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INEQUALITIES WITH APPLICATIONS
INVOLVING k-BETA RANDOM VARIABLE

SHAHID MUBEEN, SANA IQBAL AND ABDUR REHMAN

(Communicated by J. Pecari¢)

Abstract. In this paper, we introduce some properties of beta k-distribution defined in [1].
We present some inequalities involving beta k-distribution via some classical inequalities, like
Chebyshev’s inequality for synchronous (asynchronous) mappings and Holder’s inequality. Also,
we discuss the inequalities for harmonic mean, variance and coefficient of variation of f; ran-
dom variable involving the parameter k > 0. If k = 1, we get the classical results.

1. Introduction

A process which generates raw data is called an experiment and an experiment
which gives different results under similar conditions, even though it is repeated a large
number of times, is termed as a random experiment. A variable whose values are deter-
mined by the outcomes of a random experiment is called a random variable or simply a
variate. The random variables are usually denoted by capital letters X,Y and Z while
the values associated to them by corresponding small letters x,y and z. The random
variables are classified into two classes namely discrete and continuous random vari-
ables.

A random variable that can assume only a finite or countably infinite number of
values, is known as discrete random variable while a variable which can assume each
and every value within some interval is called a continuous random variable. The dis-
tribution function of a random variable X is denoted by F(x). A random variable X
may also be defined as continuous if its distribution function F(x) is continuous and
differentiable everywhere except at isolated points in the given range. Let the deriva-
tive of F(x) be denoted by f(x) i.e., f(x) = %F (x). Since F(x) is a non-decreasing
function of x, so

>0 and F(x)= / F(x)dx, for allx.

Here, the function f(x) is called the probability density function p.d.f or simply a
density function of the random variable X. A probability density function has the
properties

F(x) >0, forallx and F(x) = / " fdx=1.
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A moment designates the power to which the deviations are raised before averaging
them. In statistics, we have three kinds of moments as:

(i) Moments about any value x = A is the rth power of the deviation of variable
from A and is called the rth moment of the distribution about A.

(ii)) Moments about x = 0 is the rth power of the deviation of variable from 0 and
is called the rth moment of the distribution about 0.

(iii)) Moments about mean i.e., x = X for sample and x = u for population, is
the rth power of the deviation of variable from mean and is called the rth moment of
the distribution about mean. These moments are also called central moments or mean
moments and are used to describe the set of data.

NOTE. The moments about any number x = A and about x = 0 are denoted by
;. while about mean position, by u, and pog = py=1.

A link between the moments about arbitrary mean and actual mean of the data can
be established in the following results.

r r r r
= <O>u£— <1>u£1ui + <2>u£2uiz— <3>u£3ui3+---~ (1.1

Putting r =0,1,2,3,4,... in the relation (1.1), we get

Ho = Ho=1, = pj — Holi = ui — =0,
1 = py— (uf)? = o = (variance), pz = py —3psu; +2(ui)?,
Mg = puy — 4usp; + 615 (u)* = 3(up)*

Conversely, we have

r r r r
Hy = <O> U+ <l>ur_1u{ + (2> [TETIeE (3> teaup+--. (12)

For r =0, 1, we get the same results as above . So, putting r=2,3,4,--- in the relation
(1.2), we get

Wy = o+ 2] + o = o,
1y = 3+ 3]+ 3u i + u,

REMARKS. From the above discussion, we observe that the first moment about
the mean position is always zero while the second moment is equal to the variance.

If a random variable X assumes all the values from a to b, then for a continuous
distribution, the rth moment about the arbitrary number A and mean u respectively,
are given by

b
w = [ = aystods (1.3)

and

b
" :/H (r— 1) f(x)dx. (1.4)
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In a random experiment with n outcomes, suppose a variable X assumes the val-
ues xj,...,x, with corresponding probabilities pi,...,p,, then the paring (x;,p;),
i=1,2,... is called probability distribution and Xp; = 1 (in case of discrete distri-
butions). Also, if f(x) is a continuous probability distribution function defined on an
interval [a,b], then [ f(x)dx = 1. The expected value of the variate is defined as the
first moment of the probability distribution about x =0 i.e.,

b
ui=E) = [ af(xax (1.5)

and the rth moment about mean of the probability distribution is defined as E(X — )",
where ( is the mean of the distribution.

NOTE. For discrete probability distribution, all the above results and notations are
same, just replacing the integral sign by the summation sign (). The definitions given
in the introduction are taken from [2—4].

2. By Function and beta k-distribution
The gamma k-function introduced by Diaz and Teruel [5] is

| -1
l"k(x)zr}i_rg%, k>0,x€C\kZ" (1.6)

which is the generalization of T'(x) and the integral form of T is given by
oo [k
Ti(x) = / e~ kdt, Re(x) > 0. (1.7)
0

Also, the researchers [6—11] have worked on the generalized k-gamma function and
discussed the following properties:

Fk(x—i-k) :ka(x), (1.8)
(k) =1, (1.9)

_ Ti(x+nk)
(x)n,k = T(x) (1.10)

where (x),x, is the Pochhammer k-symbol and also have the representation (x),x =
x(x+k)(x+2k)(x+3k)--- (x4 (n— 1)k). We obtain the usual Pochhammer’s symbol
(o), by taking k = 1. The authors [6] defined the k-beta function as

- (9h(y)

Bi(x,y) = Tety) | Re(x) >0, Re(y) >0 (1.11)

and the integral form of Bi(x,y) is

1
Be(x,y) = %/0 (1 =)t ar. (1.12)
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From the definition of f(x,y) givenin (1.11) and (1.12), we can easily prove that

Bi(x,y) = %ﬁ (%%) : (1.13)

Note that when k — 1, Bi(x,y) — B(x,y) and Iy — T.

For more details about the theory of special k-functions like, gamma, polygamma,
beta, hypergeometric k-functions, solutions of k-hypergeometric differential equations,
contegious functions relations, inequalities and integral representations with applica-
tions involving gamma and beta k-functions, gamma and beta probability k-distri-
butions and so forth (see [12-17]).

DEFINITION 2.1. Let X be a continuous random variable, then it is said to have a
beta k-distribution with two parameters m and n, if its probability density k-function
(pdkf) is defined by [1,18]

1 N | .
fk(x):{—ﬁk(m=”)Xk (I—x)&— ", 0<x<1;mn, k>0 (1.14)

0, elsewhere.

In the above distribution, the k-beta variable is referred to as fi(m,n) and its k-
distribution function Fi(x) is given by

0, x<0,
Fi(x) = f(}mx%*l(l—xﬁ*, 0<x<1;mn k>0 (1.15)
0, x>1.

REMARKS. We can call the above function an incomplete beta k-function be-
cause, if k =1, it is an incomplete beta function tabulated in [19].

PROPOSITION 2.2. The beta k-distribution Bi(m,n), m,n,k > 0 satisfies the fol-
lowing properties:

(i) Beta k-distribution is a proper probability distribution i.e., area of PBi(m,n) under
the curve fi(z) is unity.

(ii) The mean of this distribution is -

m+n "
. . . mnk
(iii) The variance of Bi(m,n) in terms of k is o
m—k

(iv) The harmonic mean of Bi(m,n) in terms of k is ="

Proof. (i) By using the definition of beta k-distribution, we have

Z 4
1 m n
dz= [ ———z¢ Y1 —2)%ldz, 0<z<1; mn>0.
O/fk(z) Z O/kﬂk(m,n)z (1—-2) Z z m,n
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By the relation (1.12), we get

/ _ Bilmn)
o/fk(Z /kﬁk (m,n) -t = Bx(m,n) 8

(i) The mean of the k-distribution, denoted by L, is given by

z

W = Ex(2) Z/ka( )dz

/kﬁ - 22t M1—=2)F 'dz, 0<z<1; mn>0.
i (

Using the relations (1.11), (1.12) and (1.8), we have

B Br(m+k,n)

F—2)Fldz—
/%mM'ld 2= " (mon)

Fk(m—i—k)r (mGi(m+n)  m

()T (T (m+n+k)  m+n
(iii) The variance of fi(m,n) is given by,
of = B (Z%) — (Ex(2))? (1.16)
and
1
Ey(7%) = L (1 =) ldz = Pulm + 2k,n)

2= | g0 Bitm.n)

Ti(m+2k)Ti(n) T (m+n) m(m+k)

Ti(m)Ti(n)Th(m+n+2k) — (m+n)(m+n+k)

Thus, substituting the values of E;(Z?) and E;(Z) in equation (1.16) along with some
algebraic calculations we get the desired result.
(iv) Let X be a Bi(m,n) variate, then we have the expected value of l as

1 1
1 1 m m
Ek(f) kﬁkmno/y_cwl d kﬁkmno/m11 x4t ldr

which implies that

E, (l) _ Br(m—k,n) _ Ti(m—k)Ty(n) Ti(m+n) _mtn—k

X Bi(m,n) Tv(m+n—k) Tp(m)Ti(n) m—k
Now, harmonic mean in terms of k-symbol is given by
1 m—k

E(1/X)  m+n—k

HM=
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THEOREM 2.3. The rth moment of the beta k-distribution is given by
()
(m+n).,
Where, (m),i shows the Pochhammer k-symbol.
Proof. The rth moment in terms of k£ > 0, about the origin is

1

I - 1 k -1
Wi = Ex(X7) kﬁk ) /x X dx
0
L Bi(m + rk,n)
Ex(X") = /x%“‘l | —x)flgy= BRI TEA (1.17)
O i Y AT
_ Ti(m~+rk)Ti(m+n)
Ty (m)Ti(m+rk+n)’
Using the relation (x),x = Féﬁr)’k) in the numerator as well as in the denominator, we

get the desired result. [

3. Applications to beta k-distribution via Chebychev’s integral inequality

In this section, we prove some inequalities which involve beta k-distribution by
using some natural inequalities [20]. The following result is well known in the literature
as Chebychev’s integral inequality for synchronous (asynchronous) functions. Here, we
use this result to prove some k-analog inequalities [21] and some new inequalities.

LEMMA 3.1. Let f, g, h: 1 CR — R be such that h(x) > 0 for all x € I and
h,hfg, hf and hg are integrable on 1. If f,g are synchronous (asynchronous) on I,
ie.,

(f(x) = F () (gx) —&(y)) = (<) =0forallx,y 1.
Then, we have the inequality (see [22])

/1 h(x)dx /1 B f(D)g®)dx > (<) /1 h(x) f(x)dx /1 h(x)g(x)dx. (1.18)

This lemma can be proved by using Korkine’s identity [23]

/1 h(x)dx /1 h(x) £ () g (x)dx — /1 h(x) £ (x)dx /1 h(x)g(x)dx
= 3 [ [R5~ F ) 5(0) — g
DEFINITION 3.2. Two positive real numbers a and b are said to be similarly

(oppositely) unitary if
(a=1)(b—1) > (<)0. (1.19)
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THEOREM 3.3. Let the random variables X and Y be such that X ~ By (p,q) and
Y ~ Bi(m,n), p,q,m,n>0. Further, let the random variables U and V be such that
U ~ Bi(p,n) and V ~ Br(m,q). If
(p—m)(g—n)< (=)0 (1.20)
then, we have the inequality
Ex(X) Ex(Y)"
E(U)EL(V)

Br(p,n)Br(m,q)
Bi(p,q)Br(m, ”)

Proof. For k > 0, consider the mappings f, g, h: [0,1] — [0,) given by
f) =2, g()=(1-0F and h()=xT I (1-nE

Now, differentiation of f and g gives

> (<) k>0,r=12,....

pog =T g = P g e o),

As k > 0, so using the relations (1.19) and (1.20), we see that the mappings f and g
are synchronous (asynchronous) having the same (opposite) monotonicity on [0, 1] and
h is non negative on [0, 1]. Thus, using Chebychev’s integral inequality (1.18) for the
functions f, g, and & defined above, we have

q—n

1 m n 1 m n —m
/ x?”*l(l—x)?*ldx./ BN 1= )T (1= x) ' dx
0 0

n

1 m
> () [ -t

This implies
1 1
%/ x%“_l(l—x)%_ldx%/ x%“_l(l—x)%_ldx
0 0

1 1 4 n 1 1 m
> (g)%/o x%”_l(l—x)rldx.%/o Aot lax. (121

Also, from the moment generating function given in the theorem (2.3), using the rela-
tion (1.17), we observe that

1 m n q—n
/ A1 - E (1 - x) P,
0

X Bilpa) = 7 [ et (1.22)
1t ,
E(Y) Be(m,n) = %/0 11—ty (1.23)
@) Bi(pn) = [ 10 e 124
and L
Ek(V)rﬁk(m,q):%/O X —x) g, (1.25)

Applying the relation (1.22) to (1.25) in (1.21) and rearranging the terms, we get the
required proof. [
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COROLLARY 3.4. For g = p, n=m >0, the condition (p —m)(q—n) < (=)0
will become (p —m)? > 0 and the theorem (3.3) becomes

EX)E(Y) _ Bulp.m)Bilm,p)

X ak>0ar:1a2a"'
ExU)E(V) ~ Bi(p,p)Br(m,m)
and using the relation (1.11), we obtain
r r
Ek(X) Ek(Y) < l"k(2p)1"k(2m)7k > O, ;= 1’2’“. )

E(U)YE(V) =~ Tip+m)
THEOREM 3.5. Let the random variables X and Y be suchthat X ~ B(p,q) and
Y ~ Bi(p,n). Then, for p,q,m,n > 0, we have the inequality for beta k-distribution

E(X)" _ o\ Tlp+q)Ti(m+n)
Ex(Y)" ~ T Tilp+n)Ti(m+q)

k>0, r=1,2,...
according as
(p—m)(qg—n) < (2)0.
Proof. For k > 0, consider the mappings f, g, h: [0,1] — [0,) given by
f)=x"T ", gx)=(1-x)F and h(x)=xt(1—x)i""

Using these mappings in the Chebychev’s inequality, we have

Py 11 by 1 11
/ Xk (L—x)k™ dx./ xk TN —x)
0 0

1 4 n 1 m
> (<)/O x%“_l(l—x)ﬁ_ldx./o xT_l(l—x)%_ldx. (1.26)

By the definitions of expected values of beta & -distribution given in the relations (1.22)
to (1.25) and k-beta function, inequality (1.26) gives

kB (m,n) kBi(p, @) Ex(X)" = (<) kEL(Y) Be(p,n) kBi(m. q).
As k > 0, so, dividing by k* and rearranging the terms, we get

Ek(X)r ﬁk(p7n)ﬁk(m7CI) _
5@y~ o T (20

Applying the relation (1.11), we get the desired proof. [J

COROLLARY 3.6. For g =p, n=m > 0, the theorem (3.5) becomes

E(X)" - T (2p) Tk (2m)
E(Y) ~  Tip+m)

k>0,r=12,....

The following theorem gives an inequality for the harmonic means of the beta
distributed random variables and beta functions in terms of the parameter k > 0.
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THEOREM 3.7. Let the random variables X and Y be suchthat X ~ By (p,q) and
Y ~ Bi(p,n). Denote the harmonic mean of the random variables X and Y, in terms
of k, respectively by Hy(X) = m and Hy(Y) = m Then, for p,q,m,n > 0,

we have the inequality for beta k-distribution

Hk(Y) ﬁk(pvn)ﬁk(qu)
H(X) = 7 Be(m,n)Bi(p.q)

< k>0, r=1,2,...

according as
(p—m)(g—n) < (>)0.

Proof. For k > 0, choose the mappings defined by

p—m q—n

fR)=xT"" gx)=1-x) %
Using these mappings in the inequality (1.18), we get

1 m n 1 4
/xf_l(l—x)rldx./ x%_’_l(l—x)%_ldx
0

0

and h(x)=x% (1 —x)i"".

1 n 1 m
> (g)/o x%*’*‘(l—x)rldx./o I (1.28)

From the definition of expected values of beta k-distribution, we observe

1 1
L r: Lot PR — g = 1 e iy,
Fx <X> kBi(p,q) O/(X) (1=x)Fd kﬁk(p,q)o/ (1=x)t7d

and

1
DN e e
Ek(Y)‘kﬁkmn)O/(x) L o

Using these values in the inequality (1.28) we have

P
k

X6 = x)F g

o—__

(Bl () KBu(pa) > () KBu () o) B )

which is equivalent to the theorem (3.7). [

COROLLARY 3.8. For g =p, n=m > 0, the theorem (3.7) becomes
H(Y) _ Belp,m)Bi(m, p)

< , k>0
Hi(X) = Br(m,m)Bi(p.p)
and by the relation (1.11), we have
HM(Y) < rk(zp)rk(zm)7 k> 0.

HMi(X) = Ti(p+n)

The following theorem gives an inequality for the variance of the beta distributed
random variables and beta functions in terms of the parameter k > 0.
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THEOREM 3.9. Let the random variables X and Y be such that X ~ B(p,q)
and Y ~ Bi(p,n). Denote the variances of the rv.X and r.v.Y, in terms of k, respec-

tively by o7 (X) = W 1 (X) — (;,LL,{(X))2 and o} (Y) = W, (Y) — (”i,k(Y))z- Then, for
p,q,m,n >0, we have the inequality for beta k-distribution

ot (X)Bi(m,n)Bx(p.q) — ot (Y) Br(m, q) B (p.n)

Bi(m.q)Bi (p+k.n)  Bi(m,n)BE(p+k.q)
Bi(p,n) Bi(p,q)

> (%) k>0

according as
(p—m)(g—n) < (=)0

Proof. From the inequality (1.27), taking r =2, we get

Using the value of i} (-) = Ex(-)? in terms of 67 (-), we have

[0 (X) + (11 (X)) B (m. n) B(p.q) = (<) 07 (Y) + (ui,k(Y))z}ﬁk(m,q)ﬁk(p(»ln)zg)
which implies that -

ot (X)Bi(m,n)Bx(p.q) — ot (Y) Br(m, q) B (p.n)

2 2
> (<) (i 1Y) Belm.)Be(p.n) = (1 4(X)) Belp.a)Belm,m).

From the relation (1.17), taking r = 1, we find the value of u{.k = % and the
above expression (for the parameters p,q,n) becomes

ﬁk(p+kan) ﬂk(p+k7q)
Bx(p,n) Bx(p,q)

and use of the relation (1.11) will provide the required result. []

> (<) ) Belm.a)Be(p.m) — ( ) Bl )Bilom.)

THEOREM 3.10. Denote the coefficients of variation of the rv.X and rv.Y, in

[o2(-
terms of k, respectively by CVi(X) = and CV(Y), where CVi(-) = #,Gk((.)). Then, for
1,k

p,q,m,n >0, we have the inequality
CVZ(X)+1
CV2(Y)+1

(p+q@)Tk(m+n)Ti(p+q+k)
(p+n)Ti(m+q)Ti(p+n+k)

> (<) L k>0

according as
(p—m)(qg—n) < (2)0.
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Proof. From the inequality (1.29), we have

(11 £(X))? Bi(m,n)Br(p,q)

w007 !

of(Y)+1

W Bi(m,q)Bi(p,n)

> (<) (i (Y))?

which implies that

(ou{,k (Y))Zﬁk (m7 Q)ﬁk (p7 I’l)
(11 (X))*Be(m,n) Be(p.q)
From the proposition (2.2), we see that the mean of beta k-distribution with parameters

P, qis puf  (X)=E(X)= ﬁ and with parameters p, n is uj (Y) = ﬁ. Thus,
inequality (1.30) along with the relation (1.11) becomes

{CV,? (X)+1 (1.30)

CV,?(Y)—H] > (<)

(p+9)*T(p+q)Ti(m+n)
(p+n)’Ti(p+n)Ti(m+q)

[Csz(X)—H}

CV2(Y)+1 > ()

and use of the relation (1.8) gives the desired proof. []

COROLLARY 3.11. Using the values of mean and variance of beta distribution in
terms of the parameter k > 0, from the inequality (1.29), we have the inequality

Ti(p+n+k)Ti(im+q) > (T(p+q+k)Tk(m+n) (1.31)

and
(p+mlg+plp+a+h]_ \Telpt+q+2KTi(m+n) 132
ot ro iR - I rnt i mrg) < (132

according as
(p—m)(g—n) < (>)0.

Proof. As proved in the proposition (2.2), the value of mean and variance with

parameters p, g is jlj , = ﬁ and 07 = m. Thus, using these values along

with some algebraic calculations, inequality (1.29) gives

[gk+ p(p+q+k)])(p+n)*(p+n+k)Ti(m+q)Ti(p+n)
> (Q)nk+p(p+n+K)](p+9)*(p+q+Kk)Ti(m+n)Ti(p+q).

By successive use of the relation (1.8) on both sides of the above inequality, we get the
required proof. [
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4. Some results via Holder’s integral inequality

In this section, we prove some results involving the 3; random variable via Holder’s
integral inequality. The mapping S, for two parameters, is logarithmically convex on
the interval € [0,0) proved in [24] which is k-analog result [22]. Now, we have the
following theorem.

THEOREM 4.1. Let (p,q),(m,n) € [0,%)* and a,b >0 with a+b=1. For
k > 0, define the k-distributed random variables X and Y such that X ~ By(ap +
bm,aq+bn) and Y ~ Bi(p,q). Then, we have the inequality for beta k-distribution

E(X)" (B (P, @))*[Br(m,n))?
[Ex(Y)]* = Bi(ap+ bm,aq+ bn)

L k>0,r=12,.... (1.34)

Proof. For k > 0, choose the mappings defined by

f@) =1t

for p = %, q= %, (% —1—%1 =1 and p > 1). Using these mappings in the Holder’s
integral inequality

[rasono < ( [roymoa)( [wodoa)’, a3

D
k

=k () =T (1 -nF P and h(r) =1,

we have

1 a, Dm a n
/ (t%+’7+ar71(1_t)7"+"771>dt
0
1 L, n b
< (/ t%“‘l(l—t)%‘ldt)a(/ t?‘l(l—t)%‘ldt) . (1.36)
0 0

From (1.17), we observe that

1 1 ap+bm ag+bn
Ek(X)arﬁk(ap+bm,aq+bn):%/O I%Jrur—l(l_t) qz 14

and the inequality (1.36) gives
KEL(X)" B(ap + bm,aq +bn) < [KEK(Y) Be(p, )] kB(m,n))", r=1,2,...
which is equivalent to the required result. [

COROLLARY 4.2. Setting r =1 and E (Y) = ﬁ in the theorem (4.1), we have

a 1% ¢ [ﬁk(paq)]a[ﬂk(m’n)}b
B < <p+q> ﬁk(ap+bm,aq+bn)’k>0'

Using the relation (1.11), we observe

pli(p)Ti(q) )” [Bi(m.n))”
(p+a)Tk(p+4q)/ Bilap+bm,aq+bn)

Ex(X) < <
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and use of the property (1.8) and (1.11) gives

Ti(p +K)Ti(q) Be(m,n)” Bl +a,)1*[Bem,m)])”

T(p+q+k) ) Br(ap + bm,aq + bn) Br(ap + bm,aq + bn)

E(X)" < (

THEOREM 4.3. Let (p,q),(m,n) € [0,%0)> and a,b >0 with a-+b = 1. Denote
the variance of the k-beta distributed random variables X ~ B(ap +bm,aq+ bn) and
Y ~ Bi(p.q) by 0 (X) and o} (Y) respectively. Then, we have the inequality for beta
k-distribution

[sz(X“) —|—E,?(X“)]ﬁk(ap +bm,aq+ bn)

2
< [o%(YH(ﬁ) | Be(p @) Belmm k> 0. (1.37)

Proof. Taking r = 2 in the inequality (1.34), we get

[Ex(X®)?]Be(ap +bm,aq + bn) < [Ex(Y)*)*[Be(p. )] [Be(m.n)]] k> 0.

From the relation (1.16), using the value of E;(X) in terms of variance and also E;(X) =
ﬁ provide the desired proof. [J

COROLLARY 4.4. As proved in the Proposition (2.2), for the random variable
X ~ Br(m,n), Ex(X)= ;7 and variance is, o = M% Now, inequality
(1.37) implies that

plp+k)  [Be(p.q)[B(m,n))®
(p+4q)(p+q+k) Belap+bm,ag+bn)

OF (X)) +EZ(X) <
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