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Abstract. In this paper, we establish an energy estimate for the second derivative of 4-convex
functions. Such kinds of estimates for the first derivative of 2-convex (convex) functions were
obtained by Hussain, Pecari¢ and Shashivili [5].

1. Indroduction

Let f be a real valued function defined on a closed and bounded interval [a,b],
and let xo < x| < ... < x, be points in [a,b]. A nth order divided difference of f at
these points is defined recursively as

lf =f(a) (0<i<n)

and

[xlax2a e 7~xn]f - [.X(),Xl, s axn—l]f

[xo,xl, . ,xn]f =
Xn — X0

The function f is called n-convex in [a,b] if we have
[X0, X1, ... X0 f =0

forall a <xp <x; <...<Xx, <b. Wesay f is n-concaveif — f is n-convex. We recall
some facts from the theory of n-convex functions (for the proofs see, for example,
[15, 14]). 1-convex function is simply non-decreasing and a 2-convex function is
convex in the usual sense. If f(") exists, then f is n-convex if and only if f (n) > 0.
For a n-convex function, f (k) exists and is (n—k)-convex for 2 < k < n.

The weighted integral inequalities for convex functions have applications in finan-
cial mathematics (see [60]). Therefore, it will be of interest to study these inequalities for
functions having higher order convexity. In this paper, we derive a weighted integral in-
equality for the difference of two arbitrary 4-convex functions, not necessarily smooth.
Similar weighted inequalities for convex functions have been obtained in [5, 13]. See
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also [7, 10, 11] For some related refinements and generalizations of convexity with ap-
plications in inequalities, the reader is referred to recent papers [1, 2, 3, 8, 9, 12] and
references therein.

The paper is organized as follows. In the next section, we derive the inequality in
a simpler case when functions are smooth, and then making use of approximation of
general 4-functions by smooth 4-convex functions, we prove the inequality for general
4 -convex functions in the second section.

2. The case of smooth 4-convex functions

THEOREM 2.1. Let f, F € C*[a,b] be such that the following condition

7@ <F') Ve (ab) o
FP0<FM()  Vxe (a,b) '
is fulfilled. Let h be a non-negative 2-concave function in C* [a,b] satisfying
h(x)=H(x)=h"(x) =h"(x) =0, x€{a,b}. (2.2)

Then the following energy estimate is valid:

b b )2 )
/u \f”(X)Izh(X)dX</u (@—IIfLwF(x)) A" (x)dx. (2.3)

Proof. Put
b
1= [ 1" WPhxax.
Then write
b
1= [ @ W@hto)ds,
a
and integrate by parts to get

b b
1= [ rwrwheds— [ 76" @ xax.

Note here that we have made use of the condition (2.2) on the weight function /. Again
using integration by parts formula on first integral of right hand side, we obtain that

b ) b
1= [ f0r whtds+ [ )" @ ()
[ r@s wm o
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next using integration by parts formula on the middle integral yields

b b

I= [ f)f™@h(x)dx—2 [ f/(x)f" (@) (x)dx

a a

once again using integration by parts formula on the middle integral, we achieve

b

1= [ 1™ et [ (7 ()R (x)dx

a a

[ 10 o s
b

= [[ 1@ eonas+ [0 (70" @) a

/f £ ()

at this point applying the integration by parts formula on the middle integral will lead
us to

I—/f X)dx— 2/f 7 (K" (x)dx

5 [P was

next we use integration by parts formula on the last integral to obtain
b

1= [ s wna—2 [ 1 wn o

a

whence we get

1< sup ) [ 1wl

a<x<b

42 sup ) [l

a<x<b

b
—I%/ ()R (x)dx
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which further turns into

1< sup |f(x) |/FW

a<x<b

-2 sup |f(x \/ F" (x)h" (x

a<x<b

b
b [ P Lon

in view of (2.1) and the fact that & is 2-concave. Finally, using integration by parts
formula four times on the first integral and twice on the second integral, we get

I < sup |f(x) |/F
a<x<b
=2 sup |f(x \/F
a<x<b

1 st
—|—§/ 2R (x)dx

from which follows the desired inequality (2.3). [

The following weighted energy inequality for the smooth 4-convex functions sim-
ply follows from the previous theorem by taking F = f.

COROLLARY 2.2. Let f € C*[a,b] be 4-convex as well as 2-convex, and let h be
the same as in the previous theorem. Then the following energy estimate is valid:

b b x))? .
[rwmas [ (P25 i )i e

The next result describes the energy estimates for the difference of two 4-convex
functions.

COROLLARY 2.3. Let fy,f1 € C*[a,b] be both 4-convex as well as 2-convex
functions. Let the weight function h satisfies the conditions of Theorem 2.1. Then
we have

// // l v
[ 15 0= 0 Pas < (1A AR+l (4 l) )

Proof. Apply Theorem 2.1to f = f> — f1 and F = f; + f» to get

/' V”‘“/f(M

e —f1L°°(f2(x)+f1(x)))h(iv)(x)d&

whence we get the desired inequality. [J

We conclude this section with the following remark.
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REMARK 2.4. Let fy, fi and & be the same as in the previous corollary. Then
using Holder inequality, we obtain that

175 (0) = A P RG)dx < | Fllee |27 0,

1,1
where ;—i—a—land

X)— X 2
Fo = LSOy, e (1) + ()

3. The case of arbitrary 4-convex functions

First we define the mollification of arbitrary 4-convex function in [a,b]. The mol-
lification of arbitrary function is very well explained in the book by L. C. Evans [4]. Let
f be an arbitrary 4-convex function and also 2-convex function. Then by the property
of the differentiability of the 4-convex function, f € C?[a,b]. Let 6, € C*(R) have
support on interval I, = I(xo,re). The 0 is called approximation identity or mollifier.
Take

CexpL, x <0,
Og(x)z{ )(C)L1 x>0

where C is a constant such that

/Gg(x)dx =1.

R

Now using 6, as a kernal, we define the convolution of f as

fe0) = [ F= ey = [ £0)8elr—dy
R R

Since B¢ € C*(R), so fe € C*(R).
If f is continous, then f; converges uniformly to f in any compact subset K C 1.

\fe=f1—0

e—0

if €= then [f,,— f] — 0.
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Since

fexi+(1=2A)x) = [ f(Axi+(1=A)x2—y) 6e(y)dy

J(A(x1 —=y) + (1= 2)(x2—)) Ocydy

Afx1—=y)+ (1=A)f(x2—y)] Oeydy

\%\ A %\

Af(x1 —y)0eydy + /(1 —A)f(x2—y)Oeydy

p%

= Afe(x1) + (1= 2)fe(x2),
S0 fg is 2-convex. Similarly, the 2-convexity of f(z) yields the 2-convexity of féz)
Therefore, f: is 4-convex.

THEOREM 3.1. Let fy,f1 be both 4-convex as well as 2-convex functions. Let
the weight function h satisfies the conditions of Theorem 2.1. Then we have

AL () () Ph(x)dx (—Ilfz A2t f1||L°°(f1L°°+f2L°°)>||h(iv)Ll~

Proof. Let I = [a,b], and choose an increasing sequence (I;) of subintervals of 1
such that Ul = I. Consider the smooth approximations f, ;(x), i = 1,2. Then, for the
interval I, there exist an integer my.; such that f;, ;(x) converges uniformly to f;(x),
i=1,2. and also f, ;(x) is smooth for m > my;.

Now using the Corollary 2.3 for the functions f,, 1 and f,,» overinterval [;;, we
get

[ 120 = fa @ e ()ax

Dt

2
ckH[ T fm,lan+ﬁn,z—ﬁn,lny(nﬁ,

+ fm,anm)]

hk +l )dx Now taking limit m — e, we obtain

where ¢y = [
/8y

J 150 =100 hesaxyax

Tt 1

1
< a3 12 Al 4 W = il % (ilimg 1 )|
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Now writing left hand integral for the smaller interval I C I;4; and also taking limit
[ — oo we obtain

15 = )

1
< ol 1= Al 12~ Al (Ul +1el iy )|

Since we have

/|ﬁ'(x)}2h(x)dx<oo =12,

Taking limit as kK — co we obtain the required result. []

REMARK 3.2. The previous theorem implies that if two 4-convex functions are

closed in L= -norm then their second derivatives are also closed in weighted L?-norm.
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