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SOME NEW NONLINEAR WEAKLY SINGULAR
INTEGRAL INEQUALITIES AND THEIR APPLICATIONS

RUN XU

(Communicated by Q.-H. Ma)

Abstract. The purpose of the present note is to establish some new weakly singular integral
inequalities of Wendroff type, which generalized some known weakly singular inequalities for
functions in two variables. The inequalities given here can be used in the analysis of various
problems in the theory of certain classes of integral equations and evolution equations.

1. Introduction

It is well known that singular integral inequalities played very important roles in
the qualitative theory of differential and integral equations. In the study of differential
and integral equations, one often deal with certain integral inequalities. The Gronwall-
Bellman type integral inequality and its various linear and nonlinear generalizations
are crucial in the discussion of existence, uniqueness, continuation, boundedness, and
stability properties of solutions. During the past few years, many papers [1-6, 8§-16]
have appeared in the literature which deal with integral and sum inequalities involving
functions of one and more than one independent variables. Usually, the integrals con-
cerning this type inequalities have regular or continuous kernels, but some problems
of theory and practicality require us to solve integral inequalities with singular kernels.
For example, Henry [7] used this type integral inequalities to prove a global existence
and an exponential decay result for a parabolic Cauchy problem. Recently, Ma et al.
[10] studied the inequality

uP (1) < a(r)+ b(r) /Ot (1% — s P f(s)ud (s)ds, 1E€R,.

In 2016, Xu and Meng [11] presented Gronwall-Bellman type integral inequalities with
nonlinear weakly singular integral kernel of the form

WP(t) < alt) + b(t) /0 (= )L e(s)u (s)ds + d () /O (1 @) B=11 £ (5 (5)ds.
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Cheung et al.[11] investigated the inequality in two variables

() < aley) +b(y) | ' / " (x5BT (g @BV £, 1) (5, 1),
(x,y) €D.

In this paper, motivated mainly by the work of [9-12], and applying Medved’s
method of desingularization of weakly singular inequalities, we establish some new
singular version of the Wendroff inequality for functions in two variables. An example
is included to illustrate the usefulness of our results.

2. Preliminary knowledge

In what follows, R denotes the set of real numbers, Ry = [0, +c0), C'(M,S) de-
notes the class of all i-times continuously differentiable functions defined on set M
with range in the set S (i =1,2,---), C°(M,S) = C(M,S). For convenience, we cite
some useful lemmas and definitions in the discussion of our proof as follows.

LEMMA 2.1. (See [8]) Let a>0, p>q >0 and p # 0, then

%\QK P a+u[(p
p

“B

forany K > 0.

DEFINITION 2.2. (See [9]) Let [x,y,z] be an ordered parameter group of non-
negative real numbers. The group is called belong to the first class distribution and
denoted by [x,y,z] € I if conditions x € (0,1], y € (3,1) and z > 3 —y are satisfied.
The group is called belong to the second class distribution and denoted by [x,y,z] € I1,

if x€ (0,1], y€ (0,4] and z > 11__2yy22 are satisfied.

LEMMA 2.3. (See [12, page 296]) Let o, B, ¥ and p be positive constants, then

t ¢] _

/(ta_sﬁy(ﬁ—nsp(r—l)ds:f_B P41 g 11|, rer,,
0 o o

where B[E,n] = [y 5571 (1—5)1"'ds (RE > 0,Rn > 0) is the well-known B— function

and 0 = plo(B—1)+y—1]+ 1.

LEMMA 2.4. (See [9]) Suppose that the positive constants o, B, v, p1 and pa
satisfy conditions:

(a)if [a,B,Y] €1, p1= 3
(b)if [, BV €11, p2 = [
(

1+3
then B[ELZDEL (B — 1) 1] € (0, +20) and 6; = pila(B—1)+y—1]+1>0, i =
1,2.
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LEMMA 2.5. (See [6, page 329]) Let u(x,y), p(x,y), q(x,y) and k(x,y) be non-
negative continuous functions defined for x, y € Ry . If

Xy
u(x,y) <p(x,y)+q(x,y)/0 /0 k(s,t)u(s,t)deds, 2.1

then

u(x,y) < p(x,y)+q(x,y)(/Ox/()yk(s,t)p(s,t)dtds> exp </Ox/0yk(s,t)q(s,t)dtds).

(2.2)

3. Main result

THEOREM 3.1. Let u(x,y), a(x,y), b(x,y), f(x,y), h(x,y) be nonnegative con-
tinuous functions for (x,y) € D, D=1[0,X) x [0,Y) (0 <X <o, 0 <Y < o0), a(x,y)
and b(x,y) are nondecreasing in D and u(x,y) satisfies the following form of integral
inequality

Xy
() Saley) +bny) [ [ st (!

X [f(sj)uq(s,t)+h(s7t)ur(0'(s)76(t)) dtds, (3.1)
with the initial condition

u(x7y) = ¢(x7y)’ (x7y) €D = [“70] X [“70]’
9(6(x),0(y) < (alx.y))7 for (x.y) €D with o(x) <0, o(y) <0, (3.2)

where p£0, p>¢q>0, p>r>0, p, q, r be constants, 6(x), 6(y) € C(Ry, R),
o(t)<t,tERy. —co< u=inf{o(r), 1 €ERy} <0 and ¢(x,y) € C([u,0] x [u,0], Ry).
Then

() If [a,B, 7l €l

) <{ale) + [P + 016

\

/ (s,1) +h(s t))ﬁPl(s,t)dtds>
0

xexp(// Fls,8) + h(s,1))TF (st)dtds)]lﬁ}7 (x,y) €D,

(3.3)
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where
1 —1 28—-1
My = Lp|PEy=128-11
a of B
e tad
M=max<¢—-K » —K7r ;,
)4 )4
Ar(ey) = L aley) + E=2K5, Ay(x,y) = ZK 7 alr,y) + LK,
)4 P
Xy 1
Awy) = [ [ FE0A 10 +hls)As(s,0) FBads,
0 Jo

"m
|I\J
B
I
=

(i) If [, B,y €11,

u(y) < {a<x,y> ¥ [P2<x,y> - 0a(n) ( [ [ +h<s,r>>%>2<s,t>drds)

B
X eXp ( /0 /0 " f(s,t)+h(s,t))+TﬁQ2(s,t)dtds>} o }”, (x,y) €D,
(3.4)

where

y(1+4B)-B 4132]
a(1+3B) '1+3B]

Ay = [ [ (F0a16.0) +hls.0Mx(s.0)) B drds,

1
M2:—B[
o

voap AL (AP eB-l)tip 144
P2(x7y):2 B M2 (XY) B b B (xvy)%(xvy)7
13p  2043B) (LH4B)a(B-1)+7-  1+4p 1448
QQ(X,y):Z B M2 ’ (.Xy) B b P (x7y)M b

Proof. For any fixing positive number X, ¥, we define a function @(x,y) by
Xy
(1) =a(X.¥) blxy) [ [P P
0 Jo
<[ i o600, wpen 6

Then we can easily see that ®(x,y) is a nonnegative and nondecreasing function and
u(x,y) < o(xy), (xy)€D, (3.6)
therefore, for x € [0,X), y € [0,Y) with 6(x) >0, o(y) > 0, we have

u(o(x),0(y)) < @(o(x),0(y)) <o(x,y), (x.y) €D, 3.7
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on the other hand, for x € [0,X), y € [0,Y) with o(x) <0, o(y) <0, using the initial
condition (3.2) and the nondecreasing function a(x,y), we have

u(o(x), (1)) = d(6(x),0(») < (a(x,y))? < (@(X,¥))? < ©(xy), (x,y)eD,

and it follows from (3.7) and (3.8) that oo
u(o(x),0(y)) S 0(x,y), (x,y) €D, (3.9)
from (3.5) and (3.9), there is
©”(x,y) <a(X,Y)+b(x,y / / o=l gr=1 (4 goyB=1gr-]
X {f(sﬁ)a)q(sﬁ) +h(s7t)a)’(s7t)] dids. (3.10)
If taking x =X, y=7Y in (3.10), we have
o (X,Y) <a(X,Y)+b(X.,Y) / / ) B-tgr=t(yo _yoyB-1y7-1
X [f(s,t)a)q(s,t) —i—h(s,t)wr(s,t)] dids, (3.11)
for 0 < X < e, 0 <Y < o be arbitrary constant, it proves that
©?(x,y) <a(x,y) +b(x,y) /Ox/oy(xa — s)B1grl g _yoyf-lpr-l
X {f(s,t)wq(s,t) —|—h(s,t)a)r(s,t)} dids, (x,y) €D, (3.12)
set
b(x,y / / ﬁ 71 (0 toc)ﬁflty—l
X [f(s,t)a)q(s,t) —i—h(s,t)wr(s,t)} dids, (3.13)
then
o (x,y) < a(x,y) +v(x,y), (3.14)
or
0(x,y) < alry) +v(x,)7, (3.15)
by Lemma 2.1 and inequality (3.15), for any K > 0, we have
@?(s,1) < (a(s,1) +v(s,1)) 7 < %K?(a(s,z)w(s,t)) Pk (3.16)
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r—p

0" (5,1) < (a(s,1) +v(s,1))P < %KT (a(s,t) +v(s,1)) + %K!L’, (3.17)
it follows from (3.13), (3.16) and (3.17) that
v(x,y) <b(x,y) /()X/Oy(xa — s)Blgr-l e Byt
X {f(m)(%K":f’(a(s,t)+v(s7z))+?1<ﬁ>

+h(s,z) <£K% (a(s,t)+v(s,t))+ uK%)] dtds
p p

—by) [ [ (s P ()41 s s, )

+ Mb(x,y) /O i /0 ()P (VBTN 1) h(s,) )v(s, ) deds,
(3.18)

where

—r__r
Kr,

q=r — q r =pr
Av(xy) = Tk ale,y) + BT, Ay(x,y) = SK T alx,y) + L
)4 )4 P
q a=p r rp
M=max< =K » =K 7 ;.
)4 )4

If [a,ﬁ,y}El,letm:%,m:ﬁ;if [o, B,7] €11, let p2:%,q2:#,then

%—f— % =1 for i =1,2. By applying Holder’s inequality with indices p;, g; to (3.18),
we get

1

v(x,y) <b(x,y) [/X /y(xa _Sa)m(ﬁfl)spi()’*l)(ya _to‘)l’i(ﬁl)tl’i(yl)dtdsil g
0 Jo

1

qi

X {/Ox/()y(f(SJ)Al(SJ)+h(s7t)A2(s7t))qidtds}

+Mb(x7y) |:/x/y(xa _Sa)Pi(ﬁ—l)SPi(Y—l)(ya _ta)pi(ﬁ_l)tpi(’y_l)dtds} Pi
0 Jo

e qiy4i :|"l'

X [/0 /0 (f(s,t) +h(s,0)v¥i(s,1)dtds|

(3.19)

by Lemma 2.3 and Lemma 2.4, the last inequality can be rewritten as

1

(2,5) < b(x,y) (M2 (1)) T 7 (e.3) + Mb(x,y) (M2 (1))

« [ /0 i /0 "( f(s7t)+h(s7t))‘1"v‘1"(s7t)dtds} ”L’, () €D, (3.20)
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where

M;=—B

! [Mvpl(ﬁ_l)—’—l )

o o
Ay = [ [ A1)+ ho.0 s s,0)) Vs,

and 6; is given as in Lemma 2.4 for i = 1,2.
We also need the following well-know consequence of Jensen inequality

(A + A4 +A) < YA+ A 4+ AT (JI)
for A; >0 (i=1,2,---,n) and r > 1. Applying inequality (JI) to (3.20), we get
V1 e, y) <29 (MP (x) %) 7 B () 4, ) - 29 M0 e, ) M () )
x /0 ' /0 Y (F(5,6) + h(s,0))9v% (s, £ )drds, (3.21)

by Lemma 2.5 and the last inequality, we have
Xy
(53) <2x3) + 0ie) ([ [ () 4 )avas
0o Jo
Xy
X exp </0 /0 (f(s,2)+ h(s,t))q"Q,-(s,t)dtds) , (3.22)

where

P(x,y) = 291 (M2 (xy)®) 7 % (x, )4 (x, ),
Oi(x, ) = 29 (M2 (xy) %) 1 b (x, y) M,
finally, substituting (3.22) into (3.15) leads to
Xy
ol) < {ae) + [+ @) ([ [0+ ns0)pis.aras)

[

X exp ( /0 ’ /0 "(fls.n)+ h(s,t))qu,-(sJ)dtds} " } " (3.23)

from (3.6), we have

u(ey) < {a<x,y> n [zz-(x,y) L 0i(ey) ( [ [ usn +h<s,r>>qfﬁ<s,t>drds)

X exp (/Ox /Oy(f(s,t) —|—h(s,t))qu,-(s,t)dtds] q%}% (3.24)

Considering two situations for i = 1,2 and using parameters ¢,  and ¥ to denote
pi, ¢i and 6; in (3.24), we can get the desired estimations. [J
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COROLLARY 3.2. Let functions u(x,y), a(x,y), b(x,y), f(x,y) and h(s,t) be
defined as in Theorem 3.1, and q, r be a constant with 0 < g < 1, 0 < r < 1, suppose
that

u(xy) Satey) +bey) [ [ el ot

X [f(s,t)zﬂ(s,t) +h(s,t)ur(0(s),6(t))} dids, (x,y) €D, (3.25)

with the initial condition of Theorem 3.1, then one has the following

(i)If B e(3,1),

u(x.y) <alxy) + [M,yw@l(x,y)( [ y(f(w)+h<s,t>>ﬁﬁ(s,r>dzds)

xexp(/()X/Oy(f(m)+h(s7z))ﬁ§1(s,t)dzds>}1ﬁ7 (x,y) €D, (3.26)

where

<

— o Bty—12B-1
= P
:max{qKq_17rK’_l},
1(x,y) = gKT  a(x,y) + (1 — q)K?, Ay (x,y) = rK"'a(x,y) + (1 — r)K’,

Z1(xy) :/Ox/()y(f(s,t)zl(s,t)+h(s,t)zz(s,z))#dtds,

N

2|

_ IR S IS S E—
Pi(x,y) =2TFM, 7 (xy) ©F bTF (x,y) 1 (x,y),
— B __ 2B By-2 1 1

(i) If B € (0, 1],

u(x.y) <a(r,y) + [my) L 0o() ( [ [ +h(s7t>>#p2<s,t>dtds)

B
xexp( / /Oy<f<s,t>+h<s,t>>Tﬁ§2<s,t>dzds)] P wyen,
(3.27)
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where

—  [y(1+4B)—B 4p?
M2_B[ 1438 ’1+3B]’

_ Xy _ _ 1+4
T(x,y) = / / (F(5,00E1(5,1) + (s, 1)Aa(s,1)) P drds,

0 Jo
_ ﬂ_mg—m @B+1)(y-1)+4p>  1+4p —
P2(x7y):2 B M2 (xy) B b B (x7y)d2(x7y)7
_ vap _LUSB - apingonaap? 1esp __1+4B
Q2(xvy):2 B M2 (.Xy) B b P (x7y)M P

Proof. Inequalities (3.26) and (3.27) follow by letting p = o =1 and 0 < g <
1, 0 <r< 1 in Theorem 3.1 and by simple computation. Details are omitted here. [J

COROLLARY 3.3. Let functions u(x,y), a(x,y), b(x,y), f(s,t) and h(x,y) be
defined as in Theorem 3.1, suppose that

1 (x,y) <alx,y) +b(x,y) / / )Pl (y— )Pl
X [f(s,t)u(sj)—i—h(sJ)u(G(sLG(t))} ditds, (x,y) €D, (3.28)

with the initial condition of Theorem 3.1, then for any K > 0, one has the following

(i) If B e(5,1),
2 (x,y) <alx,y)+ [ﬂ<x,y>+él<x,y>( [ [t +nsnrobis z)drds)

X exp (/0 /Oy(f(s,t) +h(s,1) B O (s,z)dtdsﬂ l_ﬁ, (x,y) €D,
(3.29)

where

o B+y—1 2B—1}
] L e
: [ B B
e ~ 1 1 1
Aie) = Tafe) = 5K Hale) + 5,

e = [ [ |t +hsniitsn| aras,

2B 2B+y-2

M (xy) T8 BT (x,y). (x, ),

B
[ By-2 1 1

Py(x,y) =21

O1(x,y) =27F M, P (xy) T b1P (x,y)M P

‘m
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(ii) If B € (0,3],
W (x,y) <alx,y)+ [Pg(x ¥) + 02 (x,y) (/ / Flst)+h(s,) TR (sJ)dtds)

X eXp (/O /Oy(f(s,t) +h(s,t))#éz(s,t)dtds>} "y e,
(3.30)

where

= o [r(1+4B)—B 4P’
Mz_B[ 1+3B ’1+3[3}’

// [ (s,1) + h(s,1))Ax(s, t)] ! dtds,

1r4p _20143B) 4B+ (y—1)+4B%  14+4B —

f’z(x,y):2 B M2 , P ()Cy) B b B (x7y)5272(x7y),

103 20438) @B+ (y—1)+4B2  1+4p __1+4B

él('xhy):z B M2 ’ ()Cy) B b P ()C,y)M B

Proof. Inequality (3.29) and (3.30) follow by letting p =2, g=r=o =1 in
Theorem 3.1 and by simple computation. Details are omitted. [J

4. Applications
In this section, we will indicate the usefulness of our main result in the study of
the boundedness of solutions for certain partial integral equations with weakly singular

kernel.
Consider the partial integral equation:

2P (x,y) =l(x,y) + g(x,y) /Ox/oy(xa _sa)ﬁ—le—l(ya _;a)ﬁ—lﬂ—l
X [Fl(s7t,z(s,t))+F2(s,t)z’(cf(s),0(t)) drds, 4.1)

for (x,y) € D =[0,X) x [0,Y), where I(x,y), g(x,y), z(x,y). Fa(s,1) € C(D,R),
Fi(s,t,z(s,t)) € (D x R,R). Suppose that

[1(x,y)] < a(x,y),

lg(x,»)| < b(x,y), (4.2)
|F1(s,t7z)| < f(svt)|zq‘v

|Fa(s,t)| < h(s,1),
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if z(x,y), (x,y) € D is any solution of (4.1), we have

Xy
)| Salen) +blxy) [ [ —s P et (gt
0 JO

X [f(s,t)|zq(s,t)| +h(s,1)|Z (o(s),0(t))||drds. (4.3)

with the initial condition

|z(x,y)| = ¢(x7y)’ (x7y) eD = [“70] X [“70]a
¢(o(x),0(y)) < (a(x,y))% for (x,y) € Dwith 6(x) <0, o(y) <0, (4.4)

where p#0, p>q>0, p>r>0, p, g, r be constants, the functions a(x,y),
b(x,y), f(x,y), h(s,t) be nonnegative continuous functions for (x,y) € D and o (x),
o(y) €C(R+, R), o(t)<t,t€Ry. —o< u=inf{o(r), t € R4} <0 and ¢(x,y) €
C([[,L,O] X [[,L,O], R+)'

It is easy for us to find that the inequality (4.3) is similar to (3.1), and applying

Theorem 3.1, we have the same results as (3.3) and (3.4).
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