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Abstract. As generalizations of arithmetic and geometric means, for positive real numbers a and

b, power difference means J, (a,b) = (ﬁil ‘ﬂ::;%%“ and Heron means K, (a,b) = (1 —q)vVab+
q%” are well known. In this paper, we obtain the greatest value o = o/(q) and the least value

B = B(q) such that the double inequality
Ko (a,b) < Jg(a,b) < Kg(a,b)

holds for any g € R, which includes Xia, Hou, Wang and Chu’s result. Moreover, from this
result, we derive operator inequalities for bounded linear operators on a Hilbert space.

1. Introduction

We have been discussed and used the arithmetic and geometric means in various
branches, and also many generalizations and related means are known. For example,
power difference means, Heron means and so on. In what follows, we use the following
notations for several means. For g € R and two positive real numbers a and b,

b
A(a,b) = a—; (arithmetic mean), G(a,b) = Vab (geometric mean),

b —b
H(a,b) = p a 5 (harmonic mean), L(a,b)= I()gzw (logarithmic mean),
q anrl _ bq+l )

_— if 0,—1,

i1 w1470
Jq(a,b) = _azb ifg=0, (power difference mean),

loga —logb

1 —1
ablloga—logh) 4 _ |
a—>b
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b
Ky(a,b) = (1— q)\/cE+q% (Heron mean).

These means are symmetric, that is, A(a,b) = A(b,a), G(a,b) = G(b,a) and so on.
We note that J,(a,a) = ;im Jy(a,b) = a. It is well known that

H(a,b) < G(a,b) < L(a,b) < A(a,b),

(7b) ( ) (a7b)7 JO(a7b):L(avb)»
Jl(a,b) Ko(a,b) = G(a,b), J_z(a,b)=H(a,b),

and also J,(a,b) and K,(a,b) are monotone increasing on g € R.
Many researchers investigate estimations of these means. The following relation
is well known.

1
L(a,b) < Ky(a,b) for all a,b > 0 if and only if o > 3 (L.1)

In [1], Bhatia proved (1.1) by using Taylor expansion. As related results to (1.1), for
example, they obtain matrix norm inequalities in [1, 5, 8], and also operator inequalities
for bounded linear operators on a Hilbert space in [3, 4].

We also have many related numerical inequalities to (1.1), see [7, 12, 13] and so
on. We remark that J,(a,b) is called the one parameter mean in [7, 12, 13]. In [12],
Xia, Hou, Wang and Chu obtained optimal inequalities between J,(a,b) and K,(a,b).

THEOREM 1.A. ([12]) Forall a,b> 0 with a # b, we have the following inequal-
ities.

@) If o € (0, ) then J3a sa-1(a,b) < Ky(a,b) <J «_(a,b).

(i) If ot € (3,1), then J_«_(a,b) < Ka(a,b) <Ja1(a,b).

The given parameters 30‘2 and in either case are best possible.

2—a oc

In Theorem 1.A, they obtain the greatest value p = p(c¢) and the least value g =
q(a) such that the double inequality

Jy(a,b) < Kg(a,b) < Jy(a,b)

holds for any o € (0,1). We remark that they proved Theorem 1.A by calculating
derivatives, and also p(c) € (5%, 1) and g(e) € (0,1) in Theorem 1.A.

In this paper, we extend Theorem 1.A by the different way to [12]. In other words,
by using Taylor expansion, we obtain the greatest value o = ¢/(q) and the least value
B = B(q) such that the double inequality

Ko (a,b) < Jy(a,b) < Kg(a,b)

holds for any g € R. Moreover, from our main result, we derive operator inequalities
for bounded linear operators on a Hilbert space.
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2. Lemmas

In this section, as lemmas to prove our main result, we show two properties of
functions gi(g) for k=2,3,... and g € R defined by

(q+1)2(k71) q2(k71)
2 (2k 1)q2(k7i)

gr(q) = 2.1

1 n n! . . .
and g;(0) = 1 for convenience’ sake. Here, (r) = T p—T is a binomial

coefficient for nonnegative integers n and r such that 0 < r < n. We remark that

2 1
g2(q) = a4 3+ in particular.

2q
- . : (¢>0),
LEMMA 2.1. The limit g..(q) = lim gi(q) exists and g-.(q) = { q+1
koo
0 (¢g<0).

Proof. Firstly, we state the following relation (2.2) which is important to prove
results in this paper. By putting j =k — i,

ko 2k—1 . k27 2k—1 ,
2q ( ) >q2(k—l) =2 ( ] >q2j+l
l.zzé 2(i—1) 2 2(k—j—1)

j=0
(2.2)
2k

k—1
-2 2]+1_2 2k—1 +12k 1 _12k71_2 2k71.
%(2].“)61 =g+ )" (g 1) q

If g # 0, the following holds by (2.2).

(g + 1)26=1) _ g2=1)
{(q+l)2k T4 (g—1)2%-1_2q2%1}

{ <%>‘}

gk(q) =

e BT R (fg£-1)  (23)
2a{ (5™ -1
- (q+1)(4+1)2k 2 ( )( )2/{ 2 2q (24)

Now we divide the range of ¢ into four cases.
Case 1 If ¢ >0, then —1 < Z% <land 0< # < 1. Therefore (2.3) implies
2
8=(q) = ;75 -
Case 2 If 51 < ¢ <0, then 4 +1 < —1 and — il < 0, so that we have
8(q) =0.
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Case 3 If g < _71, then
g-(q) =0.

Case 4 If ¢ =0, then g;(0) =
Hence the proof is complete.

—1<%<1and%>l.

M. ItO

Therefore (2.4) implies

1
m—>0ask—>°o.
O

LEMMA 2.2. Let gi(q) for g € R asin (2.1). Then the following assertions hold:

(1) If k> 3, then

2(q—=1)2q+1)(29—-1)

— = 1 2u -1 2v 2w'
82(q) — gu(q) 35, () M%O (g+1)™(g—1)"q
u+v+w=k—3
@) If k=2 and g > 0, then

( l)(zq_ 1) 2v 2w
8k(q) — 8-(q) = : qg—1)"q™".
k( ) ( ) (q-l—l)E (2k 1))q2(k_l) VM;Z}O ( )

v+w=k—2

Proof. (i) We consider the case g # 0 since the case ¢ = 0 holds by

—&(0) =

11 2(k=2)
3 2%k—1 3(2k—1)

(g+ 1)1 — 2(=1)

£2(0)
Since we get
2g+1
82(9) —glq) = —5— -

zk (2k 1)q2(k—i)

(2q+1)2k (21; 11))612(164)_3{((H_1)2(1c71)_qz(1c71)}

we have only to show

hy( 2q+l (

()2

3% ()t ’

) (k=) _3¢(g+ 1)26-D _ 2Dy

H2g-1) Y

u,y,w=0
u+v+w=k—3

25
(g+1)*(qg—1)*g™. 2
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By (2.2), the equation (2.5) holds since

in(0) = a+ 1) 3, (e~ L )0 =3 17— )

i=2

= 2(]2—_!]—1 {(q—|— 1)2k71 +(q— 1)2k—1 _2(]2](71} —3{(q+ 1)2(k71) _qz(k,l)}
B Zl_q{(2q+1)(614—1)(61—1—1)2]‘_2+(2q+1)(q_ 1)(g— 122

~2q(2g+1)g* > —6q(qg+1)* 2+ 6q- qz"’z}

= 50 { oD@ @+ a1 -1 —dgla-1) 2

= 2= a0 {la 17D -@4 0} gt {12 ]

Dog-1)2g+)2g-1) Y (g+1D)*(q- 1",

u,v,w=0
u+v+w=k—3

and the last equality () holds since

(2g—1) {(61+ 12061 — qz("‘”} —(2q+1) {612("‘” —(g— 1)2("‘”}
=(29-D{(g+1)*-¢*} {(4+ DX 4 (q+ 122 44 (g +1)220) +q2("*2)}

—(2g+1) {¢*~(q—1)*} {qz(k’2>+qz<k’3) (q—1)%+ +qz(q—1)2<"’3)+(q—1)2("’2)}
k—2

=2+ 1)2q—1) Y {(g+ 1) = (g— 1)} g** 27
i=1
k=2

=(2¢+1)2¢-1) Y {(g+1)*~(g— 1)}

i=1
{(61+1) D (g+1)202(g—1)? +...+(q_1)2(i—1)}q2(k—2—i)

k _
=4q(2q+1)(2g—1) Z{Z g+1)%(q 1)2(i—1—j)}q2(k—2—i)

i=1 =0
=492+ 1)29—1) Y (g+1)*(q—1)> g™

u,y,w=0
u+v+w=k—3

—2

Therefore the desired result holds.
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(1) We get

- (q_|_1)2(k71) q2(k71) B 2(]

S G gt
(q_|_1)2k 1—(£I+1) 2k—2 2612 (21: 11))(]2(k7i)
(g+ D)2 () e 7

so we have only to show

hy ( )E(q+1)2k—l (q+l) %-2_ o z<22(k_l)q2(k_i)

i=2 1)
(2.6)
=(g-D2q-1) ¥ (g-1)¢™"

By (2.2), the equation (2.6) holds since

h(q) = (g+1)* 1 —(g+1)g* 2 -2 Z<2k_l) 2(k—i)

= (g+ 1% =g ! {(q P (g = ) -2

= (g—D{e* V= (g- 1™}

= (g-Dg-1{¢ “>+q“>< P4+ gPlg =12V + (=12 |
=(¢-1D@2g-1) Y (¢-1"¢"

vw=0
vw=k—2

Hence the proof is complete. [l

3. Main result

Theorem 1.A can be written by the following form as the result estimating power
difference mean by Heron mean, but the estimations are partial.

THEOREM 1.A’. ([12]) For all a,b > 0 with a # b, we have the following in-
equalities.

(i) If g€ (0,%), then Kz_ql (a,b) < Jy(a,b) < K@ (a,b).
q+

(i) If g € (3,1), then Kag1 (a,b) < Jy(a,b) <K 2 (a,b).
3

=1
(iii) If q € (5,0], then Jy(a,b) < Kagi1(a,b).
3

The given parameters 2‘13—“ and 1 in either case are best possible.
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Here, we obtain estimations of power difference mean by Heron mean for all g €
R.

THEOREM 3.1. Forall a,b > 0 with a # b, we have the following.
(i) Let g € (0,3)U(1,). Then

Kﬁ (a7b) < Jq(a,b) < K@ (a,b).

q+1

(i) Let g € (3,1). Then

K@ (a,b) <Jq(a7b) <Koy (a,b).

q+1

(iii) Let g € (£,0]. Then

G(a,b) = Ko(a,b) < Jy(a,b) < qu3_+1 (a,b).

(iv) Let g € (—oo, ’71) Then
Kz,,TH (a,b) < Jy(a,b) < Ko(a,b) = G(a,b).

The given parameters of Ky (a,b) in each case are best possible.

We remark that equalities hold between J,(a,b) and Ky(a,b) in the following
cases.

Jo(a,b) = Koy (a.b) =K (a,b) forg=3,1.
3

+1

q
Jg(a,b) = K21 (a,b) = Ko(a,b) forqg= .
3
To prove Theorem 3.1, we shall show the following propositions.

PROPOSITION 3.2. The following statements hold:

(i) Let g € (5, 3)U(1,0). Then

Jg(x,1) < Ko (x,1) forall x>0 with x# 1 ifand only if o> 2‘13—+1
(i) Let g € (—oo, 51)U(3,1). Then

Jy(x,1) > Ko (x,1) forall x>0 with x # 1 if and only if o < @.

PROPOSITION 3.3. The following statements hold:
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(i-1) Let g € (0,3)U(1,e0). Then

Jg(x,1) > Ko (x,1) forall x>0 with x# 1 if and only if o < Tq

(i-2) Let q € (5,0]. Then

Jy(x,1) > Ko (x,1) forall x>0 with x# 1 ifand only if o0 <0

(ii-1) Let g € (3,1). Then

Jg(x,1) < Ko(x,1) forall x>0 with x# 1 if and only if o > 2+—q

(ii-2) Let g € (—o0, 5). Then

Jy(x,1) < Ko (x,1) forall x>0 with x# 1 ifand only if o0 >0

Proof of Proposition 3.2. (i) Let g € (5},3) U (1,e0). Firstly we show that o >

2g+1
% ensures

g xt'—1 x+1
Jon1) = -4 <(1—a)Wait a2 — Ky(x,1
g )= g <@Vt o= =Kalx 1) 3.1)

for all x > 0 with x # 1.

If ¢ # 0, by putting x = ¢*, (3.1) holds if and only if

(g+1)r _ ,—(g+1) ' —t

q e e e +e
1—

P R <(l-o)+o

forall r e R\ {0}. (3.2)

Since both sides of (3.2) are even functions, we have only to consider the case ¢ > 0.
Then, since @ > 0, (3.2) for r > 0 is equivalent to

- el — o= at e +e! e(q+l)t _ 67(q+1)t
f(t):T{(l—a)—f—a 5 }— T

sinh((¢g+1)t) >0 forallz > 0.
(3.3)

2 2
= —sinh(gr){(1 — o)+ oxcoshr} —
~sinh(qr) (1~ @) b
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Therefore we prove (3.3). By Taylor expansion, we have

f(f)=3<q+2—t'+q5—t'+ ){(l—a) <1+2+;4'+ )}

3.3
—Ll{(q+1)t+ (H;!) T+ (q+51!) & +}

( z+ )(1+2z+4 +--)

2{ (6]‘;1) t3+(q45"1) t5—|—~~~}

k1) 2k-i) g 2k-1)
_ q (CH—I) 2k—1
22{ 2% 1)! +l2 2 )2kt 120 (k1) }t

2
=2 2 Brq(00) 1
k=2

where
2(k—1) k 2(k—i) 2k—1)
q q _(g+1)
= f =2,3,....
9ea(®) = p Ty +§( TGk 1= Gk—nr k=23
(3.4)
Then ¢ ,(ct) > 0 if and only if
(g+ 1)2=1) — g2(k=1) B
o> sk (2k l)qz(k—i) = 8(a);
If ¢ =0, by the similar argument, we can get
o 1
Prolar) = (2k—2)!_(2k—1)! for k=2,3,..., (3.5)

so that @ o(cr) > 0 if and only if o > 515 =
By (i) inLemma2.2, g € (5}, 3)U(1,)
Therefore, if o > q+1 =g2(q), then ¢ 4(x)
is, (3.3) holds.
On the other hand, if o < 2q+1 = g2(q), then ¢, 4(0r) <0 holds, thatis, f(z) <0

for sufficiently small 7 > 0. Therefore (3.3) assures o > 2q+1
We can prove (ii) similarly, so the proof is complete. D

8x(0).
ensures that g2(q) > gx(q) forall k> 3.
>0 and ¢ 4(0) >0 forall k> 3, that

Proof of Proposition 3.3. (i) Let g € (%, 1) U(1,0). Then by the same way to
the proof of Proposition 3.2, we have only to consider the case that

1) =23 ¢rg(0)* 1 <0 holdsforall r >0, (3.6)
k=2



840 M. ITO

thatis, o0 < g(q) for k =2,3,..., where ¢ ,() is defined in (3.4) and (3.5), and also
gr(q) isin (2.1).
(i-1)Let g € (0,3)U(1,e0). By (ii) in Lemma 2.2, g € (0, ) U(1,0) ensures that
gk(q) > gw(q) forall k > 2, so that (3.6) holds if o < (12% = gw(gq) by Lemma 2.1.
On the other hand, for any € > 0, there exists a natural number ny such that
n>ny implies go(q) < gn(q) < g=(q) + €. If G = g(q) +& > 24 = gw(q), then
On,q(0e) > 0 holds for n > ng, thatis, f(r) > 0 for sufficiently large 7. Therefore (3.6)

2q
assures o < i

(i-2) Let g € (51,0]. Then gi(q) > g~(q) =0 for all k > 2 by Lemma 2.1.
Therefore (3.6) holds if o@ < 0. We can show “only if” part by the same way to (i-1).

We can prove (ii-1) and (ii-2) similarly, so the proof is complete. []

Proof of Theorem 3.1. By putting x = 7 in Propositions 3.2 and 3.3, we immedi-
ately obtain the desired result. [

REMARK. By (3.3) in the proof of Proposition 3.2, we obtain the following in-
equalities on hyperbolic functions. We remark that we can produce related inequalities
from other results in Propositions 3.2 and 3.3.

PROPOSITION 3.4. Let g > 1. Then the following inequalities hold.

() If o > 2L then

(a - %) sinh((g+ 1)) +2(1 — ) sinh(gr) + acsinh((g — 1)) > 0

holds for all t > 0.

2g—1 2q+1

(ii) 1 sinh((g+1)t) + T sinh((g — 1)t) > 4sinh(qt) forall t > 0.

sinh((g+ 1))  sinh(qgr) - sinh(gt)  sinh((g— 1))

(iii)
q+1 q q qg—1

forall t > 0.

Proof. (1) is shown by applying the product-to-sum formula to (3.3). We have (ii)

and (iii) by putting o = % and ¢ =¢q (> %) in (i), respectively. [J

4. Operator inequalities

Here, an operator means a bounded linear operator on a Hilbert space 7. An
operator T is said to be positive (denoted by T > 0) if (Tx,x) > 0 forall x € 5, and
also an operator 7 is said to be strictly positive (denoted by 7 > 0) if T is positive and
invertible. A real-valued function f defined on J C R is said to be operator monotone
if

A < B implies f(A) < f(B)
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for selfadjoint operators A and B whose spectra 6(A),o(B) C J, where A < B means
B—A>0.

Kubo and Ando [10] investigated an axiomatic approach for operator means. In
[10], they obtained that there exists a one-to-one correspondence between an operator
mean 91 and an operator monotone function f > 0 on [0,e) with f(1)=1. We
remark that f is called the representing function of 21, and also an operator mean 901
can be defined by

1 -1 —1 1
M(A,B) =A2f(A2 BA? )A2 @.1)
if A>0and B> 0.

For A,B > 0, arithmetic mean 2((A, B), geometric mean & (A, B), harmonic mean
$(A,B) and logarithmic mean £(A,B) are typical examples of operator means, and
their representing functions are

_x+1 _x—1

2
A1) =", Glx1)= VX, H(x,l):)Txl and L(x,1) = 1

We remark that we often denote 2A(A,B), &(A,B) and H(A,B) by AVB, AtB and
A!B, thatis,

A+B S
AVB:%, AfB=A?(ATBA7)IA? and A!B:(

Al !
=)

Now it is permitted to consider binary operations given by (4.1) for general real-
valued functions. Power difference mean J,(A,B) and Heron mean £,(A,B) are given
by Jy(x,1) and K,(x,1), respectively. For —2 < ¢ < 1, itis knownin [2, 6, 9, 11] that
J4(A,B) is increasing on ¢ and J4(A,B) is an operator mean. Obviously £,(A,B) is
an operator mean for 0 < g < 1.

Fujii, Furuichi and Nakamoto [3] showed the following result on an estimation of
Heron mean for positive operators.

PROPOSITION 4.A. ([3]) Let A and B be positive invertible operators and r € R.
Then the following inequalities hold:

(i) If r=2, then rAfB+ (1—r)AVB<A!B.
(i) If r<1,then rAtB+(1—r)AVB>A!B.
The conditions on r is optimal, that is,

inf{r|rA4B+ (1—r)AVB<A!B} =2 and
sup{r|rA$B+(1—r)AVB>AB} =1.

By Propositions 3.2 and 3.3, we can obtain an extension of Proposition 4.A.
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THEOREM 4.1. Let A and B be positive invertible operators.
(i) Let g € (0,5)U(1,e0). Then

K2 (A,B) <Jy4(A,B) < RZ‘,TH(A,B).

q+1

(i) Let g € (3,1). Then

qu%l(A,B) <J4(A,B) < R 2 (A,B).

q+1

(iii) Let g € (£,0]. Then

B(A,B) = 8o(A,B) < Jy(A,B) < a1 (A,B).

(iv) Let g € (—oo, _71) Then

The given parameters of R¢,(A,B) in each case are best possible.

Proof. We have Theorem 4.1 by putting x = A TBA7 and applying the standard
operational calculus in Propositions 3.2 and 3.3. [J

Theorem 4.1 implies the following inequalities by putting ¢ =0, —2.
COROLLARY 4.2. Let A and B be positive invertible operators. Then the follow-
ing hold.

(i) G(A,B)=R(A,B) < £(A,B) < &1 (A,B).

1
3
The given parameters of R¢,(A,B) in each case are best possible.

In Corollary 4.2, the second inequality in (i) is an operator version of (1.1), and
also (ii) is just Proposition 4. A.
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