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Abstract. Let G be a simple graph with vertex set V(G) and edge set E(G). In [7], Eliasi et al.
introduced the multiplicative sum Zagreb index of a graph G which is denoted by IT;(G) and is
defined by

(G = [] (dg(u)+dg(v)).

weV(G)

In this paper, we present some upper bounds for the multiplicative sum Zagreb indices of the join,
rooted product, corona product, tensor product, Cartesian product, strong product, hierarchical
product, lexicographic product of graphs.

1. Introduction

Molecular descriptors have found a wide application in QSPR/QSAR studies [13].
Among them, topological indices have a prominent place. The Zagreb indices are
among the oldest degree-based topological invariants, were introduced by Gutman et
al [9]. For details on theory and applications see in [12, 19].

Let G be a simple graph with the edge set E(G) and vertex set V(G). Also let
n and m, respectively, be the number of vertices and edges of G. The first and second
Zagreb indices of G are denoted by M, (G) and M,(G), respectively and defined as:

M (G) = Z dg(u)
ueV(G)

and

My(G)= 3, de(u)dg(v),
uveE(G)

where dg(u) denotes the degree of the vertex u of G. The first Zagreb index can also
be expressed as the following;

Mi(G)= 3, (dg(u)+dg(v)).

uveE(G)
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The multiplicative Zagreb indices were introduced by Todeschini et al. in 2010 [14].
The first and second multiplicative Zagreb indices of G are denoted by IT;(G) and
I1,(G), respectively, and defined as;

m(G) = [ d&w)

ueV(G)

and

L(G) = [] do(wds(»).
uveE(G)

In 2012, Eliasi et al. [7] introduced the multiplicative sum Zagreb index of a graph G.
The multiplicative sum Zagreb index is defined by

mi(G) = [] (de(u)+ds(v)).

uveV(G)

We refer the reader to [8, 11, 16, 17] for mathematical properties of the multiplicative
Zagreb indices. Some more properties and applications of graph products can be seen
in [1, 2, 10]. For other undefined notations and terminology from graph theory, the
readers are referred to [5, 15].

Many graphs of general and in particular of chemical interest arise from simple
graphs via various graph operations sometimes known as graph products. Hence, it is
important to understand how certain invariants of such composite graphs related to the
corresponding invariants of their components.

Yeh et al. [18] examined Wiener index of composite graphs. In [6], some up-
per bounds for the multiplicative Zagreb index of various graph operations were ob-
tained. Aczari [3] presented sharp lower bounds on the Narumi—Katayama index of
several graph operations. Also, Azari et al. [4] gave some lower bounds for the multi-
plicative sum Zagreb index of graph operations.

In this paper, we obtain upper bounds for the multiplicative sum Zagreb index of
some graph operations.

2. Main results

In this section, we give some upper bounds for the multiplicative sum Zagreb
index of various graph operations such as join, rooted product, corona product, tensor
product, etc.

We first recall the arithmetic-geometric mean inequality which will be used in this

paper.
LEMMA 1. Let x1,X2,...,X, be nonnegative numbers. Then

X1 +x2+...+x,
n

= /X1X .. X

with equality if and only if x| =x3 = ... = X,.
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2.1. Join

Let G| and G, be vertex-disjoint graphs. Then the join, G| + G, of G| and G,
is the supergraph of G; UG, in which each vertex of G, is adjacent to every vertex of
G, . The join of two graphs is also known as their sum. The degree of a vertex u of
G1+ G, is defined by:

d (1) = dg, (u) +ny, ifu e V(Gy)
@Y 7 g, (u) +ny, ifu e V(Gy)

THEOREM 1. Let G| and G, be vertex-disjoint graphs. The multiplicative sum
Zagreb index of G|+ G, satisfies the following inequality:

M, (Gy)+ 2m1n2:| m [Ml (G2) +2mony :| "2

my mp

() < |

2 2 nyny
X|: miny + m2n1+nln2(n1+n2):| , (1)

ninp

with equality if and only if G| and G, are regular graphs.

Proof. Let G = G|+ G,. By definition of the multiplicative sum Zagreb index,
we have:

I (G) = [] [do(u)+ds(v)]

uveE(G)
= JI lde,(0)+dc,(v)+2n2] [] lde,(u)+dg,(v)+2n]
uveE(Gy) uveE(Gy)
X H [dGl (u) +d02(v) “+n —|—n2}.
uEV(Gl)
veV(Gy)

Using Lemma 1, we get

Yuwee(cy)lde, (1) +dg, (v) +2na] } " |:zuveE(Gz) [dG, (u) +dg,(v) +2n1] 7™
my

) < | Y.

[Suevienlde, (1) +dc, (v) +n1+na] | "™
VEV(GQ)

niny

_ |:M1(G1) +2m1n2]m' |:M1(G2) +2m2n1]m2
mj

)

X

[2myny + 2mony + nyna(ny +ny) "™
nyny '

Now, suppose that the equality holds in (1). Then, for every uv € E(G;) and xy €
E(Gy),
dg, (u) +dg, (v) +2n2 = dg, (x) +dg, (v) +2n2



752 Y. NACAROGLU AND A. D. MADEN
and for every uv € E(G) and xy € E(G>),
d(;2 (u) + dGz (V) +2n; = d(;2 (x) + dGz (y) +2n;.

Thus one can easily see that the equality holds in (1) if and only if both G; and G, are
regular graphs. [l

Let G=G; +Go+...+Gy. Thus nj =n—n; (1 <i<k). Also we have
dG(I/L) = {dG,(u) +ni,u € V(G,)}

From Theorem 1, we have the following result.

COROLLARY 1. Let Gy, Ga,...,Gy be vertex-disjoint graphs. If G = Gy + G, +
...+ Gy, then

ninj

M, (Gl) —|—2miﬁi l ﬁ 2m,-nj+2mjn,-+ninj(ﬁ,-+n})
1<i<j<k nin j

EXAMPLE 1. Consider cycle graphs C;, and C,. We thus have

I} (Cp+Cp) =2T(p+2)1(g+2)P(p+ g +4).

2.2. Rooted product

Let H be a labeled graph on k vertices with the vertex set V(H) = {1,2,...,k}
and let G be a sequence of k rooted graphs Gy,Ga,...,Gy. The rooted product of H
by G, denoted by H(G) = H(G,G3,...,Gy) is the graph obtained by identifying the
root vertex of G; with the i-th vertex of H. We denote the root vertex of G;, which is
assumed to be non-isolated, by w; and the degree of w; in G; by d(w;), 1 <i<k.

THEOREM 2. Let H(G) be rooted product of H by G. Then

Mi(H)+ S da(i).d(w)]™
I [H(G)] < Sl

my

[Ml<G,->—d2(w,->—dﬂ(i»d(m—)—u;w_dci (u))} ma; ~d(vi)

k ma, —d(w;)
X
izzl @20+ ()-dwi)+ 3 dg, ()]0
x d(wi) ’

where i~ j denotes the vertex i is adjacent to the vertex j.
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Proof. By definition of the multiplicative sum Zagreb index, we have:

HG) = 1 [du()+du(j)+d(wi)+d(w))]

ijeE(H)

k
<I1| TI lde.()+de.(i)] T1 [de,(wi)+dc,(j) +du(i)]
i=1 | ijeE(G;) wij€E(Gj)

i, j#wi
From Lemma 1, we have

Yijer)|du (i) +du(j) +d(wi) +d(w;)] ] i

my

T [H(G)] < [

. . mg,—d(w;
% ek (Gy) 1o e, (1] 70 (wi)
i, j#wi

mg, —d(w;)

X

-

i=1

S jek(Gy) b6, (wi) +dg, () +dp (i)] dlwi)
. d(w;)

B [MI(H)+ZieV(H)dH(i)'d(Wi)]mH
_ o

[Ml (G)~ () ~dn (1).dw0) T, (u))} mo;~d0vi)

K ma, —d(w;)
X:}: 20 ; ) d(w;) .
i—1 d=(wi)+dy (i).d(wi) +3xn,; dg; (x)
x d(w;)

2.3. Corona product

The corona product of graphs G; and G,, by written G| o Gy, is the graph ob-
tained by taking one copy of G| and n; copies of G, by joining the i-th vertex of G
to every vertex in i-th copy of G, for 1 <i < nj. The degree of a vertex u of G| oG,
is defined by:

de oG (u) _ { dGl (M) +ny, uc V(Gl)
o2 dg,(u)+1, ueV(Gy)

where |V(G10G,)| =ni(1+ny) and |E(Gy 0 Gy)| =my +nymy +nany.

THEOREM 3. Let G| and Gy are two graphs. If G = G0 Gy, then

IT}(G) < [

" 2myny +2mony +nina(ny + 1) "™
niny

M, (Gl) —|—2m1n2:| m [Ml (Gz) —|—2m2:| iy

mi my

2)

with equality if and only if G and G, are regular graphs.
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Proof. By the definition of IT} index, we have

n

(G = I lde,(w)+ds,(v)+2m]| T[] ldo,(u)+de,(v)+2]

uveE(Gy) uveE(Gy)
X H [d, (1) +dg, (v) +na+ 1].
uEV(Gl)
veV(Gy)

By Lemma 1, we have

II ((;) < VEE(GI)[ Gl( ) Gl( ) v (GZ) GZ( ) dGz( )
1 X 2 §lt cE d u 2

» |:ZueV(Gl) Yvev(6y)lde, (1) +dg, (v) +na + 1] } i
niny

)

and hence

mj

1(G) < [ -

" 2myny +2mony +nina(ny + 1) """
niny '

M, (Gl) —|—2m1n2:| m [Ml (Gz) —|—2m2:| iy

Now suppose that equality holds in (2). Then all the inequalities in the above argument
must be equalities. Thus we have

dg, (u1) +dg,(vi) +2ny = dg, (u2) + dg, (v2) + 2n»
for uyvy,upvy € E(Gy) and
dg,(u1) +dg,(vi) +2=dg,(u2) +dg,(v2) +2
for uyvy,upvy € E(G,) and
dg, (u1) +dg,(v1) +n2+ 1 = dg, (u2) +dg, (v2) +na+1
for uj,u, € V(Gy) and vy,v, € V(Gs).

Hence we conclude that G| and G, are regular graphs. [

2.4. Tensor product

The tensor product G| ® G, of two simple graphs G; and G is the graph with
V(G ®Gy) =Vy xV, and (uy,up) and (vq,v;) are adjacent in G; ® G, if and only
if u; is adjacent to v; in G and uy is adjacent to v, in G,. Also we know that
dG, %G, () = dg, (u)d(;2 (u) and m(G; @ Gy) = 2mymy.
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THEOREM 4. Let G = G| ® Gy be the tensor product of two graphs G| and G».
Then
(3)

Ml (Gl )Ml (Gz) 2m1mz
2mimy

I} (G) < {

with equality if and only if either G| and Gy are regular graphs or G is star graph
and Gy is regular graph.

Proof. By the definition of the multiplicative sum Zagreb index, we have

I1;(G) = 11 lde((u1,u2)) +dg((vi,v2))]
(u1,u2)(v1,v2)€E(G)
= 11 [, (u1)dg, (u2) +dg, (vi)dg,(v2)]-

(u1,u2)(v1,v2)€E(G)
On the other hand, by Lemma 1

-2('41 u2)(vi,2)€E(G) [dGI (ul )dcz (u2) + dGl (Vl )dcz (V2)} ] 2

IT;(G) <
1(G) G

2m1m2

[ Xu1v1cE(G1) ZuyeE(Gy) |46, (41)da, (u2) +dg, (vi)da, (v2)] ] o

_ _2u1V1€E(Gl)M1 (G2)[dGl (ul) + dGl (V])} 2
o 2mymy

‘M1 (Gl)Ml (Gz) 2mlm2
2mmy '

Now suppose that equality holds in (3). Then all the inequalities in the above argument
must be equalities. Thus we have

dg, (ul)dcz (u2) +dg, (Vl)dcz(VZ) =dg, (al)dGz (a2) +dg, (bl)dGz (b2)

for any ujvy,a1by € E(Gy) and for any upvy,arby € E(G3). Hence the equality holds
in (3) if and only if either G| and G, are regular graphs or G is star graph and G is
regular graph. [

EXAMPLE 2. Consider cycle graphs C, and C,; and the complete graph K,. We
thus have
IT;(C, ® C,) = 2877 and IT; (K2 ® C,)) = 2*.

2.5. Cartesian product

The Cartesian product of G| and G ; denoted by G| x G} is the graph defined
as follows. The vertex set of G;x G, is V(G;) x V(G,). The vertices (u;,v;) and
(up,vo) are adjacent if either u; = up and v is adjacent to v, in Gy; or vi = vy
and u is adjacent to u, in G. Also we know that m(G; X G») = nymy +myny and
dg, G, (u1,u2) = dg, (u1) +dg, (u2), respectively.
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THEOREM 5. Let G = G| x Gy be the Cartesian product of two graphs G and
G»>. Then

[4mymy +n M1 (G2)]""™ . [4mymy +noMy (Gp)]"™™

HT(G)S myp_mjp__ nymp_ . Nnpmj (4)
iy My mmy

with equality if and only if G| and G, are regular graphs.
Proof. Let G =G| x G,. Then
I}(G) = IT [do((ur,u2)) +dg((vi,v2))]
(ur,u2)(vi,v2)€E(G)

= I [T [2dg, (u1) +de,(u2) + dg,(v2)]

MIEV(Gl) MQVZEE(GQ)

x TI IT [2dc,(u2) +dg, (1) +dg, (v1)].

ur€V(Ga) uyvi €E(Gy)
Hence from the arithmetic geometric inequality, we have

21421/2615(62) [ZdGl (ul) + dGz (u2) + dGz (V2)} ] "

my

me < I |

uleV(Gl)

< 11

|:z”1V1€E(G1)[2dG2(u2) +dg, (u1) +dg,(v1)] ] "

up EV(Gz) m

1 1
= [T [2madc, (ur) +Mi(G2))™ PRIy

2 wev(Gr) 1

x I [2mide,(u2) +Mi(Gy)]™.
u€V(Gy)

By applying Lemma 1, we get,
11 |:ZM1€V(G1)[2m2dGl (1) +M1(G2)]r'm2

nymy nomi
2

m
x [Zuzewcz)[zmld@(uz) +M1<Gl>]rl"2

n
[4mymy + M1 (G2)]""™ [4myma + naMy (Gy)]"™™

myp_ mjp__nimp_ . Nnpmj
iy mymmy

I} (G) <
i(G) -

Now suppose that equality holds in (4). Then all the inequalities in the above argument
must be equalities. Thus we have

261'61 (ul) + dGz(uz) -|-dG2 (Vz) = 2dG1 (ul) +dGz(a2) + dGz(b2)
for any upvy,a2b; € E(G,) and

2ng (uz) +dG1 (ul) “"dGl (Vl) = 2d(;2 (uz) +dGl (al) +dG1 (bl)
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for any ujvy,a;b € E(Gy) and

2madg, (ur) +Mi(G2) = 2madg, (vi) +Mi(G2)
for any u;,v; € V(G) and

2mydg, (uz) +My(G1) = 2midg, (v2) + M1 (G1)

for any up,v, € V(G,). Hence the equality holds in (4) if and only if both G| and G,
are regular graphs. [

2.6. Strong product

The strong product of G| and G»; denoted by G| X G,; is the graph defined
as follows. The vertex set of G{ X G, is V(Gy) x V(G3). The vertices (u,v1) and
(un,v) are adjacent if either u; = up and vy is adjacent to v, in Gy; or vi = v, and
u; is adjacent to up in Gyp; or uy is adjacent to up in G and v; is adjacent to v, in
G, . Also we know that m(G| X Gy) = nymo +mny + 2mymy and dg,xc, (u1,u2) =
dg, (uy)+ dg, (u2) + dg, (l,tl)d(;2 (u2).

THEOREM 6. Let G = G| X Gy be the strong product of two graphs G| and G».
Then
[4m1m2 + (2m1 + nl)Ml (Gg)]nlmz [4m1m2 + (2m2 + l’lz)Ml (Gl)]n21n1

My, l2mi2mymy  nimy+2mymy  nymy
4 m; m, n

IM(G) < (5)

n2”2m1
X [2moMy (Gy) +2miM;(Gy) + M (G)M, (Gz)]Zmlmz

with equality if and only if G| and G, are regular graphs.

Proof. From definition of strong product and multiplicative sum Zagreb index, we
have

I(G) = I [d6((u1,u2)) +dg((vi,v2))]
(uy,u2)(v1,v2)€E(G)
= IT [dg, (u1) +dg, (u2) + dg, (u1)dc, (u2) + dg, (vi) + dg, (v2)

(u1,u2)(v1,v2)€E(G)
+dg,(v1)dc, (v2)]
= JI [T [2de, (u1) +de, (u1)(dg, (u2) + da, (v2)) + dg, (u2)
MIEV(Gl)MQVQEE(GQ)
+dGz(V2)}
x 1 [T [2de,(u2) +de, (u2)(dg, (ur) +d, (v1)) + da, (u1)
quV(Gz)MIVIEE(Gl)
+d61("1)}
x H H [dGl (ul) +dG1 (VI) +dGz (uZ) +dGz(V2)
u1vi €E(G)) upm€E(Gy)
+dGl (ul)d(;2 (uz) + dGl (Vl)dGz (Vz)].
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By using Lemma 1, we have

S eE(Gr) 124G, (1) + da, (1) (dg, (u2) +d, (v2)) 1™
d d
HT(G) < H + Gz(u2)+ Gz(VZ)]
u1€V(Gy) "y
S eE(Gy)2da, (u2) + d, (u2) (dg, (ur) +dg, (v1)) 1™
< TI +dg, (1) +dg, (v1)]
10EV(Gy) i
ZMszeE(Gz) [dcl (u1) + dg, (v1)+ dg, (u2) + dGz(VZ) 22
+dg, (1)dG, (u2) +dg, (v1)da, (v2)]
< I
u1vi €E(Gy) 2]’)’Z2
_ H |:2msz1 (u1)+M1(G2)dGl (u1)+M1(G2)]m2
u €V(Gy) "
|:2mldGz(’/l2)+M1(G1)d62(u2)+M1(G1)]ml
< I1
€V (Gy) 4

2my(de, (ur) +dg, (1)) +2My (G2)dg, (ur) 1™
+M;(G>)(dg, (u1) +dg, (v1))

2m2

< 1

upvy EE(GI)

Again by using Lemma 1, we have

[4m1m2 + (2m1 + nl)Ml (Gg)]nlmz [4m1m2 + (2m2 +n2)M1 (Gl)]nzrm

4mym mr112ml +2mymy mglmz +2mymy

I (6) <

n'lllmz ny"2mi

X [2myM, (G1) + 2m My (Ga) + M (G )My (Go)]*™™2 .

The proof is similar to the proof of Theorem 5. [J

2.7. Hierarchical product

Let G= (V(G),E(G)) and H = (V(H),E(H)) be two graphs and U be a non-
empty subset of V(H). Let ' = GMH(U) be the hierarchical product of G and H
corresponding to U. Then V(I') = V(G) x V(H) and (a,x)(b,y) € E(I') if and only
if a=b,xy € E(H) or ab € E(G),x=y € U. Itis clear that if U = V(H), then

GMH(U) =G x H, the Cartesian product of G and H.

LEMMA 2. (see [1]) The degree of a vertex x = (xn ,XN—_1,- - -,X2,X1) in the gen-

eralized hierarchical product Hy = Gy ..M Gy (Uz) MG (Uy) is
8(x) = 8(x1) + xuy (x1)8(x2) + ...+ v, (x1) - xoy—, (en—1)]6 (xn ),
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where & and )y, denote, respectively, the degree and the characteristic function on the
set U; which is 1 on U; and 0 outside U;.

THEOREM 7. Let T'= GMH(U). Then

(1M1 (Ga) +2m1 e d@)]"" (U] M1(Ga) + 2 Sy )™

(T <
i) o) [0yl

Proof. From definition of hierarchical product of G and H corresponding U, we
have

mm = I TI (e (u)+ds,(v2)+ds, (1) u(u2) + xu(v2)l)
u1€V(G)upv,€E(H)

[T TI (@de,(u2)+de, (1) +dg,(v1)).

up €U uyvy EE(G)

By using Lemma 1, we get

M < I

MIEV(GI)

(1M1 (G2) +2my Sy d()]"™"™ [[U| M (G2) +2my Ty d ()™
(nimy)mm (my U |ymVl '

MI(GQ)+dG1(u1)erUd(x)}m2 H |:2m1dcz(u2)+M1(G1) m

mp mj

uy el

< O

2.8. Lexicographic product

The lexicographic product G = G|[G»] of graphs G| and G, is a graph such that
the vertex set of G[G3] is the cartesian product V(G;) x V(Gz); and any two vertices
(u,v) and (x,y) are adjacent in G[G>] if and only if either u is adjacent with x in G
or u=x and v is adjacent with y in G;. Also we know that m(G;[G3|) = nymy +n%m1
and d61 [Ga) (u1,up) = nadg, () + dg, (uz).

THEOREM 8. Let G = G1[Ga] be the lexicographic product of two graphs Gy and
G». Then

n%ml

[4mimany 4+ n My (G2)]""™ [4mymany +m3M, (G )]

I} (G) <
(mang Y (myn)™

(6)

Proof. By definition of the multiplicative sum Zagreb index, we have
@G = [ [l (2nde, (m)+dc,(u2)+dg,(v2))
uj EV(GI) MQVZEE(GQ)

x 1] 11 [n2 (dg, (u1) +dg, (v1)) +dg, (u2) +dg,(v2)] -
uv €E(Gy) {uz,v2}CV(Ga)
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By applying Lemma 1, we have

6 < I |:2u2v2€E(G2)(2n2dG1(ul)+dGz(u2)+dGz(V2)):|m2
1 <
u €V(Gy) mz
}12
< I |:2{”2a"2}CV(GZ)[nz(dGl(ul)+dGl(v1))+dG2(u2)+dG2(v2)]:| 2
MIVIEE(GI) n%
1

=—— [ [Rnomade, (u1)+Mi(G)]™

2n2m
my"ny 2 wev(Gy)

< 1 [#dg, (ur) +dg, (v1)) +4mans)]

u|V1€E(G1)
< 1 |:2u1€V(G1) [2nymadg, (1) + My (G2)] } e
S "
n3m
% [Z7MIVIEE(GI) [l’l% (dGl (Ml) +dG1 (Vl)) +4m2n2] ‘| o
mp

nzm
[4mimany 4+ ni My (G2)]"™"™ [4mymany +n3M, (Gy) ™!

(mpny)mm2 (mln%)mm%

Now suppose that equality holds in (6). Then all the inequalities in the above argument
must be equalities. Thus we have

2n2dcl (ul) + d(;2 (uz) + dGz (Vz) = and(;l (al) + dGz (az) + d(;2 (bz)
for any up,a; € V(Gl),uz\)z,azbz € E(Gz) and
na(dg, (u1)+dg, (vi))+dg, (u2)+dg,(v2) = n2(dg, (a1)+dg, (b1))+dg, (a2)+dg, (b2)

forany uvy,a1b) € E(Gy),{u2,v2},{az,b2} C V(G,). Hence the equality holds in (6)
if and only if both G| and G, are regular graphs. [J

EXAMPLE 3. Consider cycle graphs C,, and C,. We thus have

I} (C,[Cy)) = (4p +4)ralath).
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