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A NOTE ON GENERALIZED CAUCHY-SCHWARZ INEQUALITY

SONGTING YIN

(Communicated by J. Pecaric)

Abstract. We generalize the well-known Cauchy-Schwarz inequality involving any number of
real or complex matrices, and also give a necessary and sufficient condition for the equality. This
is an improvement of the two recent literatures due to N. Harvey and D. Choi.

1. Introduction

In [1], N. Harvey generalized the Cauchy-Schwarz inequality to an inequality in-
volving four vectors. Namely, for any a,b,c,d € R", it holds that

lal? 6]+ [lc|?|d]|* > 2a" cb"d + (a"b)* + (" d)? — (a"d)* — (b" ).

Afterwards, the result was refined by D. Choi ([2]) to a stronger one:

D Nl Plbwll? = Y (afyb)? (1.1)
k=1 k=1
2 T T T T
=7 X laanbybu) = ababian)
m=11<k<i<m
forany agy,b;) € R",k=1,---,m, and m > 2. Furthermore, he also gained the com-

plex version of the inequality.
In this paper, we will extend them into the following:

Y AwPIBwI? = (Al Bw))? (1.2)
k=1 k=1
2 T T T T
forany n x n real matrix A, B),k=1,---,m, and m =2 (Theorem 2.2). We remark

that when {A ), B),k =1,---,m} are 2m diagonal matrices, (1.2) becomes (1.1). The
complex version of Inequality (1.2) is also obtained (Theorem 2.4). The whole proof is
direct as in [1] and [2], but the calculation is a bit more tedious.
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Recall that N. Harvey and D. Choi used the Euclidean norm on R” or C", while in
this paper we generalized the inequality using the Frobenius norm on the space of n x n
real or complex matrices. Noticed that an 7 x n matrix can be viewed as an n”> dimen-
sional vector, and the Frobenius norm of an n x n matrix is the Euclidean norm of that
n? dimensional vector. Moreover, for any n X n matrix A and B, define inner product

s (A,B) =: tr(ATB). It easy to see this inner product equals to the Euclidean inner
product for A and B as n”> dimensional vectors. Thus, we remark that the inequalities
obtained are also true for any finite inner product space.

In [2], D. Choi gave a necessary and sufficient condition if the equality holds in
(11) a(k).’ib(k)’j —a(k)Jb(k)J = a(l)ﬂ-b(l) j —a() b() for all k = l ,m, and i,j =
1,---,n. We point out that the author missed the absolute notation there. In this paper
we will correct this mistake in Theorems 2.1 ~ 2.4 below.

2. Main results and their proofs
THEOREM 2.1. Let A, B, C and D be four n x n real matrices. Then
AP BIP+IICIPIDI* = (tr(AT B))*+(tr(C" D))*+2 [tr(ATC)tr(B" D)—tr(A" D)r(BT C)] ,

where the equality holds if and only if a; by — aybij = £(cijdy — cud;j) forall i, j,k,l =
Lo om.
Proof. Notice that ||A[|> = B> = Zb?J and tr(A” B) = ¥, a;jbij. Then we
iJj

1]7

have

HA||2HB||2 tr ATB Zaljzbkl Zau ljzaklbkl
i,J

= 2 (aijbkl—aijbijaklbkl)
}jkl

=3 Z aljbkl aklsz) .
lj,kl

Using the formula above, we obtain
IA|P(1B]|* + [|C|1*ID]> — (tr(AT B))* — (tr(C" D))?

1
=5 Y, [(aijbu — anbij)? + (cijdy — Ckldij)z]
ikl

> { [(aibu — aubis) £ (cijdi — cudj)]* F 2(aijbu — awbij) (cijdy — Ckldij)}
ijkl

1

5 2 (aijbu—anbij) £ (cijdu— Ckldl/ <Zaucuzbk1dk1 ZZa,J l/Ebklckl>
Iy
F2 (tr(

(ATC)tr(B" D) — (AT D)ue(BT C))
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which gives the desired inequality. The condition for equality is obvious. This finishes
the proof. [J

THEOREM 2.2. Let A(1),*,A(m):B(1), "+, B(m) be n X n real matrices. Then, for
m > 2, we have

D AwPlIBwI? = Y (tr(Al Bw))?
k=1 k=1
2
ELEY ‘tr(A(Tk)A(,))tr(B(Tk)B(,))—tr(A(Tk)B(l))tr(B(Tk)A(,)) ,

m—1, S

+

where the equality holds if and only if a () ;;b).pg — A(k),pgb(k).ij = :I:(a(mjb(l)m —
agy pgbay,ij) forall k,l=1,--- m and i,j,p,q=1,---,n.

Proof. Tt follows from Theorem 2.1 that

1A 12 1B 12 + A0 P1BI* = ((AfyBuy)* — (t(AfyB(y))?

>2 ’tr(A(Tk)A(l))tr(B(Tk)B(l)) — (AT By (Bh A )
for 1 <k <l <m. Thus, we have
) (140 1218w |12 = (t(Afy Bw)?
=1
1

——— Y 1wl PIB P+ 1A 2B P (Al B))* — (el By

m=1 Zem
2
>— ¥ ‘tr(A(Tk)A(,))tr(B(Tk)B(l)) — (A Bu)u(BlAw)| D
1<k<I<m

In what follows, we consider the complex case. The complex Frobenius inner
product is defined by (A, B) = tr(A*B). First, we give

THEOREM 2.3. Let A, B, C and D be four n x n complex matrices. Then

IAIPIB]> + ICIPID]? > [w(A*B)* +[w(C D)
+2|Re (tr(A*C)tr(B*D) — tr(A*D)tr(B*C))|,

where the equality holds if and only if a; by — anbj = £(cijdy — cud;j) forall i, j k.l =

1,...,n.



894 S.YIN

Proof. Since A, B are complex matrices, ||A|*> = Y a;;ar, ||B||* = X bi;bij. Hence,
i,J i,J

HA||2||BH2 |tr(A*B)| Za,Ja,,Ebklbkl Za,, zjzaklbkl

= 2 aijaijbkzbkz—aijbijakzbkﬂ
i jkl

=3 Z ‘aljbkl aklbu‘
lj,kl

Therefore,
IA||B])> + [|C|1*ID]|> — |tr(A*B) |* — |tr(C* D)

1
=5 > [laijbu — anbij|? + |cijdy — Ckzdij\z]

i,j,k,l
1 -
=_ 2 [|(aijbx — anbij) % (cijdu — cudij) EEs 2Re(aijby — anbij)(cijdu — cudij)]
i)kl
1
=5 Y [aijby — apbij) + (cijdi — crudij) B
i,j,k,l

F2Re (Zal/cllzbkldkl ZaU ljzbklckl>

] i,j k,l
> F2Re(tr(A*C)tr(B*D) — tr(A*D)tr(B*C)).
Then the desired inequality follows. [l
By a similar argument, we further obtain

THEOREM 2.4. Let A(yy,++,A(m),B(1), s B(m) be nxn complex matrices. Then,
for m > 2, we have

S IAwIPIBwl* =Y, (A
=1

k=1
2 « . * *
+— Y ‘Re(tr(A(k)A(l))tr(B(k)B(l))—tr(A(k)B(l))tr(B(k)A(l))) ,

m—=1, =,

where the equality holds if and only if a(k)’ijb(k)’pq — a(k)’qu(k)’ij = j:(a(l)’,-jb(l)ﬁpq —

aqypgbay.ij) forall k,l=1,---m and i,j,p,q=1,---,n

Finally, we unify the two Frobenius inner product (real and complex) into one
representation by (-,-). Then Theorems 2.1 ~2.4 can be written as

THEOREM 2.5. Let A(y), -+, A(m):B(1)," s B(m) be n X n real or complex matri-
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ces. Then, for m > 2, we have

S 1A IPIBwI* =Y, (Aw, B
k=1 k=1
2

+m—l

> Re({Aw)Aw) (B Bay)—(Aw)» By (BuyAay))

1<k<I<m

)

where the equality holds if and only if aq iib).pq — Ak).pgPk).ij = i(a(l),ijb(l),pq B
aqy.pgbayij) forall k,l=1,---.m and i,j,p,q=1,---,n.
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