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MAPPING PROPERTIES OF HARDY-TYPE
OPERATORS INVOLVING GENERAL FUNCTIONS

PANKAJ JAIN AND BABITA GUPTA

Abstract. Weight characterizations are obtained for the boundedness and compactness of the

operator
b(x) d(x)
(SN =) [ s 0di+) [ a0,
Ja(x) Je(x)
where u;,v;,i = 1,2, are certain general measurable functions (not necessarily non negative),
between weighted Lebesgue spaces LP(I,wg) and L7(I,w;), where 1 < p, g <eo and [ =
(07 w) .

1. Introduction

The problem of studying the boundedness and compactness of the Hardy operator

(H) ) = [ s

and its conjugate operator
() = [ 0
X

between Lebesgue spaces and even in more general setting is well settled now. A
complete description of such study can be found in [6, 7, 8] and the references therein.
P. A. Zharov [11] (see also [6]) considered a more general operator

=

X
AN =) [ v@f @+ [ 0o, (L1)
X
and characterized its LP-L9 boundedness, where u;,v;,i = 1,2, are certain general
functions (not necessarily non negative). Through personal communication with some
of the mathematicians, we have learnt that perhaps the L”-L? compactness of the op-
erator A is also known but we have not been able to find the corresponding literature.
The aim of the present paper is to consider even more general operator than (1.1),
i.e, we consider

S0 = [ w0 [ w050 = (7)) + (560
a(x) c(x) ' 7
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where (and throughout the paper) a,b,c,d are strictly increasing differentiable func-
tions on [0, 0| satisfying

a(x) < b(x) <clx) <d(x), x € (0,00)
a(0) = b(0) =c(0)=d(0) =0
() = b(s) = () = d(es) =,

and u;,v;, i = 1,2 are general measurable functions (not necessarily non-negative) on
(0,00). This paper deals with the boundedness and compactness of the operator S be-
tween weighted Lebesgue spaces.

Various results are available when in the operator S, only one term is involved
instead of two and u =v = 1, i.e., the operator

b(x)
(Tf)(x) = f(t)dr.
a(x)

The L?-L7 boundedness of T was obtained by Heinig and Sinnamon [1] whereas the
compactness was characterized by Jain and Gupta [2]. Several variants and generaliza-

tions of T have also been studied in [3], [4], [5].
In order to study the compactness of S, the key idea is to reduce its compactness
in terms of the compactness of the operators S| and . In this direction we first make
use of the result from [2] to further reduce the compactness of S; to the compactness

of the operators
X

($10)06) =m (™' ) [ n(o)f(e)ar (12)

ag

and b
(S1af)0) =wla™ () [ vi@s @), (13)

(ar and by are non-negative real numbers described in Section 3) and then use a result
of Stepanov [10] (see also [9]) to obtain the precise weight conditions for the compact-
ness of the operators (1.2) and (1.3). In fact in this paper, Stepanov has studied the
L? - L9 boundedness and compactness of the operator

(KF)() = u(x) [ Ky ()7 ).

where u,v are general measurable functions and k(x,y) is the so called ”Oinarov ker-
nel”. On the similar lines, the compactness of S, can be studied.

We shall write 7 = (0,00). Let 1 < p < e and w be a weight function, i.e., mea-
surable, finite and positive a.e. on I. We denote

o 1/p
LP(I,w>={f:||f||Lp(,7w) = ([ reprweoa) <w}

and when w = 1, i.e., the non-weighted case, the corresponding space will be denoted
by LP(I).
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2. Boundedness of the operator S
The following result was proved by Heinig and Sinnamon [1] :

THEOREM A. Let 1 < p < g < e and wgy,w| be weight functions defined on I.
Then the inequality

(/0 a(x) qwl(x)dx> " <C (/Om |f(x)pW0(X)dx> v 2.1)

holds for all measurable functions f if and only if B < oo, where

x Ya / rb) e /v
B:= sup B(x,r)= sup (/ wl(s)ds> (/ Wo p( )ds) N )
1<x 1<x t a(x)
a(x)<b(t) a(x)<b(t)

b(x)

f@)d

Now, we prove below the first main result of the paper which gives the LP-L?
boundedness of the operator S defined by (1.1).

THEOREM 2.1. Let 1 < p < g < oo and wy,w; be weight functions defined on
(0,00). Then the inequality

( [ s <x>|‘1wl<x>dx) e ( [l wO<x>dx) T ey

holds for all measurable functions f if and only if 28 = max (%), %B,) < oo, where

. 1/q
B = sup ﬁl(x,t)z sup </ W1(5)|u1(5)|qd5) X
t

<x 1<x
a(x)<b(t) a(x)<b(r)
b S\
([ omors) e

and

1/q
By = sup PB(x,t) = sup (/ wi(s) [uz(s) |qu) X
1<x [<X

c(x)<d(r)
1/p'

d , ,
X(Z(xzt)wép () a(s)I” ds) )

Proof. Let us denote

b(x)
SN@=ul) [ n@fd w00 =0 [ e
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so that S = S| 452 and the triangle inequality gives

ISF oz wy) < IS gty + 1182 Lz m ) -

Consequently, if we first assume that % < o, then in order to prove the inequality (2.3),
it is sufficient to show that for i = 1,2, the inequalities

( [ ma) Ve ( [ il T e

hold. For i = 1, writting f.v; = g, (2.6) becomes equivalent to

( r /:)())g it o dx) L ( [ lelwo) |V1(x)|_1’dx)

which holds in view of Theorem A. Similarly, the case i = 2 can be disposed off.

Conversely, assume that the inequality (2.3) holds. Let us first consider the case
when u;,v;, i = 1,2 are non-negative functions. Without any loss of generality, we may
assume that f > 0. Then clearly,

HSif||Lll(I,w1) < HSfHLq(I,wl)v i=1,2

so that the inequalities (2.6) hold and in view of Theorem A, ;< e, i =1,2.
In case u;,v;, i = 1,2 are not necessarily non-negative, we proceed as follows. For
€ > 0, define a new weight function wy ¢ by

wo,e (x) = max {wo(x),|vi(x)|" €}.

Clearly, wo(x) < woe(x) and therefore

q 1/p

1 ep ) < I p (1) -
Then since (2.3) holds, the inequality
HSfHLq(I,wl) < CHfHUz(LWO‘S) 2.7

also holds. We claim that #; < oo.
Fix ,x such that 0 <7 < x < oo, a(x) < b(t) and define a function

foly) =mOIF~ W(l) {-;p (V) s8nvi(Y) X(a(x) b)) (V)

Note that fo € L? (I,wq¢) since

100y = ) VOO o)y

Lwoe

—/ L )7 w27 () 2.8)

N

b(1)
Loy MO (ne) " ay

=& (b(1) — a(x)) < oo
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Next, we have

q
wi(y)dy

101y = [ 1SRION i ()dy
) )
00) [ 60 +0) [ (s

> / |
= /tx ur(») w1 (y) (L?,:) [vi(s)|” w});p’(s)ds)qdy
— ([X|u1(y)|qw1(y)dy> (/:j) v (5)]? Wofspl(s)ds)q,

since for 1 <y < x, a(t) <a(y) <a(x) <b(t) <b(y) < c(y) <d(y) so that

/b(y)v (s)fo(s)ds = /b(t)v (8)fo(s)ds
[y is)fo ) 1(8)fo

and

[ nsas =0
)

Consequently, by using the function f; instead of f in (2.7), we get, in view of (2.8),
that

([mermmoa)” ([ e v o)

b(1) , L \VP
<c ([ MO e ) as)

X

i.e.,

([ 1o " (/ f()’ ) w5 ) -

where the constant C is independent of 7,x and €. Letting € — 0, we find that wy, —
wo and thus % < eo.
Similarly, by choosing the weight

wo.¢(x) = max {wo(x),|v2(x)|" €}
and for fixed 0 <t < x < o , the function

foly) = )P wo e (v) 5812 () X(e(o).a)) ()

we can show that %, < e and the proof is complete.
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3. Some auxiliary results
The proofs of the subsequent results require certain well known assertions which
we state in the following theorems:

THEOREM B. Let X and Y be Banach spaces. An operator A : X — Y is compact
if A*:Y* — X* is weak™ -norm sequentially continuous, i.e., for each sequence {f,}

in Y* with fnw—*> f for some f in Y*, we have A*(f,) — A*f.

THEOREM C. Let 1 < p <eo and {f,} be a sequence in L”(a,B). Then
ot f € LP(a, B) if and only if

(@) supy [|full Lr(op) <o

(ii) /an (1)dt — /Mf(t)dt for every measurable subset M C (o, 3).

Consider the operator
Hy : LP (I,wo) — LT (I,wy)
defined by
(H) ) =ul) v f@)ar

where u, v are general measurable functions (not necessarily non-negative) on /. The
compactness of Hy, between non weighted Lebesgue spaces has been given by Stepanov
([10], Theorem 1.1) as follows:

THEOREM D. Let 1 < p < g < oo. Then the operator Hy : LP (I) — L2 (I) is com-
pact if and only if

1
7

oo 1 t ,
Ao i= supAo (1) — sup ( / |u<x>|qu)"( [ror dy)” <o
>0 >0 1 0

lim A (1) = lim Ag(r) =0.
Jim Ao () = lim Ao (r)

and

We need to obtain the compactness of Hy between weighted Lebesgue spaces. It
can be observed that the compactness of H;, from any set M in L9(I,w) is equivalent

to the corresponding compactness from the set wi/ M in the non-weighted space LI(I).
Consequently, the following result follows from Theorem D:

THEOREM 3.1. Let 1 < p < g < o and wq, w be weight functions defined on 1.
Then the operator Hy, : LP (I,wy) — L9 (I,wy) is compact if and only if

L

Ar = supAs (1) = sup ( [ @i fo ( [ord” o) <-

t>0 t>0



MAPPING PROPERTIES OF HARDY-TYPE OPERATORS INVOLVING GENERAL FUNCTIONS 557

and
lim A; (l) :tlim_Al (Z) =0.

t—0-+
Likewise we obtain the compactness of

HR L LP ([,Wo) — L9 ([,Wl)

defined by _
(Hef) () = () [ (o) @)ds

in the following theorem.

THEOREM 3.2. Let 1 < p < g < oo and wy, wy be weight functions defined on 1.
Then the operator Hg : LP (I,wo) — L9 (I,wy) is compact if and only if

=~

An = supdha (1) = sup ( A (x)czx)5 ( [ e <y>dy) <o

t>0 t>0

and

lim A; (1) = lim A (1) =0.
Jim Az (1) = lim A3 (r)

Recall that the functions a and b are strictly increasing differentiable functions
on [0,00] satisfying a(0) = b(0) =0, a(x) < b(x) for x > 0 and a(eo) = b(e0) = oo.
Then a~! and b~! exist and are also strictly increasing. Consequently, we may define
a sequence {my}, k € Z (the set of integers) as follows:

For a fixed m > 0,
mo=m, me =a '(b(my)), if k>0 and
mp =b"Ya(mpyy)), if k<O. (3.1)
Clearly, a(my+1) = b(my) for all k € Z and by ([1], Lemma 2.1)

my <myyy forall keZ, Il{im my = and klim my = 0.

We write a; = a(my) and by = b(my). We also write (wy),, (y) =wi(a 1(y))(a™ 1) (y)
and fo(y) = f(a~'(y)).(a~")(v) so that if y = a(x), we have (wy), (v)dy = w1 (x)dx
and f,(y)dy = f(x)dx. We may write (w1), (y), fp etc. similarly.

Define the operators

StL =810k L ((ax,bi),wo) — L ((ax, by), (w1),)

X

($10)00) = (67 () [ o) s@ar (32)

ax
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and
S1r =S1rk s LP((ar,br),wo) — LI((ak, bx), (w1),)

by ,
(Suaf)0) = mla™ () [ s @), (33

where x € (a,by). Note that S; ; and ) g are Hardy operators.

To study the compactness conditions of the operator S|, we require the compact-
ness of S in terms of the compactness of Sy and Sy . For u; = v =1, a similar
result was proved in [2]. For general u;,v; also, the proof goes analogously with obvi-
ous modifications. Therefore, we only state the result in the form of a lemma.

LEMMA 3.3. Let 1 < p,q <o andfor some m >0, {my} be the sequence defined
by (3.1). If the operators S1 1 and S\ r defined, respectively, by (3.2) and (3.3) for each
k € Z are compact then the operator Sy : LP (I,wg) — L(I,wy) is also compact.

Now we give the precise conditions for the compactness of S .

THEOREM 3.4. Let 1 < p < g <o and wy,w| be weight functions on 1. Further,
assume that [’ w(l)fp < oo, oWy < eo. Then the operator Sy : LP (I,wg) — L7 (I, w)
defined by

b(x)
S0 =) [ n0)F Oy

is compact if and only if

1
q b(r) T
sup A (x,t) = sup (/ u1|qw1) (/ v wy p) < oo,
0<t<x<oo 0<t<x<oo a(x)

~|-

a(x)<b(r)
lim % (x,t) = hm P (x,t) =0, foreveryx>0
1—x— 1—b=1(a(x)+
and
lim A (x,t lim A (x,t)=0, t>0.
Jlim %, (x,1) = L 1 (x,1) for every

Proof. Fixing ¢ and putting y = a (x), we get

1
7

1
b(t) A
([ )
y

-
=
~
=
|
N
s
= =
N
=
—
Q
/:
Lo}
Z
S—
&)
=
=
—
Q
_
—
(A
SN~—
S—
—
Q
L
—
Lo}
Z
SN—"
QU
“
~__
ES)



MAPPING PROPERTIES OF HARDY-TYPE OPERATORS INVOLVING GENERAL FUNCTIONS 559

Thus for each r > 0
sup @ (y) <ee,
a(t)<y<b(t)
and
lim @ (y)= lim (y)=0,
y—a(t)+ y—=b(1)—
which, in view of Theorem 3.2, are precisely the conditions for the compactness of the
operator

Sir:LP((alt),b(2)),wo) — L ((a(t),b (1)), (w1),)

defined by
b(t)
(S1af) ) =ur (' @) [ i 0)F 0.

X

Similarly, fixing x, it can be shown that the operator
Sie: L ((a(x),b(x)),wo) — L7 ((a(x),b(x)), (wi)p)

defined by

t

S20) @)= (67 0) [ n 0 0)ay

is also compact for x > 0 . Therefore, if m > 0 be fixed and {my},., be the sequence
as defined above, then the operators

Sy LP ((ak,br) ,wo) — L ((ax,bi) , (w1),,)

and
S1r  L? ((ax, bi) ,wo) — LY ((ax, br) , (w1),,)

are compact for each k € Z and consequently, we get the assertion by Lemma 3.3.
Conversely, assume that S| is compact. Then S is bounded and therefore in view
of Theorem 2.1
sup Ay (x,1) < eo.

0<t<x<oo

a(x)<b(t)
Now, for #,x such that 0 <7 <x <o, a(x) < b(t), we define a function fi, ;) (de-
pending upon x and ¢ ) by

v g " v a(x
0 = { MO Y ) ), vt o)

Then

b(r) Dy 1/p
H‘f(xat)HU(I’wO) = (/a(x) i) wy ” (y)dy) .



560 PANKAJ JAIN AND BABITA GUPTA

Thus, if we denote 7
(x1)
L) =T 1
o) Hf(xvt)HLl’(I,wo)

)

wnll o (1y) = |- Therefore, for every measurable subset M C I, we get

using Holder’s inequality
/—1 o
[ 5o (Jantatoroon O g™ 0)senvi (0)dy)
MZ()C,[) y y - t P/ l—p/ 1/17
(fa(x) I g ()
P 1/p o 1/p
_ () O w7 ) (L o 0)d)
/ ) 1/p
(1 ) wy " 0)ay)

b(r) 1/p'
: </() (l) P( )dy>

which tends to 0 as a(x) — b(t)— for every t > 0 or b(t) — a(x)+ for every x > 0,
since the last integral is finite. Consequently, by Theorem C

2y — 0 in LP(Iw)

as a(x) — b(r)— for every t > 0 or b(r) — a(x)+ for every x > 0 and since S is
compact, we further get that

HSIZ Xt —0

HLq (Iwy)
as a(x) — b(t)— forevery t > 0 or b(t) — a(x)+ for every x > 0. But
q
HSlet HLq (Iw)

ool
2/ ul(y)fﬂi(?vl( $)fien) (s)ds|"

(v)d
fol HU (I,wo) e

q

wi(y)dy

_ / |11 0) o) i) wy " (5)ds

Hf(xJ) ||LI’(I7WO)

= ( I |u1<y>|qwl<y>dy) ( / Z’()) () (s>ds> s—alp

= [#1(x0)],
since forevery 1 <y <ux, a(t) <a(y) <a(x) <b(t) < b(y). Thus, we have

lim  AB(x,t)=0, foreveryt >0
x—=a~(b(t))—
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and

lim A (x,1)=0, for every x > 0.
t—b~1(a(x))+

Further, on the similar lines, choosing 7,x such that 0 <t <x < o, a(x) < b(r)

and defining
}, - 8(x) ’
Hg (x,t) ||Lq Wi 7)

where

gen(y) = s ()17 wi (y)sgnu (v), ¥ € (¢,%)
(xt) 0, otherwise
it can be shown that E(x’t) *0in LY (Lw}*q,) as t — x— forevery x >0 or x — 1+,
forevery t >0 .
Consequently, by the compactness of Sy,

~

12 (x) —0

)od (I,w(l)fp/)

as t — x— forevery x >0 or x — ¢+ , for every ¢ > 0. But as before

* pl
lz(x,t) 174 (I 11’)
20 ) w7 )y
p/
bir) V1 (y )fb ui ()8 (9)ds| |
> / wy 7 ) dy
a(x) Hg Xt HLq 1 q)
b(r) q 4
! u ds )
:/ v (v) S | ()| wi (s) Wi () dy
a(x ngt L4 (1! 1- q)
b() oo x . T
= ([ o7 s ) ([ 61m yas)
= 17,

since for a(x) <y <b(t) , b1 (y) <t <x<a '(y) . Thus, we have

,lim, P (x,t) =0, for every x > 0
lim %) (x,t) = 0, for everyt > 0.

x—t+
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4. Compactness of the operator S

THEOREM 4.1. Let 1 < p < g < oo, wo,w; be weight functions defined on

I and B\,%, be as defined by (2.4) and (2.5). Further assume that |, w(lfp, (v)dy,
Jo w1 (y)dy are finite. Then the operator S is compact if and only if S is bounded and

lim % (x,t) = lim  %B(x,t)=0, forevery x > 0 4.1)
t—x— 1—b=1(a(x)) +
lim % (x,t) = lim  %B(x,t)=0, forevery s >0 4.2)
Xt x—a~ 1 (b))~
lim %, (x,t) = lim  %Bo(x,t) =0, forevery x >0 4.3)
1—=x— t—d(c(x))+
lim %, (x,t) = lim  %B(x,t) =0, foreveryt >0 4.4)
X+ x—c1(d(t))—

Proof. Assume first that S is bounded and (4.1), (4.2), (4.3), (4.4) hold. Then,
in view of Theorem 3.4, we observe that Sy,S, : L” (I,wg) — L9 (I,w;) are compact.

. / 1—¢'
’ n 9 b
To show the compactness of S, let us take a sequence {f,} in L7 (I,w; ?) such that

fu w 0. Then
fn =0,

and by compactness of §; and S,, we get
IS5l gt-sty = 0 1S3 Fall g ) = O
Therefore

I ol gty < il 03500 1,
— 0.

Thus S is compact.
Conversely, assume that S is compact. Then S is bounded. Now, for #,x such that
0<t<x<eoo, a(x)<b(t),by defining a function f{,,) (dependingupon x and 7 ) by

S ) = { v G)P b () senvi (), v € (a(x) (1)
’ 0, otherwise

and
B S

) T
(x1) Hf(x,t)”LP(LWO)

b

on the lines of Theorem 3.4, we can show that

lim  AB(x,t)=0, foreveryt >0
x—a ! (b(t))—
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and
lim A (x,1) =0, forevery x > 0.
t—b~(a(x))+

Now, lim, ;-1 (o(y)4 $2(x,1) =0, for every x > 0 and lim,_, 14— B2 (x,1) =

0, for every ¢ > 0 can be shown completely analogously by fixing 0 < #,x < oo, ¢(x) <
d(t) and defining

fon) = { |V2()’)|p/71w(l)_p,(y)sgnvz(y), y € (c(x),d(t))

0, otherwise
and
p - f(x,t)
O = Te T
Hf(x,t) HLP(I,W())
Further, on choosing 7,x such that 0 <7 < x < e, a(x) < b(t) and defining
}, 8(x1)
A0 Kt T E—
Hg(x,t) ||Lq’ (I,wiiql)
where

_ [l i 0)sgnu (0), v € (1)
S V) = { 0, otherwise

it can be shown, by proceeding on the lines of Theorem 3.4, that

tlim By (x,1) =0, for every x > 0
—X—
lim % (x,1) =0, for everyt > 0.
x—t+

Corresponding limits for %, (x,¢) can be obtained analogously.
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