
Journal of
Mathematical

Inequalities

Volume 11, Number 3 (2017), 715–734 doi:10.7153/jmi-2017-11-57

ON SOME MULTILINEAR COMMUTATORS

IN VARIABLE LEBESGUE SPACES

JIAN TAN, ZONGGUANG LIU AND JIMAN ZHAO

(Communicated by J. Pečarić)

Abstract. In this paper, the authors obtain some characterizations of BMO in terms of com-
mutators of multilinear fractional integrals and Caldrón-Zygmund singular integrals on variable
Lebesgue spaces. The corresponding weighted estimates for vector-valued commutators and
multilinear commutators with vector symbol on variable Lebesgue spaces are also considered.

1. Introduction

In 1976, Coifman, Rochberg and Weiss [4] studied the Lp boundedness of lin-
ear commutators generated by the Calderón-Zygmund singular integral operator and
b∈ BMO. Jason [22] and Uchiyama [40] independently established characterization of
BMO in terms of the commutators of singular integral operators. In addition, Chanillo
[3] characterized BMO functions using the commutators of fractional integral oper-
ators. The boundedness of the commutators of multilinear operators has also been
studied already in [11] and [33]. Recently Chaffee [2] characterized BMO in terms of
the boundedness of the commutators of various bilinear singular integral operators with
pointwise multiplication. On the other hand, due to its applications to partial differential
equations and the calculus of variations, variable exponent function spaces theory have
been attracted by many authors, see [10, 19, 23, 29, 37, 38, 39] for the theory of function
spaces with variable exponents. We point out that variable Lebesgue spaces were first
established by Orlicz [32] in 1931. In the early 1950’s, Nakano [30, 31] first systemat-
ically studied modular function spaces which include the variable Lebesgue spaces as
specific examples. It is natural to ask whether the boundedness of the commutator on
variable Lebesuge space implys that the function is in BMO. The main purpose of this
paper is to characterize BMO via the boundedness of the commutators of multilinear
fractional and singular integral operators. Using the theory of Rubio de Francia extrap-
olation extended by Cruz-Uribe and Wang [9], some weighted norm inequalities of the
commutators on variable Lebesgue spaces and the vector-valued inequalities are also
considered. Before stating our results, we need some notation.

We denote by D the set of all C∞ functions with compact support on Rn . For a
measurable subset E ⊂R

n , we denote p−(E) = infx∈E p(x) and p+(E) = supx∈E p(x).
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Especially, we denote p− = p−(Rn) and p+ = p+(Rn) . Let p(·) : Rn → (0,∞) be
a measurable function with 0 < p− � p+ < ∞ and P0(Rn) be the set of all these
p(·) . Let P be the set of all measurable functions p(·) : Rn → [1,∞) such that 1 <
p− � p+ < ∞. Let B(X ,Y ) be the class of all bounded sublinear operators from a
Banach space X to a Banach space Y and let ‖A‖B(X ,Y) denote the operator norm of
A ∈ B(X ,Y ) . Especially, we abbreviate ‖A‖B(X1×X2×...×Xn,Y ) to ‖A‖B(∏n

i=1 Xi,Y ) .

The variable Lebesgue space Lp(·) is defined as the set of all measurable functions
f for which the quantity

∫
Rn |ε f (x)|p(x)dx is finite for some ε > 0 and we define

‖ f‖p(·) = inf

{
λ > 0 :

∫
Rn

( | f (x)|
λ

)p(x)

dx � 1

}
.

As a special case of the theory of Nakano and Luxemberg, we see that Lp(·) is a quasi-
normed space. Especially, when p− � 1, Lp(·) is a Banach space.

Given a measurable function w > 0, for 1 < p < ∞ , it is said that w ∈ Ap if

[w]Ap = sup
B

(
1
|B|
∫

B
w(x)dx

)(
1
|B|
∫

B
w(x)1−p′dx

)p−1

< ∞,

where the supremum is taken over all balls B ⊂ R
n .

Similarly, w ∈ Ap(·) if

sup
B

|B|−1‖wχB‖p(·)‖w−1χB‖p′(·) < ∞.

Given a weight w and p(·) ∈ P , define the weighted variable Lebesgue space
Lp(·)(w) to be the set of all measurable functions f such that f w ∈ Lp(·) . We say that
T is a bounded operator on Lp(·)(w) if ‖(T f )w‖Lp(·) � ‖ f w‖Lp(·) for all f ∈ Lp(·)(w) .

We say that p(·) ∈ LH , if p(·) satisfies

|p(x)− p(y)|� C
− log(|x− y|) , |x− y|� 1/2

and

|p(x)− p(y)|� C
log |x|+ e

, |y| � |x|.

Let B be the set of p(·) ∈P such that the Hardy-littlewood maximal operator M
is bounded on Lp(·) . It is well known that p(·) ∈ B if p(·) ∈ P ∩LH. Furthermore,
let WB be the set of p(·) ∈P such that the Hardy-Littlewood maximal operator M is
bounded on Lp(·)(w) . In [9], the authors have proved that p(·)∈WB if p(·)∈P∩LH.

For any 1 � j � m , we can define the commutator of multilinear integral operator
by

[b,T ] j(�f )(x) := bT (�f )(x)−T ( f1, . . . ,b f j, . . . , fm)(x),

where b is a locally integral function and T is an m-linear integral operator.
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Then [b, Iα ] j(�f ) is defined by

[b, Iα ] j(�f )(x) =
∫

(Rn)m

(b(x)−b(y j))∏m
i=1 fi(yi)

(∑m
i=1 |x− yi|)nm−α

m

∏
i=1

dyi,

while the multilinear fractional integral operator is defined by

Iα(�f )(x) =
∫

(Rn)m

∏m
i=1 fi(yi)

(∑m
i=1 |x− yi|)nm−α

m

∏
i=1

dyi.

Throughout this paper, C denotes a positive constant that may vary at each oc-
currence but is independent to the main parameter, and A ∼ B means that there are
constants C1 > 0 and C2 > 0 independent of the the main parameter such that C1B �
A � C2B . Given a measurable set S ⊂ Rn , |S| denotes the Lebesgue measure and χS

means the characteristic function.
First, we characterize BMO via the boundedness of the commutators of multilin-

ear fractional integrals Iα(�f ) as follows. We note that multilinear fractional integral
operators have been studied by many authors, see [14, 15, 24, 25, 28].

THEOREM 1.1. Suppose that b ∈ L1
loc , 0 < α < mn and pi(·) ∈ LH ∩P , i =

1,2, . . . ,m. Suppose further that q(·) ∈ P satisfies

m

∑
i=1

1
pi(x)

− α
n

=
1

q(x)
< 1, x ∈ R

n.

For any 1 � j � m, then [b, Iα ] j is bounded from Lp1(·) ×Lp2(·) × . . .×Lpm(·) to Lq(·)
if and only if b ∈ BMO. Furthermore,

‖b‖∗ ∼ ‖[b, Iα ] j‖B(∏m
i=1 Lpi(·),Lq(·)).

Next we recall multilinear Calderón-Zygmund operator introduced by Grafakos
and Torres in [17]. Let K(x,y1, . . . ,ym) be a locally integrable function defined away
from the diagonal x = y1 = . . . = ym. If for some positive parameters A and ε ,

|K(y0, . . . ,ym)| � A
(∑m

k,l=0 |yk − yl|)mn

and

|K(y0, . . . ,y j, . . . ,ym)−K(y0, . . . ,y
′
j, . . . ,ym)| � A|y j − y′j|ε

(∑m
k,l=0 |yk − yl|)mn+ε

when 0 � j � m and |y j−y′j|� 1/2max0�k�m |y j−yk|, then K is an m-linear Calderón-
Zygmund kernel. Now let

T (�f )(x) =
∫

(Rn)m
K(x,y1, . . . ,ym)

m

∏
i=1

fi(yi)d�y
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for all fi ∈ D and all x /∈ ∩m
1 supp( fi) , where d�y = dy1 . . .dym . If

T : Lp1 × . . .×Lpm → Lp

for some 1 < p1, . . . , pm < ∞ , where 1
p = ∑m

i=1
1
pi

, T is called an m-linear Caldrón-
Zygmund operator. If K(x,y1, . . . ,ym) is of form K(x−y1, . . . ,x−ym) , then we say the
operator T is of convolution type.

THEOREM 1.2. Suppose b ∈ L1
loc , pi(·) ∈ LH ∩P , i = 1,2, . . . ,m, and let T be

an m-linear Calderón-Zygmundoperator of convolution type such that K(λy1, . . . ,λym)
= λ−mnK(y1, . . . ,ym) . Also suppose that for some ball B in (Rn)m , the Fourier series
of 1/K is absolutely convergent. Let q(·) satisfy

m

∑
i=1

1
pi(x)

=
1

p(x)
< 1, x ∈ R

n.

For any 1 � j � m, then [b,T ] j is a bounded operator from Lp1(·) ×Lp2(·) × . . .Lpm(·)

to Lp(·) if and only if b ∈ BMO. Furthermore,

‖b‖∗ ∼ ‖[b,T ] j‖B(∏m
i=1 Lpi(·),Lp(·)).

We also can obtain some boundedness of the following maximal operator T∗(�f ) ,
where

T∗(�f )(x) = sup
δ>0

∣∣∣∣∣
∫

∑m
1 |x−yi |2>δ 2

K(x,y1, . . . ,ym)
m

∏
i=1

fi(yi)d�y

∣∣∣∣∣ .
THEOREM 1.3. Let T∗ be a maximal Calderón-Zygmund operator and p(·) sat-

isfy
m

∑
i=1

1
pi(x)

=
1

p(x)
, x ∈ R

n.

Then for pi(·) ∈ LH ∩P , i = 1,2, . . . ,m, we have

‖T∗(�f )‖p(·) � C
m

∏
i=1

‖ fi‖pi(·).

Next we will show that weighted Lp(·) boundenness of the commutator of a linear
operator T and the BMO function.

THEOREM 1.4. Suppose that 1 < p0 < ∞ . The operator T is defined by

T f (x) =
∫

Rn
K(x,y) f (y)dy,

and the commutator [b,T ] of T and b is defined by

[b,T ] f (x) =
∫

Rn
(b(x)−b(y))K(x,y) f (y)dy.
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Given w0 ∈ Ap0 and p(·) ∈ LH
⋂

P , if T is bounded on Lp0(w0) , then for b ∈ BMO
and w ∈ Ap(·) ,

‖[b,T ] f w‖p(·) � C‖ f w‖p(·).

Moreover, for every 1 < q < ∞ and sequence { f j} ,

∥∥∥∥∥∥
(

∑
j
|[b,T ] f j|q

) 1
q

w

∥∥∥∥∥∥
p(·)

� C

∥∥∥∥∥∥
(

∑
j
| f j|q

) 1
q

w

∥∥∥∥∥∥
p(·)

.

Finally, we consider the multilinear commutators with the vector symbol �b =
(b1, . . . ,bm) defined by

T�b f (x) =
∫

Rn

[
m

∏
i=1

(bi(x)−bi(y))

]
K(x,y) f (y)dy,

where K is a Calderón-Zygmund kernel.
Hereafter we consider the following of symbols: for r � 1 and for any b ∈ L1

loc ,
define

‖b‖oscexpLr = sup
Q

‖b−bQ‖expLr ,Q,

which is the supremum taken over all the cubes Q with sides parallel to the axes. Here
the Φ-average of b over a cube Q with respect to the Young function Φ(t) = etr −1 is
defined by

‖b‖expLr ,Q = inf

{
λ > 0 :

1
|Q|

∫
Q

(
exp(|b(x)|/λ )r −1

)
dx � 1

}
.

In the particular case of r = 1, oscexpL1 coincides with BMO by the John-Nirenberg
theorem. Furthermore, assume that bi = b , then

T�b f (x) =
∫

Rn
(b(x)−b(y))mK(x,y) f (y)dy.

See the work of Sawano, Sugano and Tanaka [36] for more details on m-fold commu-
tators.

THEOREM 1.5. Let bi ∈ oscexpLri and ri � 1,1 � i � m. Then for p(·)∈ LH
⋂

P
and w ∈ Ap(·) , we have

‖(T�b f )w‖p(·) � C‖ f w‖p(·).

Furthermore, for every 1 < q < ∞ and sequence {(T�b f j, f j)} ,

∥∥∥∥∥∥
(

∑
j
|T�b f j|q

)1/q

w

∥∥∥∥∥∥
p(·)

� C

∥∥∥∥∥∥
(

∑
j
| f j|q

)1/q

w

∥∥∥∥∥∥
p(·)

.
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2. Some preliminaries

In this section, we state some results about the variable Lp spaces. The following
generalized Hölder inequality on variable Lebesgue spaces can be found in in [6].

LEMMA 2.1. Given exponent function pi(·) ∈ P0, define p(·) ∈ P0 by

1
p(x)

=
m

∑
i=1

1
pi(x)

,

where i = 1,2, . . . ,m. Then for all fi ∈ Lpi(·) and fi ∈ Lp(·) and

‖
m

∏
i=1

fi‖p(·) � C
m

∏
i=1

‖ fi‖pi(·).

Let 0 � α < n , we define

Mα f (x) = sup
Q
x

1

|Q|1−α/n

∫
Q
| f (y)|dy.

LEMMA 2.2. ([1]) Given p(·) ∈ LH ∩P . Define the exponent function q(·) ∈
LH by

1
q(x)

=
1

p(x)
− α

n
, x ∈ R

n,

then
‖Mα f‖q(·) � C‖ f‖p(·).

LEMMA 2.3. ([13]) Suppose that p(·) ∈ LH and 0 < p− � p+ < ∞ .
(1) For all cubes (or balls) |Q| � 2n and any x ∈ Q, we have

‖χQ‖p(·) ∼ |Q|1/p(x).

(2) For all cubes (or balls) |Q| � 1 , we have

‖χQ‖p(·) ∼ |Q|1/p∞,

where p∞ = limx→∞ p(x).

LEMMA 2.4. ([20, 21]) If a variable exponent p(·) ∈ LH ∩P, then

‖b‖∗ ∼ sup
Q

1
‖χQ‖p(·)

‖(b−bQ)χQ‖p(·)

holds for all b ∈ BMO. Furthermore,

‖b‖∗ ∼ sup
Q

inf
c∈C

1
‖χQ‖p(·)

‖(b− c)χQ‖p(·)

holds for all b ∈ BMO.
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LEMMA 2.5. ([9]) Let F denote a family of ordered pairs of non-negative mea-
surable functions ( f ,g) . Assume that for some p0 with 0 < p0 < ∞ and every weight
w0 ∈ Ap0 , ∫

Rn
| f (x)|p0w0dx �

∫
Rn

|g(x)|p0w0dx, ( f ,g) ∈ F .

If p(·) ∈ LH
⋂

P , then for any ( f ,g) ∈ F and f ∈ Lp(·)(w) , we have

‖ f w‖Lp(·) � C‖gw‖Lp(·).

3. Proofs of main results

First, we prove Theorem 1.1.

Proof. To show Theorem 1.1, we need the following sharp maximal estimate,

M�
(
[b, Iα ] j(�f )

)
(x) � C‖b‖∗

[
(M(|Iα (�f )|r)1/r(x)+

m

∏
i=1

(Mαisi | fi|si)1/si(x)
]
,

where ∑m
i=1 αi = α , 0 < αi < n , 1 < si < p−j , 1 < r < q− and i = 1,2, · · · ,n.

To do this, denote that f 0
j = f jχ2Q and f ∞

j = f j − f 0
j . Fix a cube Q and set

[b, Iα ] j(�f )(x) =
∫

(Rn)m

[(b(x)−bQ)+ (bQ−b(y j))]∏m
i=1 fi(yi)

(∑m
i=1 |x− yi|)nm−α

m

∏
i=1

dyi

= (b(x)−bQ)Iα(�f )(x)− Iα( f1, . . . ,(b−bQ) f j, · · · , fm)(x)

= (b(x)−bQ)Iα(�f )(x)− Iα( f 0
1 , . . . ,(b−bQ) f 0

j , . . . , f 0
m)(x)

−Iα( f ∞
1 , . . . ,(b−bQ) f ∞

j , . . . , f ∞
m )(x)

−∑ Iα( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x)
=: A1−A2−A3−A4,

where in the last sum each ri = 0 or ∞ and in each term there is at least one r j = 0 and
rl = ∞ .

By Hölder’s inequality, we have

1
|Q|

∫
Q
|A1(z)|dz �

(
1
|Q|

∫
Q
|b(z)−bQ|r′dz

)1/r′( 1
|Q|

∫
Q
|Iα(�f )(z)|rdz

)1/r

� C‖b‖∗(M(|Iα(�f )|)r)1/r(x).

Since 1 < si < p−j , we can choose γ,βi � 1 such that rβi = si . Thus 1 < βi < p−j .

Then there exists u > 1 such that 1
u = ∑m

i=1
1
βi
− α

n . In fact, we can choose βi and

αi such that 0 < 1
βi
− αi

n < 1
m . Applying Hölder’s inequality and boundedness of the

multilinear fractional integrals (see [24]), we have
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1
|Q|

∫
Q
|A2(z)|dz =

{
1
|Q|

∫
Q
|Iα( f 0

1 , . . . ,(b−bQ) f 0
j , . . . , f 0

m)(z)|udz

}1/u

� C

|Q|1/u
‖(b−bQ) f 0

j ‖β j ∏
i�= j

‖ f 0
i ‖βi

� C|Q|−1/u
(∫

2Q
|b−bQ|r′β j dy j

)1/r′β j
(∫

2Q
| f j(y j)|rβ j dyi

)1/rβ j

×∏
i�= j

(∫
2Q

| fi(yi)|βidyi

)1/βi

� C‖b‖∗|Q|α/n
m

∏
i=1

(
1

|2Q|
∫

2Q
| fi(yi)|rβidyi

)1/rβi

� C‖b‖∗
m

∏
i=1

(
1

|Q|1− αisi
n

∫
2Q

| fi(yi)|sidyi

)1/si

� C‖b‖∗
m

∏
i=1

(Mαisi | fi|si)1/si(x).

Denote by x0 the center of Q , then for x ∈ Q and yi ∈ (2Q)c , then we have
|x−yi| ∼ |x0−yi| . Since that 1 < s j < ∞ , we can choose 1 < s′j < ∞ such that 1

s′j
+ 1

s j
=

1. We use Hölder’s inequality with exponent s j and s′j :

|Iα( f ∞
1 , . . . ,(b−bQ) f ∞

j , . . . , f ∞
m )(x)− Iα( f ∞

1 , . . . ,(b−bQ) f ∞
j , . . . , f ∞

m )(x0)|

�
∫

(Rn\(2Q))m

|Q|1/n|b(y j)−bQ|∏m
i=1 | fi(yi)|

(∑m
i=1 |x0− yi|)nm−α+1

m

∏
i=1

dyi

�
∫

Rn\2Q

|Q|1/n|b(y j)−bQ|| f j(y j)|
(∑m

i=1 |x0− yi|)n−α j+1

×
∫

(Rn\2Q)m−1

∏i�= j | fi(yi)|
(∑m

i=1 |x0 − yi|)n(m−1)−∑i �= j αi+1

m

∏
i=1

dyi

�
(∫

Rn\2Q

|Q|1/n|b(y j)−bQ|s
′
j

(∑m
i=1 |x0− yi|)n+1 dyj

) 1
s′j
(∫

Rn\2Q

|Q|1/n| f j(y j)|s j

(∑m
i=1 |x0− yi|)n+1−α j

dy j

) 1
s j

×
∫

(Rn\2Q)m−1

∏i�= j | fi(yi)|
(∑m

i=1 |x0 − yi|)n(m−1)−∑i �= j αi+1 ∏
i�= j

dyi

� C‖b‖∗
m

∏
i=1

(Mαisi | fi|si)1/si(x).

We now deal with A4 . Without loss of generality, we may assume that r1 = . . . =
rd = 0 and rd+1 = . . . = rm = ∞. When d+1� j �m , applying the mean value theorem
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and Hölder’s inequality, we have

|Iα( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x)− Iα( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x0)|

�
d

∏
i=1

∫
2Q

| f ri
i |
∫

(Rn\2Q)m−d

|Q|1/n|b(y j)−bQ|∏m
i=d+1 f ri

i (yi)
(∑m

i=1 |x0− yi|)nm−α+1

m

∏
i=1

dyi

�
d

∏
i=1

∫
2Q

| f ri
i |dyi

∞

∑
l=1

∫
(2l+1\2lQ)m−d

|Q|1/n|b(y j)−bQ|∏m
i=d+1 f ri

i (yi)
(2l|Q|1/n)nm−α+1

m

∏
i=d+1

dyi

� C‖b‖∗
m

∏
i=1

(Mαisi | fi|si)1/si(x).

When 1 � j � d , similarly we also can obtain

|Iα( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x)− Iα( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x0)|

� C‖b‖∗
m

∏
i=1

(Mαisi | fi|si)1/si(x).

Note that ‖M f‖p(·) � C‖M� f‖p(·) when p(·) ∈ LH ∩P0 (see [7]). Thus, if b ∈
BMO , we have

‖[b, Iα ] j(�f )‖q(·) � ‖M[b, Iα ] j(�f )‖q(·) � ‖M�[b, Iα ] j(�f )‖q(·)

� C‖b‖∗
⎛
⎝∥∥∥M(|Iα (�f )|r)1/r

∥∥∥
q(·)

+

∥∥∥∥∥
m

∏
i=1

(Mαisi | fi|si)1/si

∥∥∥∥∥
q(·)

⎞
⎠ .

Note that 1 < r < q−. It is easy to see that q(·)∈ LH(Rn) , then M is of ( q(·)
r , q(·)

r ) .
The weighted inequalities for multilinear fractional integral operators has been estab-
lished by Moen in [27]. Motivated by this, we consider here the following variable
exponent case,

‖Iα(�f )‖q(·) � C
m

∏
i=1

‖ fi‖pi(·),

where 1
q(x) = ∑m

i=1
1

pi(x)
− α

n , x ∈ Rn and q, p−i > 1.

We can obtain the pointwise estimate of Iα . Here we use the techniques of Hed-
berg in [18] and of Welland in [41]. Fix ε , ε = ∑m

i=1 εi , 0 < εi < min{αi,n−αi} . Then
for all f ∈ L1

loc(R
n) and any Q 
 x , we have

Iα f (x) =
∫

Qm

∏m
i=1 fi(yi)

(∑m
i=1 |x− yi|)mn−α d�y+

∫
(Rn\Q)m

∏m
i=1 fi(yi)

(∑m
i=1 |x− yi|)mn−α d�y

= I + II
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Thus

|I| �
∞

∑
i=1

∫
(2−iQ\2−i−1Q)m

∏m
i=1 | fi(yi)|

(∑m
i=1 |x− yi|)mn−α d�y

�
∞

∑
i=1

1

(2−i−1|Q|− 1
n )nm−α

∫
(2−iQ)m

m

∏
i=1

| fi(yi)|d�y

� C
m

∏
i=1

|Q| εi
n Mαi−εi fi(x) = C|Q| ε

n

m

∏
i=1

Mαi−εi fi(x).

Similarly,

|II| �
∞

∑
i=0

∫
(2iQ\2i−1Q)m

∏m
i=1 | fi(yi)|

(∑m
i=1 |x− yi|)mn−α d�y

�
∞

∑
i=1

1

(2i|Q|− 1
n )mn−α

∫
(2iQ)m

m

∏
i=1

| fi(yi)|d�y

� |Q| −ε
n

m

∏
i=1

Mαi+εi fi(x).

By choosing |Q| 2ε
n = ∏m

i=1 Mαi+εi fi(x)
∏m

i=1 Mαi−εi fi(x)
, we obtain that

|Iα(�f )(x)| � C(
m

∏
i=1

Mαi+εi fi(x))
1/2(

m

∏
i=1

Mαi−εi fi(x))
1/2.

In order to prove that

‖Iα(�f )‖q(·) � C
m

∏
i=1

‖ fi‖pi(·),

where 1
q(x) = ∑m

i=1
1

pi(x)
− α

n , x ∈ Rn and p−i > 1. Without loss of generality we may

assume that ‖ fi‖pi(·) = 1. We recall that ‖ f‖p(·) �C if and only if
∫
Rn | f (y)|p(y)dy �C ,

see ( [1]). Since q+ < ∞ , it will be sufficient to prove that
∫
Rn |Iα(�f )(x)|q(x)dx � C .

Define r(·) : Rn → [1,∞) by

r(x) =
2

εq(x)/n+1
.

Then for all x ∈ R
n

m

∑
i=1

1
pi(x)

− 1
r(x)q(x)/2

=
α − ε

n

and
m

∑
i=1

1
pi(x)

− 1
r′(x)q(x)/2

=
α + ε

n
.
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Fix ε , 0 < ε < max{α,n−α} such that

2
εq+

n +1
> 1.

Then we have r− > 1. By the pointwise estimate of Iα(�f ) and then Hölder’s inequality
for variable Lp with exponents r(·) and r′(·) , we get∫

Rn
|Iα�f (x)|q(x)dx � C

∫
Rn

[ m

∏
i=1

Mαi+εi fi(x)
]q(x)/2[ m

∏
i=1

Mαi−εi fi(x)
]q(x)/2

dx

� C

∥∥∥∥∥∥
[

m

∏
i=1

Mαi+εi fi

]q(·)/2
∥∥∥∥∥∥

r′(·)

∥∥∥∥∥∥
[

m

∏
i=1

Mαi−εi fi

]q(·)/2
∥∥∥∥∥∥

r(·)

Now we will estimate each term on the righthand side. We may assume that each

is greater than 1, since otherwise it is nothing to prove. It is easy to see ( r′(·)q(·)
2 )− > 1,

then we can choose exponent function si(x) � s−i > 1 such that ∑m
i=1

1
si(x)

= 1
r′(x)q(x)

2

and

1
pi(x)

− 1
si(x)

= αi+εi
n , where i = 1, · · · ,m and x ∈ Rn . By the definition of Luxembourg

norm of variable Lebesgue spaces and Lemmas 2.1 and 2.2, we have∥∥∥∥∥∥
[

m

∏
i=1

Mαi+εi fi

]q(·)/2
∥∥∥∥∥∥

r′(·)
�
∥∥∥∥∥

m

∏
i=1

Mαi+εi fi

∥∥∥∥∥
q+/2

q(·)r′(·)/2

� C
m

∏
i=1

‖Mαi+εi fi‖q+/2
si(·)

� C
m

∏
i=1

‖ fi‖q+/2
pi(·) � C,

where the first inequality follows from

∫
Rn

((
∏m

i=1 Mαi+εi fi(x)
)q(x)/2

λ

)r′(x)

dx =
∫

Rn

((
∏m

i=1 Mαi+εi fi(x)
)

λ 2/q(x)

)r′(x)q(x)/2

dx

�
∫

Rn

((
∏m

i=1 Mαi+εi fi(x)
)

λ 2/q+

)r′(x)q(x)/2

dx,

since for λ > 1, λ 2/q(x) � λ 2/q+
.

Similarly, we can also obtain∥∥∥∥∥∥
[

m

∏
i=1

Mαi−εi fi

]q(·)/2
∥∥∥∥∥∥

r(·)
� C.

Therefore, we have

‖(M(|Iα(�f )|)r)1/r‖q(·) � C‖(|Iα(�f )|r)‖1/r
q(·)/r � C

m

∏
i=1

‖ fi‖pi(·).
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Then we can choose qi(x) > 1 such that 1
q(x) = ∑m

1
1

qi(x)
and 1

qi(x)
= 1

pi(x)
− αi

n .

Notice that 1
qi(x)/si

= 1
pi(x)/si

− αisi
n , where 1 � i � m . By Lemma 2.1 and 2.2, we get

∥∥∥∥∥
m

∏
i=1

(Mαisi | fi|si)1/si

∥∥∥∥∥
q(·)

�
m

∏
i=1

‖(Mαisi | fi|si)1/si‖qi(·) � C
m

∏
i=1

‖ fi‖pi(·).

Thus we have that

‖[b, Iα ] j(�f )‖q(·) � C‖b‖∗
m

∏
i=1

‖ fi‖pi(·).

Next we will give the proof of the converse part. Its idea of the proof here comes
from Chanillo [3] and Janson [22].

The reciprocal of the convolution kernel Kα(�y) is smooth away from the ori-
gin. We can choose (�y′) = (y′1,y

′
2, . . . ,y

′
m) ∈ R

mn , δ > 0 such that in the ball B =
B((�y′),δ

√
mn) . Then we use the similar argument as Shirai [35]. Considering a smooth

cut-off function which equal to 1 on B and equal to 0 outside B̃ ⊃ B , 1/Kα(�y) can be
represented in the ball B as a Fourier series which absolutely converges. That is

1
Kα(�y)

∼
(

m

∑
i=1

|yi|2
)(mn−α)/2

= ∑
l

ale
ivl ·(�y),

whenever �y∈ B. For any cube Q = Q(y0,r) , let ỹi = y0− ry′i
δ , and Q′

i = Q(ỹi,r) , where

i = 1,2, ·,m . It is easy to see that δ
r (x− y1,x− y2, . . . ,x− ym) ∈ B for any x ∈ Q and

yi ∈ Q′
i .

Set s(x) = sgn[b(x)−bQ′
j
] and E = {x : b(x)−bQ′

j
�= 0} . Then we have

|b(x)−bQ′
j
| = s(x)(b(x)−bQ′

j
)

=
s(x)
|Q|

∫
Q′

j

(b(x)−b(y j))dy j

=
s(x)
|Q|m

∫
(Rn)m

b(x)−b(y j)
(∑m

i=1 |x− yi|)nm−α

( m

∑
i=1

|x− yi|
)mn−α

�χQ(y)d�y

= ∑
l

alδ−mns(x)
∫

(Rn)m

b(x)−b(y j)
(∑m

i=1 |x− yi|)mn−α ei δ
r vl ·(x,x,...,x)

×
m

∏
i=1

e−i δ
r vi

l ·yi χQ′
i
(yi)d�y

=: ∑
l

alδ−mn
∫

(Rn)m

b(x)−b(y j)
(∑m

i=1 |x− yi|)mn−α hl(x)
m

∏
i=1

fi(yi)d�y

= ∑
l

alδ−mnhl(x)
1

|Q| α
n
[b, Iα ] j(�f )(x),
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where
fi(yi) = e−i δ

r vi
l ·yi χQ′

i
(yi),

hl(x) = ei δ
r vl ·(x,x,...,x)s(x).

Observe that |hl(x)| = 1 when x ∈ E and otherwise |hl(x)| = 0, then we obtain
that

‖(b−bQ′
j
)χQ‖q(·)

=
1

|Q| α
n

∥∥∥∥∥∑l

alδ−mnhl[b, Iα ] j(�f )χE

∥∥∥∥∥
q(·)

+
1

|Q| α
n

∥∥∥∥∥∑l alδ−mnhl[b, Iα ] j(�f )χEc

∥∥∥∥∥
q(·)

� ∑
l

alδ−mn 1

|Q| α
n
‖[b, Iα ] j‖B(∏m

i=1 Lpi(·),Lq(·))

m

∏
i=1

‖ fi‖pi(·)

� C
1

|Q| α
n
‖[b, Iα ] j‖B(∏m

i=1 Lpi(·),Lq(·))

m

∏
i=1

‖χQ′
i
‖pi(·).

When |Q|� 1, choose a proper δ > 0 such that
⋂m

i=1 Q′
i �= /0 , then by Lemma 2.3, then

there exist z ∈⋂m
i=1 Q′

i �= /0 such that

‖Q‖−1
q(·)‖(b−bQ′

j
)χQ‖q(·) � C‖Q‖−1

q(·)|Q|− α
n ‖[b, Iα ] j‖B(∏m

i=1 Lpi(·),Lq(·))

m

∏
i=1

‖χQ′
i
‖pi(·)

� C‖[b, Iα ] j‖B(∏m
i=1 Lpi(·),Lq(·))|Q|−

1
q(z) +∑m

i=1
1

pi(z)
− α

n

� C‖[b,α ] j‖B(∏m
i=1 Lpi(·),Lq(·)).

When |Q| > 1, similarly we can get

‖Q‖−1
q(·)‖(b−bQ′

j
)χQ‖q(·) � C‖[b, Iα ] j‖B(∏m

i=1 Lpi(·),Lq(·)).

Thus, Theorem 1.1 is proved according to Lemma 2.4. �
Then we give the proof of Theorem 1.2.

Proof. First we will get the following sharp maximal estimate,

M�
(
[b,T ] j(�f )

)
(x) � C‖b‖∗

[
(M(|T (�f )|s))1/s(x)+

m

∏
i=1

(M| fi|si)1/si(x)
]
,

where 1
s = ∑m

i=1
1
si

< 1 and 1 < si < p−i with i = 1,2, · · · ,n.

Denote that f 0
j = f jχ2Q and f ∞

j = f j − f 0
j . Fix a cube Q and set

[b,T ] j(�f )(x) =
∫

(Rn)m
[(b(x)−bQ)+ (bQ−b(y j))]

m

∏
i=1

fi(yi)K(x,�y)d�y

= (b(x)−bQ)T (�f )(x)−T ( f1, . . . ,(b−bQ) f j, . . . , fm)(x)
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= (b(x)−bQ)T (�f )(x)−T ( f 0
1 , . . . ,(b−bQ) f 0

j , . . . , f 0
m)(x)

−T ( f ∞
1 , . . . ,(b−bQ) f ∞

j , . . . , f ∞
m )(x)

−∑T ( f r1
1 , . . . ,(b−bQ) f

r j
j , . . . , f rm

m )(x)
:= B1−B2−B3−B4,

where in the last sum each ri = 0 or ∞ and in each term there is at least one rl = 0 and
rm = ∞ .

By Hölder’s inequality, we have

1
|Q|

∫
Q
|B1(z)|dz �

(
1
|Q|

∫
Q
|b(z)−bQ|s′dz

)1/s′( 1
|Q|

∫
Q
|T (�f )(z)|sdz

)1/s

� C‖b‖∗(M(|T (�f )|)s)1/s(x).

Choose 1 < u,q and qi < ∞ such that uqi = si and 1
q = ∑m

i=1
1
qi

.
Thus applying Hölder’s inequality and the boundedness of T (see [17]), we obtain

that

1
|Q|

∫
Q
|B2(z)|dz �

(
1
|Q|

∫
Q
|T ( f 0

1 , . . . ,(b−bQ) f 0
j , . . . , f 0

m)(z)|qdz

)1/q

� |Q|− 1
q

(
∏
i�= j

‖ f 0
i ‖qi

)
‖(b−bQ) f 0

j ‖q j

� |Q|−∑m
i=1

1
qi

(
∏
i�= j

‖ fiχ4
√

nQ‖qi

)
‖(b−bQ)χ4

√
nQ‖q ju′‖ f jχ4

√
nQ‖q ju

� C‖b‖∗
m

∏
i=1

(M(| fi|)si)1/si(x).

Now we denote Q by Q = Q(x0, l(Q)) . If yi /∈ 4
√

nQ , then

|x− x0| � 1
2

max
1�i�n

|x− yi|

for any x ∈ Q . By the smoothness estimates of kernel K , we conclude that

|B3(x)−B3(x0)| �
∫

(Rn)m
|K(x,�y)−K(x0,�y)||b(y j)−bQ|

m

∏
i=1

| f ∞
i (yi)|d�y

�
∫

(Rn)m

A|x− x0|ε
(∑m

i=1 |x− yi|)nm+ε |b(y j)−bQ|
m

∏
i=1

| f ∞
i (yi)|d�y

� C
∫

Rn\4√nQ

l(Q)
ε
m |(b−bQ) f j(y j)|
|x− y j|n+ ε

m
dy j

×∏
i�= j

∫
Rn\4√nQ

l(Q)
ε
m | fi(yi)|

|x− yi|n+ ε
m

dyi

� C‖b‖∗
m

∏
i=1

(M(| fi|)si)1/si(x).
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Now we consider B4 . Here we write (4
√

nQ)l × (Rn\4√nQ)m−l = Rl . Without
loss of generality, we may assume that r1 = . . . = rl = 0 and rl+1 = . . . = rm = ∞ .
When 1 � j � l , by the size estimate of K , we conclude that

1
|Q|

∫
Q
|T ( f 0

1 , . . . ,(b−bQ) f 0
j , . . . , f 0

l , f ∞
l+1, . . . , f ∞

m )|(z)dz

� 1
|Q|

∫
Q

∫
Rl

|K(z,�y) f 0
1 (y1) . . . (b(y j)−bQ) f 0

j (y j) . . . f ∞
l+1(yl+1) . . . f ∞

m (ym)|d�ydx

� 1
|Q|

∫
Q

∫
Rl

A| f 0
1 (y1)| . . . |b(y j)−bQ|| f 0

j (y j)| . . . | f ∞
l+1(yl+1)| . . . | f ∞

m (ym)|
(∑m

i=1 |z− yi|)nm d�ydx

� C
|Q|

∫
Q

(
1

|4√nQ|
∫

4
√

nQ
|b(y j)−bQ|| f j(y j)|dy j

l

∏
i=1
i�= j

1
|4√nQ|

∫
4
√

nQ
| fi(yi)|dyi

×(|Q| l
m−l )m−l

m

∏
k=l+1

∫
R\4√nQ

| fk(yk)|
|z− yk|n+ nl

m−l

dyk

)
dz

� C‖b‖∗
m

∏
i=1

(M(| fi|)si)1/si(x).

Similarly, when l +1 � j � m , we also can get

1
|Q|

∫
Q
|T ( f 0

1 , . . . ,(b−bQ) f 0
j , . . . , f 0

l , f ∞
l+1, . . . , f ∞

m )|(z)dz � C‖b‖∗
m

∏
i=1

(M(| fi|)si)1/si(x).

Observe that M�
δ (T (�f ))(x) � C∏m

i=1 M fi(x) for 0 < δ < 1/m and all x ∈ R
n ,

where each fi is smooth and with compactly supported (cf. [33]) and ‖M f‖p(·) �
C‖M� f‖p(·) when p(·) ∈ LH ∩P0 (see [7]).

Then applying Lemma 2.1, we can obtain

‖T (�f )‖p(·) � ‖Mδ (T (�f ))‖p(·) � ‖M�
δ (T (�f ))‖p(·)

� C‖
m

∏
i=1

M fi‖p(·) � C
m

∏
i=1

‖ fi‖pi(·).

Thus, for every pi(·) ∈ LH ∩P we have

‖T (�f )‖p(·) � C
m

∏
i=1

‖ fi‖pi(·).

Noting that 1
s = ∑m

i=1
1
si

> ∑m
i=1

1
p−i

= 1
p− , we have s < p− . Then we can obtain

‖[b,T ] j(�f )‖p(·) � ‖M[b,T ] j(�f )‖p(·) � ‖M�[b,T ] j(�f )‖p(·)

� C‖b‖∗
⎛
⎝∥∥∥(M(|T (�f )|)s)1/s

∥∥∥
p(·)

+

∥∥∥∥∥
m

∏
i=1

(M| fi|si)1/si

∥∥∥∥∥
p(·)

⎞
⎠

� C‖b‖∗
m

∏
1
‖ fi‖pi(·),
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where each fi is smooth and with compactly supported and, hence, [b,T ] j extends as
a bounded operator from Lp1(·)× . . .×Lpm(·) into Lp(·) .

Here we use the techniques applied by Chaffee [2] and Janson [22] to prove our
proof of the necessity. Choose (�y′) = (y′1,y

′
2, . . . ,y

′
m) ∈ Rmn , δ > 0 such that in the

ball B = B((�y′),δ
√

mn) , 1
K(�y) can be represented as a Fourier series which absolutely

converges. That is

1
K(�y)

= ∑
l

ale
ivl ·(�y),

whenever �y∈ B. For any cube Q = Q(y0,r) , let ỹi = y0− ry′i
δ , and Q′

i = Q(ỹi,r) , where

i = 1,2, . . . ,m . It is easy to see that δ
r (x− y1,x− y2, . . . ,x− ym) ∈ B for any x ∈ Q and

yi ∈ Q′
i . Denoting by t(x) = sgn(b(x)−bQ′

j
) , we conclude that

|b(x)−bQ′
j
| =

t(x)
|Q′

j|
∫

Q′
j

(b(x)−b(y j))dy j

= r−mnt(x)
∫

∏m
i=1 Q′

i

(b(x)−b(y j))d�y

= δ−mnt(x)
∫

∏m
i=1 Q′

i

(b(x)−b(y j))
K(x− y1,x− y2, . . . ,x− ym)

K( δ (x−y1)
r , δ (x−y2)

r , . . . , δ (x−ym)
r )

d�y

= ∑
l

alδ−mnt(x)
∫

∏m
i=1 Q′

i

ei δ
r vl ·(x−y1,x−y2,...,x−ym)

×(b(x)−b(y j))K(x− y1,x− y2, . . . ,x− ym)d�y

= ∑
l

alδ−mnt(x)
∫

(Rn)m
(b(x)−b(y j))K(x− y1,x− y2, . . . ,x− ym)

×ei δ
r vl ·(x,x,...,x)

m

∏
i=1

e−i δ
r vi

l ·yi χQ′
i
d�y

=: ∑
l

alδ−mn
∫

(Rn)m
(b(x)−b(y j))K(x− y1,x− y2, . . . ,x− ym)

×hl(x)
m

∏
i=1

fi(yi)d�y

= ∑
l

alδ−mnhl(x)[b,T ] j(�f )(x),

where

fi(yi) = e−i δ
r vi

l ·yi χQ′
i
(yi),

hl(x) = ei δ
r vl ·(x,x,...,x)t(x).
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Applying the boundedness of [b,T ] j on variable Lebesgue spaces, we obtain that

‖(b−bQ′
j
)χQ‖p(·) =

∥∥∥∥∥∑l alδ−mnhl[b,T ] j(�f )

∥∥∥∥∥
p(·)

� ∑
l

alδ−mn‖[b,T ] j‖B(∏m
i=1 Lpi(·),Lp(·))

m

∏
i=1

‖ fi‖pi(·)

� C‖[b,T ] j‖B(∏m
i=1 Lpi(·),Lp(·))

m

∏
i=1

‖χQ′
i
‖pi(·).

When |Q| � 1, we can choose a proper δ > 0 such that
⋂m

i=1 Q′
i �= /0 , then by Lemma

2.3, then there exist z ∈⋂m
i=1 Q′

i �= /0 such that

‖Q‖−1
p(·)‖(b−bQ′

j
)χQ‖p(·) � C‖[b,T ] j‖B(∏m

i=1 Lpi(·),Lp(·))‖Q‖−1
p(·)

m

∏
i=1

‖χQ′
i
‖pi(·)

� C‖[b,T ] j‖B(∏m
i=1 Lpi(·),Lp(·))|Q|−

1
p(z) +∑m

i=1
1

pi(z)

� C‖[b,T ] j‖B(∏m
i=1 Lpi(·),Lp(·)).

When |Q| > 1, similarly we can get

‖Q‖−1
p(·)‖(b−bQ′

j
)χQ‖p(·) � C‖[b,T ] j‖B(∏m

i=1 Lpi(·),Lp(·)).

Therefore, by Lemma 2.4 we have completed our proof. �
Next, we will prove Theorem 1.3.

Proof. By Theorem 1 in [16] for a maximal Calderón-Zygmund operator T∗ ,
choose 0 < η < p− and all x ∈ R

n , then we have that

T∗(�f )(x) � C

(
(M(|T (�f )|η )(x))1/η +

m

∏
1

M fi(x)
)

.

Thus, by the fact that given p(·)∈P0 and p+ < ∞ , then for any s > 0, ‖| f |s‖p(·) =
‖ f‖s

sp(·) and Lemma 2.1, we can obtain that

‖T∗(�f )‖p(·) � C
(‖(M(|T (�f )|η ))1/η‖p(·) +‖

m

∏
1

M fi‖p(·)
)

� C
(‖(M(|T (�f )|η ))‖1/η

p(·)/η +
m

∏
i=1

‖M fi‖pi(·)
)

� C
m

∏
i=1

‖ fi‖pi(·).

It concluded the proof. �
Also, the proof of Theorem 1.4 is given.

Proof. For the proof we need some known results. First, the weighted Lp bound-
edness of [b,T ] is obtained in [26].
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PROPOSITION 3.1. Let 1 < p0 < ∞ . Suppose that T is defined as in Theorem
1.4 and satisfies ‖T f‖Lp0 (w0) � C‖ f‖Lp0 (w0) for w ∈ As(1 < s < ∞) . Then [b,T ] is
bounded on Lp0(w0) .

The next extrapolation theorem of Rubio de Francia below can be found in [8].

PROPOSITION 3.2. Given a family F , assume that for some p0 , 1 < p0 < ∞ ,
and for every w0 ∈ Ap0 ,

‖ f‖Lp0 (w0) � C‖g‖Lp0(w0), ( f ,g) ∈ F .

Then for every 1 < p,q < ∞ , w ∈ Ap and sequence {( f j,g j)} ⊂ F ,∥∥∥∥∥∥
(

∑
j
| f j|q

)1/q
∥∥∥∥∥∥

Lp(w0)

� C

∥∥∥∥∥∥
(

∑
j
|g j|q

)1/q
∥∥∥∥∥∥

Lp(w0)

, ( f ,g) ∈ F .

To prove Theorem 1.4, we take s = p0 . By Proposition 3.1, we have

‖[b,T ] f‖Lp0 (w0) � C‖ f‖Lp0 (w0)

for every w ∈ Ap0 . Observe that p(·) ∈ LH
⋂

P , by Lemma 2.5, for ([b,T ] f , f ) ∈ F

and f ∈ Lp(·)(w) , we have

‖([b,T ] f )w‖Lp(·) � C‖ f w‖Lp(·) .

Furthermore, as an immediate consequence of Proposition 3.2, for every 1 < p,q < ∞ ,
w0 ∈ Ap and sequence {([b,T ] f j, f j)} ⊂ F ,we get∥∥∥∥∥∥

(
∑
j
|[b,T ] f j|q

)1/q
∥∥∥∥∥∥

Lp(w0)

� C

∥∥∥∥∥∥
(

∑
j
| f j|q

)1/q
∥∥∥∥∥∥

Lp(w0)

.

From this we immediately get vector-valued inequalities for it in the variable exponent
setting. �

Finally, the proof of Theorem 1.5 is similar to that of Theorem 1.4.

Proof. In the same way as Theorem 1.4, Theorem 1.5 follows immediately from
Lemma 2.5, Proposition 3.2 and Corollary 1.2 in [34]. Here we omit its proof. �
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