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A METHOD FOR PROVING SOME INEQUALITIES ON MIXED
HYPERBOLIC-TRIGONOMETRIC POLYNOMIAL FUNCTIONS

MILICA MAKRAGIC

(Communicated by J. Pecaric)

Abstract. In this article we present a method for proving inequalities of the form

n
f(x) =" oyx?i sinh% xcosh’i x > 0,

i=1

for x € (81,62), 61 <0< 6; where o € R\ {0}, pi,qi,ri € No and n € N. The method is
based on the precise approximations of the hyperbolic sine and hyperbolic cosine functions by
Maclaurin polynomials. Using this method we present new proofs of some well-known inequal-
ities, but also we prove some new inequalities. Inequalities involving hyperbolic functions are
much less studied than inequalities involving trigonometric functions. In this paper, the method
described in the article [7] has been adapted to the inequalities involving hyperbolic functions.

1. Introduction

In this article we consider a method for proving inequalities of the form:

n
f(x) = ouxP sinh? xcosh’ x > 0, (1
i=1

forx € (8,8), 6; <0< & ; where o; € R\ {0}, pi,qi,ri € Ng and n € N. We trans-
form the function f(x) into the mixed hyperbolic-trigonometric polynomial function,
whose monomials are mixed by some variable and hyperbolic sine or hyperbolic cosine
functions applied to the same variable. Our method is compatible with the effective
method from the article [7] and it is based on the direct comparison of the hyperbolic
sine and hyperbolic cosine functions with the corresponding Maclaurin polynomials.
From a computational point of view, automated proving of inequalities is described in
both methods.
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2. The description of the method

2.1. Preliminaries

Let the function ¢(x) be approximated by Taylor polynomial 7;(x) of degree k in
the neighbourhood of a point a. If there is 17 > 0 such that in the interval (a —1n,a+1)
it holds:

Ti(x) = @ (x),

then we introduce the symbol T (x) = Ti(x) and we call T (x) upward approxi-
mation of the function ¢(x) in the neighbourhood of the point a. Analogously, if there
is M > 0 such that in the interval (¢ — n,a+ 1) it holds:

Ti(x) < 9(x),

then we introduce the symbol 79 (x) = T (x) and we call T7“(x) downward approx-
imation of the function ¢(x) in the neighbourhood of the point a. Further on, we
consider only the cases when the function @(x) is either sinhx or coshx.

Observing Maclaurin approximations of sinhx and coshx, we get the following
lemmas:

(n1)/2 i1

LEMMA 2.1. For the polynomial T,(t) = , where n=2k+1, keNp,

= (2i41)!
it is valid:
(Vt 2 0) T,(r) < Th42(¢) < sinht, 2)
(V1 <0) T,(r) > Toy2(r) > sinhz. 3)

For t =0 the inequalities in (2) and (3) turn into equalities.

n/2 2
t
LEMMA 2.2. For the polynomial T,(t) =Y 2 where n =2k, k € Ny,
i=0 \ <!
it is valid:
(Vt € R) T,(t) < T,42(¢) < coshr. (€))

For t =0 the inequalities in (4) turn into equalities.

Let a =¢*, x € R. Then it holds:
1 1 1 1
coshx = —<a+—> and sinhx = —(a— —). 5)
2 a 2 a

Let us introduce the following functions:

1
- (6)

1
Ri(a)=d"+ — and Q(a)=d"— x

ak
for k=1,2,... . Thenitis:

Ri(a) =2cosh(kx) and Qy(a)=2sinh(kx), (7
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for a=¢" and k=1,2,... . Hence, it is easy to prove:
Ry, (a) ‘R (a) = Rytm (a) +R‘n7m‘ (a) (3
and
Ry (Cl) “Om (Cl) = Ontm (Cl) +v- Q|n—m| (a)7 )

where v = sgn(m — n). Especially, Ry(a) =2 and Qp(a) =0.

According to [3] we have the representation of powers of hyperbolic functions
in terms of functions of multiples of the argument (angle), depending on the parity of
power n. Hence, the following auxiliary propositions are valid:

LEMMA 2.3. For n € N the following formulas are true:
(1) if n is odd

n

! 2:6(—1)"(:>sinh((n—2k)x), (10)

o
sinh"x = T p

@ii) if n is even

sinh"x =

D (1) T 0r(p om0 an

LEMMA 2.4. For n € N the following formulas are true:
(1) if n is odd

cosh”x = 2n1_1 kg) ( Z ) cosh((n —2k)x), (12)
@ii) if n is even
cosh” x = i(" ) +L§1<n>c0sh((n—2k)x). (13)
2\ y) Tt &k

Based on the previous two lemmas the following statement holds:

THEOREM 2.5. For n,m € N we have the following cases:
(1) if both n and m are odd

ntm
7 ! k

cosh”x-sinh”x = 7 3" (—1)k<2(—l)r(;’> (kTJ sinh((n+m—2k)x)>,
k=0 r=0

(14)

n+r§1—l k
cosh”x-sinh”x = 74— > (=1)* ( Z(—l)’(") (k’fr> sinh ((n+m— 2k)x)> ,
(15)
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(>iii) if n is odd and m is even

cosh”x-sinh” x = = ?(—l)k<i(—l)’<n> (kTJ cosh((n+m—2k)x)>7

k=0
(16)
(iv) if both n and m are even

e k
n . m _ ; o k o n m _
cosh” x-sinh™x = 5 ( ]Zz) (—1) Zf)( l)’(r> (k,,)COSh((n+m 2k)x)

n+m

7)

Proof. Analogously to the proof of the Theorem 1.5. from the article [7], whereby
for the functions R, and Qj we use the terms (6), (7), (8) and (9). [

2.2. The method

The aim is to present a method for proving inequalities of the form (1) for x € (0, 6)
and 0 = & > 0. We will use the downward Maclaurin approximations of the hyperbolic
sine and hyperbolic cosine determined in the Lemmas 2.1. and 2.2. Let us notice that
for the functions sinhx and coshx there are only downward approximations in contrast
to the functions sinx and cosx which have both, downward and upward approxima-
tions [7] (Lemma 1.1. and Lemma 1.2.). However, in the article [8] the following
theorem has been proved:

THEOREM 2.6. Suppose f is a real function on (a,b), n is a positive integer such
that £ (a+), fO(b=), (k€ {0,1,2,...,n}) exist and (—1)" ") (x) is increasing on
(a,b), then for all x € (a,b) the following inequality holds:

n—1 p(k) (7,_ n=1 (g — PO (p—

k=0 : k=0 : (18)
no k) (p—

<flx) <y %(x—b)k.
k=0 :

Furthermore, if (—1)"f")(x) is decreasing on (a,b), then the reversed inequality of
(18) holds.

Suppose f")(x) is increasing on (a,b), then for all x € (a,b) the following in-
equality holds also:

=1 £k) (4 n=1 (p— o)V F) (g

=0 ' =0 ' (19)
L f®(at) k

P YA Car N

!
= K
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Furthermore, if f")(x) is decreasing on (a,b), then the reversed inequality of (19)
holds.

By this theorem it has been proved the existence of upward approximations for the
functions sinhx and coshx, but only in the finite interval (a,b).

Let us observe the addend of the sum (1), s;(x) = oux?i cosh? xsinh’’x, where
o; # 0 for i =1,...,n. Let us introduce the symbol

@ — 1, when ¢; and r; are both even or both odd,
m; = (20)

47zl when g; and r; have different parity.

According to the Theorem 2.5. the addends s;(x) (i =1,2,...,n) are represented
in four different ways depending on the cases, so the following possibilities are given
in the description of the method:

1. Let r; be odd, then it holds:

si(x) = axPicosh? xsinh’i x
k
_ ogxli k 1\ 4 Ti : . L
T 4T 2 -1) 2( 1) <r>(k7r>smh((6b+h 2k)x) Q1)

k

— 2%);”,1 . 2 (20@( 1 k+r( ><k3r>> sinh((q; + r; — 2k)x).

—-r

. k+r Ti
Let us mark with B, = Za, (r)(k )

Then, for every sub addend Bisinh((g; + r; — 2k)x), depending on the sign of [,
two cases are possible:
) if B > 0:

By sinh((g; + r; — 2k)x) > ﬂkTsmh)O ((gi +ri —2k)x), (22)
k

2)if B < 0:
There is a polynomial p,(x) in the finite interval, according to the Theorem 2.6.,
which is an upward approximation for sinh((g; + r; — 2k)x, so it holds:

Bisinh((q; + ri — 2k)x) > Bipn(x). (23)
2. Let ¢g; be odd and r; even, then it holds:

si(x) = oxPicosh? xsinh" x
xPi & k ri . .
s 2(- 2 (%) () cosh((gi+ri—2k)x) o

m;

= qu’fr’l . Z (ZO{, -1) k+r< )(krir>> cosh((g; + r; — 2k)x).
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Then, for every sub-addend B cosh((g; + r; — 2k)x), depending on the sign of S,
two cases are possible:
1)if B > 0:

Brcosh((gi + ri — 2k)x) > ﬁkz;‘;f};fo((q,- +ri — 2k)x), (25)
k

2)if B <0:
There is a polynomial p,(x) in the finite interval, according to the Theorem 2.6.,
which is an upward approximation for cosh((g; + r; — 2k)x, so it holds:

Brcosh((gi + ri — 2k)x) > Brpa(x). (26)

3. Let ¢g; and r; be even, then it holds:

k=0

si(x) = 2[,,-{;,-71 (i ( ;Ofi(—l)k“(‘f) (k’ir>> cosh((gi +ri —2k)x)

it 27)
e S (1))

Further, for every sub-addend f; cosh((g; + r; — 2k)x), depending on the sign of f,
two cases are possible (25) or (26).

Therefore, for every addend s;(x) we can find a polynomial 7;(x), which repre-
sents a downward approximation. Comparing all the addends s;(x) (i=1,2,...,n) that
appear in the sum (1), according to the above stated cases, we get the polynomial

P(x) =3, Ti(x) (28)

which is a downward approximation of the function f(x) in (1); i.e. it holds:
f(x) > P(x). (29)
On the basis of the previous consideration, the following statement is valid:

n
THEOREM 2.7. Let the following properties of the polynomial P(x) = Z Ti(x)
be true: -
(i) there is at least one positive real root of the polynomial P(x);
(ii) P(x) >0 for x € (0,x*), where x* is the least positive real root
of the polynomial P(x).
Then it is valid

flx)>0
Sor x € (0,x*) C (0,9).
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REMARK 2.8. Let us notice that hereby the proof of the inequality f(x) > 0 has
been obtained for x € (0,5,), where &, = x*. The previous theorem can be applied for
x € (61,0) by introducing the substitute = —x.

REMARK 2.9. If there is not at least one positive real root of the polynomial P(x)
and P(x) > 0 for x € (0,0), then it is valid f(x) > 0 for x € (0,0).

The main difference in comparison to the method which has been described in the
article [7], is the fact that upward approximations of the functions sinhx and coshx
exist only in the finite intervals. Consequently, this method can be used either with
inequalities of the type (1) in the finite interval or with inequalities of the same type
in the interval (0,e0) where the coefficients preceding sinhx and coshx are always
positive, i.e. when we only need the downward approximations of these functions.

The completeness of the presented method for the function f(x) from (1) is valid
analogously as for the function Y ; o;x”isin? xcos’ x, which has been shown in the
article [7] (Section 2., part II).

REMARK 2.10. Let us emphasise that the previous method can be applied to the
functions of the form f(x) = ¥ | oh;(x) cosh? xsinh x for x € (0,6), where h;(x) is
a polynomial. The first possibility is when the polynomial /;(x) is of the constant sign
in the given interval ( A;(x) > 0 or h;(x) <0 ), and we do that by analogy with the
previously described procedure. On the other hand, it is possible that the polynomial
hi(x) is not of the constant sign. Then, o;h;(x)cosh? xsinh’/ x can be written as a sum
of addends of the form s;(x), and then we can apply the previously described method
for each of those addends.

Let the indexes l,E') (ie{1,...,n} and k € {0,...,m;}), which appear in the poly-
nomial P(x), be enumerated: ly,l;,...,l,; where m+ 1 is the overall number of sub-
addends which come from every addend s;(x). Let us notice that depending on the
index [ it holds:

) > P loudy Ly 1o Ly) > Pos Ly g, ) (30)

for every index s € {0,1,2,...,m} and [; € Ny. By increasing every index [;, we get
even better and better downward approximations of the function f(x). The previously
described method defines a procedure which ends when at least one (m+ 1)-tuple of
the indexes (lo,11,...,In) = (lo,]1,...,I,) has been determined for which it is valid:

P(x,lo,Iy,...,0,) >0 (31)
for x € (0,0). By completing the procedure, we get a proof of the initial inequality (1).
REMARK 2.11. The method comes down to proving polynomial inequalities of

the form P(x) > 0 for x € (0,6) which is a decidable problem according to the results
by Tarski [5].

Using this method it is our aim in this article to prove some well-known results that
have been considered in the lately published articles and to obtain some new results,
concerning the inequalities of the form (1).
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3. Some applications

In this section we consider some applications of the method based on the Theorem
2.7. in some concrete inequalities.

3.1. A proof of an inequality from the article [6]

In the article [6] R. Klen, M. Visuri and M. Vuorinen have proved the following
statement (Theorem 1.2):

THEOREM 3.1. For x € (0,1)

( 1 )1/2< X << 1 )1/4 (32)
coshx sinhx coshx/
Now we present a proof of the inequality (32).
Proof.
I  We prove the inequality:
I \1/2 X
< 33
<c0shx> sinhx (33)

for x € (0,1). The requested inequality is equivalent to f(x) > 0 for x € (0,1), where
f(x) = x*> coshx — sinh® x. 34)

According to the Theorem 2.5., the function f(x) can be written in the following way:
) 11
f(x) =x"coshx+ ) cosh2x, (35)

which is a concrete mixed hyperbolic-trigonometric polynomial.

Then, according to the Lemma 2.2. and the description of the method, the inequal-
ity coshy > ZiOSh’O(y) (k=4) is true, Vy € R and according to the Theorem 2.6. it is
valid: cosh2y < 1+ 2y?+ (2cosh? 1 —4)y* , for y € (0,1).

For x € (0,1) itis valid:

Fx) > 2T (x) — 2 — (cosh? 1 — 2)x* = Py (x), (36)
where Pg(x) is the polynomial

¥

24

2
= (? +c), (37)

Ps(x) (x* 460 — 24 cosh’ 1) =

where ¢ =2.853.... Since Ps(x) > 0, we conclude that f(x) > 0forx e (0,1).
II Now we prove the inequality:

X << 1 )1/4 (38)

sinhx coshx
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for x € (0,1). The requested inequality is equivalent to f(x) > 0 for x € (0,1), where
f(x) = sinh*x — x* coshux. (39)

According to the Theorem 2.5., the function f(x) can be written in the following way:

31 1
flx)= 3 + 3 cosh4dx — 3 cosh2x — x*coshu, (40)
which is a concrete mixed hyperbolic-trigonometric polynomial.

Then, according to the Lemma 2.2. and the description of the method, the inequal-
ity coshy > T""(y) (k = 6) is true, ¥y € R and according to the Theorem 2.6. it

2oyt — 37146 24 2t
is valid: coshy < 1+ 5 + 55 + 57(24cosh1 —37)y® and cosh2y < 1+ 2y + - +
2 (48cosh? 1 — 112)y°, for y € (0,1).
For x € (0,1) itis valid:

4

F) > 3+ T°°‘h°(4 )+l(—1—2x2—%—ﬁ@gcoshzl—uz)xé)

. 41
(- 1—2 2 1(24coshl—37)x ) = Pio(x),
where Pjo(x) is the polynomial
Pio(x) = = ((555 —360cosh1)x* — 15x> + 916 — 360cosh’ 1)
360
x6 42)

A real numerical factorization of the polynomial P4(x), has been determined via
Matlab software, and given with

Py(x) = a(x—xl)(x—xQ)(x2+px+q)7 (43)

where o = —0.509...,x; = 1.871...,xp = —x1,p = 0,9 = 32.971...; whereby the
inequality p> —4q < 0 is true. The polynomial P;(x) has exactly two simple real roots
with a symbolic radical representation and the corresponding numerical values x; and
x2. Since Py(x) > 0 for the values x € (0,1) C (x2,x1), finally we can conclude that

Pio(x) > 0forx € (0,1) = f(x) > 0forx e (0,1). (44)

Hence, the proof of the inequality (32) is completed. [l

3.2. A proof of an inequality from the article [2]

In the article [2] C. Barbu and L. Piscoran have proved the following statement
(Theorem 13):
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THEOREM 3.2. Let x € R\ {0}. Then the following inequality

sinhx 1

45
X cosh 5 (45)

holds.

Now we present a proof of the inequality (45).

Proof. First we prove (45) for x € (0,e0). The requested inequality is equivalent

inh 1
to F(x) = SE + > 0 which is equivalent to f(x) > 0 for x € (0,c0), where
X cosh =
3
fx) = sinhxcosh;—c _x. (46)
Let us define the function
©(x) = f(3x) = sinh3xcoshx — 3x. 47)

Now we have that f(x) > 0 for x € (0,0) is equivalentto ¢(x) > 0 for x € (0,e0). The
function @(x) can be written in the following way:

1 1
ox) = 3 sinh4x + 3 sinh2x — 3x, (48)

which is a concrete mixed hyperbolic-trigonometric polynomial.
Then, according to the Lemma 2.1. and the description of the method, the inequal-
ity sinhy > T5™(y) (k =3,k = 5) is true for y € (0,0).

For x € (0,00) it is valid:
L I
o) > 3 T3 (4x) + 5 5™ (20) — 3x = Ps(w), (49)

where Ps(x) is the polynomial

2 3
Ps(x) = % (x% +45). (50)
Since Ps(x) >0 for x € (0,e0), we can conclude that ¢(x) > 0 for x € (0,e0), therefore
f(x) >0 for x € (0,).
For x € (—,0) the inequality (45) is valid on the basis of the even property of
the function F(x). Therefore, the inequality (45) is true for x € R\ {0}. O

3.3. A proof of a new double inequality

As we have already mentioned in the first paragraph of 2.2., if we use upward
approximations of sinhx and coshx, then inequalities can be proved only in the finite
interval (a,b). According to our knowledge, the following double inequality is new
(it’s not presented in literature).
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THEOREM 3.3. For x € (0,1) it holds:

5 inh 3coshx+2
(coshf> - sinhx - coshx + . (51)
by 5
Let us prove the inequality (51).
Proof.
I We prove the inequality:
5 inh
(cosh)—c> < Y (52)
4 X

. . . sinhx x\3
for x € (0,1). The requested inequality is equivalent to F(x) = - (cosh Z) >0
X
which is equivalent to f(x) > 0 for x € (0,1), where

5
flx)= sinhx—x(cosh%) . (53)
Let us define the function
@(x) = f(4x) = sinh4x — 4xcosh® x. (54)

Now we have that f(x) > 0 for x € (0,1) is equivalent to ¢(x) > 0 for x € (0, %)
According to the Theorem 2.5., the function ¢(x) can be written in the following
way:

5 5
@(x) = sinh4x — % cosh5x — Zx cosh3x — Ex coshx, (55)

which is a concrete mixed hyperbolic-trigonometric polynomial.

Then, according to the Lemma 2.1. and the description of the method, the inequal-
ity sinhy > T5"™°(y) (k=5) is true, for y € (0,%) and according to the Theorem 2.6.,

for y € (0, %), itis valid:

25 , 625 1 1 1
wmw<1+7f+31f+zﬂwn%wmﬁz—W%%Mmmz

1 6
+@wmmmz—mﬂmb,

9 27 1 1 1
cosh3y < 1+ Eyz + §y4 + 2 <393216 cosh? i 294912 cosh i 127248>y6

and

ot 1 6
h l+—+4+=— —(98304 h-— 101392) .
coshy < +2+24+24 cos4 y
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For x € (0, 1) itis valid:

h,0
s1n (4) %(l—l—%xz—l—%f‘

s
=
v
ﬂ

5 (1572864 cosh’ 1 — 1966080 cosh® 1 + 491520 cosh £ — 185104)x )

-3(
-3(

1+ 902 4 Zx* + (393216 cosh® § — 294912cosh § — 127248)x6>

[+5 4§ + 4(98304cosh § — 101392)x°)

NI

== P7 (x)7
(56)
where P (x) is the polynomial
3
Py(x) = ;C—O ((573520 — 491520 cosh’ 1)x* — 69x% + 20)
(57)
= @P 4(X).

A real numerical factorization of the polynomial Py (x), has been determined via Matlab
software, and given with

Py(x) = a(x—x1) (x—x2) (* + px+q), (58)

where oo = —205.838...,x; =0.431...,x, = —x;,p = 0,9 = 0.521...; whereby the

inequality p? —4q < 0 is true. The polynomial Py(x) has exactly two simple real roots

with a symbolic radical representation and the corresponding numerical values x; and

x2. Since Py(x) > 0 for the values x € (0, %) C (x2,x1), it follows that Py(x) > 0 for

x € (0,1). Then we can conclude that ¢(x) > 0forx € (0,%) = f(x) >0forx € (0,1).
II' Now we prove the inequality:

sinhx - 3coshx+2

59

T 5 (39)

for x € (0,1). The requested inequality is equivalent to f(x) > 0 for x € (0,1), where
f(x) =3xcoshx+ 2x — 5sinhux, (60)

which is a concrete mixed hyperbolic-trigonometric polynomial.
According to the Lemma 2.2. and the description of the method, the inequality
coshy > T (y) (k = 4) is true, Vy € R and according to the Theorem 2.6. the

inequality sinhy < y+ %3 + %(6 sinh 1 —7)y’ is valid, for y € (0,1).
For x € (0,1) itis valid:

£(x) > 3TN0 (x) 4+ 20— 5 (x+ £ 4 L6sinh 1 — 7)x5> —pPs(x), (61
where Ps(x) is the polynomial
3
Ps(x) = — ’2‘_4 ((120 sinh 1 — 143)x% — 16) =0.082x°(x* + 8.097). (62)

Since Ps(x) > 0 for x € (0, 1), we can conclude that f(x) > 0 forx € (0,1).
Hence, the proof of the inequality (51) is completed. [l
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4. Conclusion

The previous method can be applied to some inequalities which correspond to uni-
variate mixed hyperbolic-trigonometric polynomial functions. Concrete results of the
presented method have been obtained in this article through the applications. Some of
the inequalities found in the articles: [2] (Theorem 10, Corollary 14.), [1] (Corollaries
2.1. and 2.2.), [6] (Lemma 3.3.), [4] (Remark 1. from Section 2), can also be proved
by this method. Also, combining this method with the method from the article [7] for
sinx and cosx, we can prove the inequalities in which sine and cosine appear together
with hyperbolic sine and hyperbolic cosine, as for example in the article [2] (Theorem
1. and Corollary 2.).

Acknowledgements. 1 would like to thank professors Branko Malesevi¢ and Ne-
bojsa Ikodinovi¢ for their valuable comments and suggestions, which were helpful in
improving the article.

REFERENCES

[1] C.BARBU, L. PISCORAN, On Panaitopol and Jordan type inequalities, http://ijgeometry.com/
wp-content/uploads/2012/04/Untitledl.pdf.

[2] C. BARBU, L. PISCORAN, Jordan Type Inequalities Using Monotony of Functions, J. Math. Inequal.,
8 (2014), 83-89.

[3] I. S. GRADSHTHEYN, I. M. RYZHIK, Table of Integrals, Series and Products, Edited by A. Jeffey
and D. Zwillinger, Academic Press, New York, 7th edition (2007).

[4] Y. HUA, F. Q1, Sharp inequalities between the hyperbolic cosine function and the sine and cosine
functions, Pak. J. Statist., 29 (3) (2013), 315-321.

[5] J. KENNEDY (editor), Interpreting Godel: Critical essays, Cambridge Univ. Press 2014, Chap-
ter: B. Poonen: Undecidable problems: a sampler, pp. 211-241, http://www-math.mit.edu/
“poonen/papers/sampler.pdf.

[6] R. KLEN, M. VISURI, M. VUORINEN, On Jordan Type Inequalities for Hyperbolic Functions, J.
Inequal. Appl., vol. 2010, 14 pages, doi:10.1155/2010/362548.

[7]1 B. MALESEVIC., M. MAKRAGIC, A method for proving some inequalities on mixed trigonometric
polynomial functions, J. Math. Inequal., 10 (3), (2016), 849-876., doi:10.7153/jmi-10-69.

[8] S. Wu, L. DEBNATH, A generalization of L’Hospital-type rules for monotonicity and its application,
Appl. Math. Lett., 22 (2009), 284-290.

(Received June 5, 2016) Milica Makragi¢
Faculty of Electrical Engineering

University of Belgrade

Bulevar kralja Aleksandra 73, 11000 Belgrade, Serbia

e-mail: milica.makragic@etf.rs

Journal of Mathematical Inequalities
www.ele-math.com

jmi@ele-math.com



