’ xXe
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