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COMPLETE MOMENT CONVERGENCE FOR ARRAYS OF ROWWISE
EXTENDED NEGATIVELY DEPENDENT RANDOM VARIABLES

Y1 WU, YANG DING, XUEJUN WANG AND WEIYANG CHEN

(Communicated by Z. S. Szewczak)

Abstract. In this paper, a general result on complete moment convergence for arrays of rowwise
extended negatively dependent (END, in short) random variables is established. As applications,
we obtain some results on complete moment convergence for weighted sums of END random
variables. The results obtained in the paper generalize and improve some corresponding ones for
negatively dependent random variables.

1. Introduction

Firstly, let us recall the concepts of complete convergence and complete moment
convergence.

The concept of complete convergence was introduced by Hsu and Robbins [1]
as follows: a sequence {X,,n > 1} of random variables converges completely to the
constant C if for any € > 0,

=

Y P(|Xy—C| > ) <o

n=1

By the Borel-Cantelli lemma, this implies that X;, — C a.s., so complete convergence
is a stronger result than a.s. convergence.
Let {X,,n > 1} be a sequence of random variables and a, >0, b, >0, g > 0. If

S anE{by " |Xa| —€}% <o foralle >0,

n=1

then the result was defined as the complete moment convergence by Chow [2]. It is
easy to check that complete moment convergence implies complete convergence, thus,
complete moment convergence is much stronger than complete convergence.
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Next, we will recall the concept of extended negative dependence, which was in-
troduced by Liu [3] as follows.

DEFINITION 1.1. A finite collection of random variables X;,X>,---, X, is said to
be extended negatively dependent (END, in short) if there exists a constant M > 0 such
that both

n
P(Xy > x1,X2 > x2,+, Xy > X)) <M P(X; > xi)
i=1

and
P(X) < x1,X2 < x2,000, X, MHP
hold for all real numbers x1,x3,---,X,, n > 2. An infinite sequence {X,,n > 1} is said
to be END if every finite subcollection is END.
An array of random variables {X,;,1 <i < > 1} is called rowwise END ran-
dom variables if for every n > 1, {X,;,1 <i < n} are END random variables.

Obviously the END structure is more comprehensive than negatively dependent
(ND) structure which was introduced by Lehmann [4] (cf. also Joag-Dev and Proschan
[5]). The ND structure is a special case of END structure with M = 1. The END
structure can reflect not only a negatively structure but also a positive one to some
extent. Liu [3] pointed out that the END random variables can be taken as negatively
or positively dependent and provided some interesting examples to support this idea.
Joag-Dev and Proschan [5] also pointed out that negatively associated (NA) random
variables must be ND and ND is not necessarily NA, thus NA random variables are
END.

Some probability limit properties and applications for END sequence have been
obtained. See for example, Liu [6] studied the sufficient and necessary conditions of
moderate deviations for END random variables with heavy tails; Chen et al. [7] es-
tablished the strong law of large numbers for END random variables and showed ap-
plications to risk theory and renewal theory; Shen [8, 9] presented some probability
inequalities for END random variables and gave some applications; Wang and Wang
[10] investigated the extended precise large deviations of random sums in the presence
of END structure and consistent variation; Wu and Guan [11] presented some conver-
gence properties for the partial sums of END random variables; Wang and Wang [12]
investigated a more general precise large deviation result for random sums of END
real-valued random variables in the presence of consistent variation; Qiu et al. [13] and
Wang et al. [14-16] provided some results on complete convergence for END random
variables, and so forth.

Let {k,,n > 1} be a sequence of positive integers. Recently, Sung et al. [17]
established the following complete convergence for ND random variables.

THEOREM A. Let {Xu,1 < k < ky,n > 1} be an array of rowwise ND random
variables, {cy,,n = 1} be a sequence of positive constants, and {by,n > 1} be a se-
quence of positive constants such that 1lim b, = . Suppose that

n—00

(i) 2 Cn 2 P(|Xux| > €) < oo forall € >0;

n=1
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. kn ¢
(ii) Y cn ( Y P(|Xu| > hl)) < oo for some & >0;
n=1 k=1 "
kn
(iii) by, z EX2I(| X | < ;%) — 0 as n— oo;

(iv) Z cnexp{—"nobn} < oo for some My > 0.
Then for all >0,

3o ( )w

The main purpose of this work is to generalize the result of Theorem A for ND
random variables to the case of END random variables and complete convergence is
improved to complete moment convergence.

Throughout this paper, C represents a positive constant which may vary in dif-
ferent places. For x > 0, the symbol |x| denotes the integer part of x. Denote
logx = Inmax(x,e), where Inx denotes the natural logarithm. I(A) will indicate the
indicator function of the set A.

This work is organized as follows: some preliminary lemmas are provided in Sec-
tion 2. Main result and its proof are stated in Section 3. Some applications of the main
result are presented in Section 4.

kn

Z EXnkI(|Xnk‘ l/bn>) >
k=1

2. Preliminary lemmas

In this section, we give some lemmas which will be used to prove our main results.
The first one is a basic property for END random variables, which can be found in Liu
[6].

LEMMA 2.1. Let random variables X|,X5,---,X, be END.

(i) If fi,f2,--+, fn are all nondecreasing (or nonincreasing) functions, then ran-
dom variables f1(X1), f>»(X2), -, fu(Xy) are END.

(ii) For each n > 1, there exists a constant M > 0 such that

E (ij> <M[TEX;.
=1 =1

The following one is a generalized version of Lemma 3 in Sung et al. [17]. Here
the details of the proof are omitted.

LEMMA 2.2. Let {X,,n > 1} be a sequence of END random variables with
EX; =0 and |Xi| < di,k > 1, where {di,k > 1} is a sequence of positive constants.
Then for any t € R, there exists a positive constant M such that

n t2 n
Eexp{t EXk} < Mexp{i D e’d"Esz} .
k=1 k=1

The next one is the Kolmogorov exponential inequality for END random variables,
which was obtained by Wu and Guan [11].
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LEMMA 2.3. Let {X,,n > 1} be a sequence of END random variables with
n n
EX, =0 and 0 < B, = Y, Esz < oo, Denote S, = Y X for n > 1. Then there

k=1 k=1
exists a constant M > O such that

X X Xy
P(IS,| > x) <P X, | > oM I Zlog(1+ 2
(ISn] = x) (gggnl | y>+ eXp<y . 0g< +Bn>>

forany x>0, y>0.

The last one is a generalized version of Theorem A for END random variables,
which is indispensable in proving our main result. There is no essential difference
between the proof of Lemma 2.4 and Theorem A. The only difference is the positive
constant M in the definition of END random variables, which has no influence in prov-
ing the finiteness. For convenience of the reader, we present the proof of Lemma 2.4 in
Appendix.

LEMMA 2.4. Let {Xu,1 < k < ky,n > 1} be an array of rowwise END random
variables, {cy,n > 1} be a sequence of positive constants, and {b,,n > 1} be a se-
quence of positive constants such that lim b, = e. Suppose that

n—o0

ok
(i) X cn Y P(|Xux| > €) < oo forall e >0;
n=1 k=1

o ky £
(ii) Y cn ( Y P(|Xu| > hl)) < oo for some & >0;
n=1 k=1 "
kn
(iii) b, z EXI(| X |[< ) — 0 as n— oo;

(iv) Z cnexp{—"nobn} < oo for some My > 0.
Then for all >0,

icn ( kz< nk—EXnk1(|Xnk\ i))

3. Main results

THEOREM 3.1. Let g > 0 and {Xy,1 < k < kn,n > 1} be an array of rowwise
END random variables, {c,,n > 1} be a sequence of positive constants, and {by,n >
1} be a sequence of positive constants such that lim b,, = oo. Suppose that the following

Nn—oo
conditions hold:
o kn
(a) X cn Y E|XulU(|Xuk| > €) < oo forall € >0;
n=1 k=1
(b) there exists some 1 > q, as n — oo,

» 1
by ZE‘Xnk|I<|Xnk‘ > >—>O,wheren :max{mﬁ};

1
16m*b,
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(c) X cnby
n=1

o kn S
(d) Z Cn ( S P(|Xu| > i)) < oo for some & >0;

(e) by z EXg (| Xt |< 5-) — 0 as n— eo.
Then for all 8 >0,

5 oo

Proof. First we state that the conditions of Lemma 2.4 hold. For all € > 0, it
follows by condition (a) that

kn

2( EXnkI(|X,,k| n))‘—e}q < oo, 3.1)
+

k=1

oo k’l oo kn
2 Cn 2P(|Xnk\ >€)<C Y cn O E X (|1 Xu| > €) <

n=1 k=1

which implies that condition (i) of Lemma 2.4 holds.
Noting that exp{—nob,} = o(b, ") for any constants 19 > 0 and 1 > 0, we have
by condition (c¢) that

z Cn CXP{ nOb } c 2 cnb

which yields that condition (iv) of Lemma 2.4 holds.
Conditions (i) and (iii) follows by (d) and (e), respectively. Thus, all the con-
ditions of Lemma 2.4 are satisfied.

kn
Denote S, = Y (Xnk - EXnkI<\Xnk| < ﬁ)) , we can see that

k=1
nilcn { kZ( nk—EXnkI(\XnH bl—n»‘—f}j
_ch/ \S\>£+tq>dt+2cn/ \S\>s+t5>dt

£ L+ 1. (3.2)

By Lemma 2.4, we can easily obtain that

I < €1 cuP(|Sh| > €) <o (3.3)

n=1

Hence, to prove (3.1), we only need to show I, < o. It is easily see that

oo 0o kn
1 1
L < ch/ P<|Sn > 14, | J{ X >t5}> dt
n=1 &l

k=1

k=1

oo kn
il 1 1
+ch/ P<|Sn > 14, () {1Xu] <tq}> dt
n=1 &l
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<ni (U{Xnk>tq}>
2 o, P (kz( (1] <17) = ExXout (ot < ;)

2 L4

It follows by condition () that
o ke
I < 2 2 Xt 1 (| X | > €) < (3.5)
n=1 k=1

For I, it follows by lim b, = o that for any £ > 0, when 7 is large enough, ;! oy <E-

n—oo

For t > €4, denote

1 1
—1 )+Xnk1(‘Xnk| ’1)+t‘11(xnk>t‘1)

1
q
1
q
1 1
(ot (1) <17 ) = EXoad (1% < ) )
n

1 1
Zoe = —t41 (X < —t )+t51(Xnk>t5).
1 1 1
+2E|xnk|z( < Xl < ,,>>,,> (36)

1
Yoo = —t91(Xpp <

>~
3
=21

>1

=
&
MR

(Ynk - EYnk - an + Ean

N
~
RN

~
Il
—_

By condition (b), we get that

k,
2 1
max ¢4 EE\Xnk\I< < X < ) < by 2E|Xnk\1<\xnk| > b—) 40, asn — oo,
k=1 n

1>b,?
which implies that for all n large enough,

11
ZE|Xnk\1< < Xl < ) <5191 el.

Hence, by (3.6) and the inequality above, we have that for all n large enough,

" 1 1 1
(Xout (1%l < 19) = EXoud (1% < ) )| > ,:,)

1

kn
Z EYnk

>~

P

T
L

N —

Yk —EYu — Zg + EZy) | >

(e

§T‘
—_

t

FNy-
4>|»~

(Zuk —EZy)| >

N
~

/N
~
N N N
=~
Il K

=
N——

T
L
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Therefore,
> o ke 11
It < CZCn/ P(|Y (Zux—EZy)| > ~te |at

n=1 J& k=1 4

e 0 L 11
—l—Cch/ P Yk —EYi)| > —ta | dt
n=1 & k=1 4
S Is+ Ig. (3.7

1
Noting that |Z| = tél(\Xnk| > t4), we have by condition (a) that
CEcn/ t q2E|an\dt
<C2cn2/ P([Xo| > 17)dt
n=1 k=1"¢

o kn
<C Z Cn 2E|Xnk‘ql(‘Xnk| > 8) < oo (3.8)
n=1 k=1

m—

1
For Is, applying Lemma 2.3 with x = 317, y = 3 2 E(Yyx — EY,)? and

n > g, we obtain

i o 1 1
16<c2cn/ P(max Yo — EYi| > ﬁzq)dz

n—1 eq 1<k<ky
n
& o B
e[ (o)
n=1 B,+ta/(161m)
L2 L+ (3.9)

kn
By condition (), we can see that 0 < Y, P(|X,x| > ﬁ) — 0 as n — o, which
k:l n

k)'l
implies that for all n large enough, kglP(\Xnk| > m) < ﬁ and hln < €. Thus,

1 1
max max f q|EYnk\ max max {t qE|Xnk\I(\Xnk| < )
124 1<k<ky 1>€9 1<k<ky 16nb,

_1 1
R ER (o < o <1F) P (o] 1)

16nb

P 1 1 (‘X >
S & 1605, nk

1 1 1

16;b )

< — =
\16n+ 327 8n

)
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which implies that

- 11
2 / ( max |X,| > —t‘ll> dr (since Y| < | Xl
= q

1<k<hy 8n
- 11
CZC"Z/ (Xnk| —t‘i)dt
n=1 8n
£
CZC,, zE\Xnk|41(\Xnk| —) < oo, (3.10)
n=1 k=1 8n
2 1 1
Noting that Y2 =t 41(|X,x| > t4) + X2 1(|Xu| <19), we have by C, inequality that

i ©  2n
Iy < CEcn/ T a EY2 dt
n=1 J¢& k 1
o o 72 kn 1 n
< > B3I (1l < o) | di
k=1 n
k, n
_n 1 1
qn(Z b—<|Xnk<t5>> dt

e A\
P nk‘ >tﬁ> dt
n k=1
i e _m 1 !
Z / “(ZE nk1<|Xnk\ b_>> dt
1 n
E‘Xnk‘l |Xnk| > _>> dt

2 Iy + L. (3.11)

kn
From the condition (e), we know that for all n large enough, b, > EX,%kI (1%, | <
k=1

ﬁ) < 1. Hence, we have by condition (c) that

o k n o
g 1 ©
lo=CY cyb, (bn 3 Ex,fkl(\xnk| < b—)) /q 1 1dt <CY euby < o0, (3.12)
n=1 k=1 n € n=1

Finally, we will prove ;g < oe.
kn
From condition (b), we know that for all n large enough, b, Y, E|Xu|[l(|Xu| >
k=1
ﬁ) < 1. Hence, we have by condition (c) again and 1 > ¢ that

. k n o
{5) on n l
110<c2cn/ T (bn2E|X,,k|1<Xnk|>b—)> At <CY by < o0.(3.13)
n=1 & k=1 n

n=1
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Hence, the desired result (3.1) follows by (3.2)—(3.13) immediately. This completes the
proof of the theorem. [

4. Corollaries

In this section, we will give some applications of Theorem 3.1. Firstly, we will
present the concept of stochastic domination, which will be used in this section.

DEFINITION 4.1. A sequence {X,,n > 1} of random variables is said to be stoc-
hastically dominated by a random variable X if there exists a positive constant C such
that

P([Xu] > x) < CP(|X| > x)

forall x>0 and n >
An array {X,;,i > > 1,n > 1} of rowwise random variables is said to be stochas-
tically dominated by a random variable X if there exists a positive constant C such
that
P([X,i| > x) < CP(IX| > x)

forallx>0,i>1andn>1

Using the integration by parts, we can get the following important property for
stochastic domination. For the proof, one can refer to Wu [18], Shen [19], or Shen et
al. [20].

LEMMA 4.1. Let {Xp;,i > 1,n > 1} be an array of rowwise random variables
which is stochastically dominated by a random variable X . For any o >0 and b > 0,

E|Xu|“T(|Xni] < b) < Ci[E[X[*I(|X] < b) + 0P (X| > b)],

E|Xpi|*1 (|1X0i| > b) < GE|X|*I(]X| > b),
where Cy and C, are positive constants.

With Lemma 4.1 accounted for, we can get the following corollaries by Theorem
3.1

COROLLARY 4.1. Let o > é, >0, op > 1 and {X,,n > 1} be a sequence of
END random variables with EX; = 0 which are stochastically dominated by a random
variable X . Suppose that E|X|P < oo if p > 1 and E|X| < e if 0 < p < 1. Then for
any € >0and 0 < g<p,

i napfaq72E {

n=1

q
—sn“} < oo, 4.1)

+

n
> X
k=1

Proof. In order to apply Theorem 3.1, let X, = n= %Xy, ¢, = n®’~2, k, =n,
by =n" with 0 < r < min{o — %,205 — 1}. We will check the conditions of Theorem
3.1 one by one.
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By Lemma 4.1, we can get that

> 0PN 0 “E X |1 (| Xy | > n”e)
k=1

n=1

<C Y n®P O EIX|9(|X] > n%)

n=1

=C Y EIX|(m% < |X| < (m+1)%) Y, n®r=a)-!
n=1

m=1

<CY m*PIE|X|9I(m%e < |X| < (m+1)%)

<C Y EIX|PPI(m%e < |X| < (m+1)%) < CE|X|P < o,

m=1
m=1
which yields the condition (@) of Theorem 3.1.

For condition (b), note that r < ot — :;. Denote p* = max{p,1}. Hence, if n >

%6, then we have by Lemma 4.1 that

n l * *
nYy n—O‘E|Xk|1<\Xk\ > En“—’) < Ot lplen =P x|

< CEIX|P n'~(@P" 0, asn — oo;

ifn< then we have by Lemma 4.1 again that

16’

n
2 “CEIXI(|Xe| > n®") < e Ot plemnU=P p i x Pt

S CE|X|P'n' =@ P" 0, asn — oo.

oo

2 nor=2_ ,-nr _ 2 n71+(ap71)7nr < oo,

n=1

For condition (d), by taking & > (a‘f’;ﬁ

Markov’s inequality that

> 0, we have by Lemma 4.1 and

& ¢
Znap 2(2}) (|1Xk| > n*~ r)) <C2na17 2<2P (|X| >n*" r))

n=1 k=1 n=1 k=1

<C i noP=2H=ard (| x |P)*

n=1

< C(E|X|P)* i pHop—1-[la=r)p=1]¢ -

n=1
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For condition (e), if p > 2, then

n

Z n2EXH (X | <n® ") < Cn" 2% 50, as n— oo

if p<2,thenby 0 <r< (x—ll—),weget 1—ap+(p—1)r<ll—)—a<0, and thus,

n n
Z —2aEXk |Xk‘ r) < nr—2(x Zn(a—r)(2—p)E|Xk|pl(|Xk| < na—r)
k=1 k=1

< et P=Dr 0 asn — co.

Hence, we have by Theorem 3.1 that

i nap—ocq—2E {

n=1

n q
Z X — EXil(1X;| < ))‘ —sn“} < oo, 4.2)
k=1 +

To prove (4.1), it remains to show that

n

2 n EXil(|Xg| <n®™")

— 0, as n — oo,

If p>1, we have by EX; = Oandr<a—%that

n

Z nYEX (X | <n® )| <

n= Y EXg|I(|Xe| >n*")
k=1

n
n= Y @ UPE X PI(|X; ] > n® ")

< CE|X[Pr!=oP+(p=0r < CE|X|Prp =% 0, as n — oo;
if 0 < p <1, it follows by ap > 1 that o > 1, and then
n

2 TYEXJ (X <n”7)| <

n
n~ N EX|I(|Xk| >n®)
k=1

< Cn'"YE|X| — 0, as n — oo

This completes the proof of the corollary. [J

COROLLARY 4.2. Let {X,,1 <k <n,n> 1} be an array of mean zero rowwise
END random variables which are stochastically dominated by a random variable X
with E|X|?P < o for some p > 1. Let {an,1 <k < nn>1} be a array of real
numbers and {by,n > 1} be a sequence of positive constants such that 1im by, = co.

n—o0

Suppose that the following conditions are satisfied:



1042 Y. WU, Y. DING, X. WANG AND W. CHEN

(1) by = O(n") for some 0 < r < ﬁ;
(2) 5 b <o for some 0 > 2p;
n=1

(3) ba S a2 = o(1);
k=1

1
(4) max |a| =0(n 7).
1<k<n

54

Proof. Without loss of generality, we may assume that a,; > 0 for 1 < k <
n,n > 1, otherwise we can prove the result for two arrays of END random variables
{af X, 1 <k <kpon>1} and {a,; Xu,1 <k <n,n>1} separately, where a, =

1
max{a,,0} and a, = max{—a,,0}. Then we can also assume that 112;12( ape <n 7
KN
and b, <n
We apply Theorem 3.1 with ¢, =1, n > 1, and replace X, by a,uXu, 1 <k<n,
n > 1. In the following, we will check the conditions of Theorem 3.1.

For condition (a), it follows by Lemma 4.1 and conditions (1) and (4) that for
any € >0,

Then for any 0 < g < p,

n
2 anank

k=1

q
— 8} < oo, (4.3)

+

oo

q

Z 2 ‘anank| I |anank| > 8 Z “r ‘Xnk‘ 1 ‘Xnk| >nl’£)

<CYn _’1 EX|I(]X| > nPe)

—CS ' FEXT S I(mPe < |X| < (m+ 1)7e)

n=1 m=n

<CY M IEX|U(mre < |X| < (m+1)7e)

< CE|X|? < oo,

For condition (), noting that 1 > 2p > 2 and r < 2 , we have by Lemma 4.1
again that
n%_r>

< Cnr7%+lE‘X‘2pn(%7r)(172p)

= CE[X|*Pn*P~1 =0, as n — oo.

n 2 E\anank\I(\anank\ >

1 1
<C ’"’“EXI(
16nb> o rTENX]

Condition (c¢) of Theorem 3.1 holds by the assumption (2).
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For condition (d) of Theorem 3.1, taking & > 1/(1 —2pr) > 0, we have by

Markov’s inequality that
| S
(Er(ouri= 1))

. 3
<b2 2 a k|21’E|X|21’>

M
T

I
—_

= n

w [ n ¢
5 (Er(oanar> 1)) <c

Mx

n=1

< CZ (2pr—1)& < oo,

n=1

8

For condition (e) of Theorem 3.1, it follows by condition (3) that

n

1 n
2 anank < ‘ anank ‘g b_> < bn 2 a%kEXy%k
k=1

n

k=1
< CbHZaﬁkﬁQ asn — oo,
k=1
Hence, by Theorem 3.1 we obtain that
o n ] q
S EL|S aw (xnk _ Exnk1<|ankxnk\ < —)) el <o (4.4)
n=1 k=1 b" +

To prove (4.3), it remains to show

< 1
2 ankEXnkI(‘anank‘ < _> — 0.
k=1 b

n

Noting that EX,,; = 0, we have by Lemma 4.1 and r < ﬁ that

! 1
- 2 ankEXnkI<‘anank| > _>
k=1 bn

L 1
2 ankEXnkI<|anank| < _>
k=1 b"

1! 1 1
< CZ n_FE‘Xnk|I(‘Xnk| > n;—r)

1 1
Cn' PE|IX?P1X|'"P1(|1X| > np ")
Cn71+(2p71)rE‘X‘2p

ININN

1
Cn  TE|X|? — 0, asn — oo,

The proof is completed. [J

As a special case of Corollary 4.2,we obtain Corollary 4.3.
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COROLLARY 4.3. Let {Xu,1 <k <n,n>= 1} be an array of mean zero rowwise
END random variables which are stochastically dominated by a random variable X
with E|X|*P < oo for some 1 < p < 2. Then forany € >0 and 0 < q< p,

q
_g} <o
+

1
Proof. Letay,=n 7 for l<k<nandn>1. Then condltlons of Corollary 4.2
are trivially satisfied with b, = n" for some 0 < r < min{5-, 5 —1}. The desired result
follows by Corollary 4.2 immediately. The proofis completed. [

n=1

2 Xouk
k=1

REMARK 4.1. Itis deserved to mention that as the same assumptions of Corollary

n
4.3 for ND random variables, Sung et al. [17] only obtained that Y, X, /nl/ r—0
k=1

completely. As it is mentioned in Introduction, complete moment convergence is much
stronger than complete convergence. Hence, the result of Corollary 4.3 generalizes and
improves the corresponding one of Sung et al. [17].

5. Appendix

Proof of Lemma 2.4. Let N1:{ 2 P(| Xk > ) 1} N, =N—Nj. Hence,

§T‘

1
Z cnP ( <Xnk - EXnkI(|Xnk‘ b_>> )
nen, k=1
< ch< Cn<zp|Xnk|>_>
neN, neN,

So it means that we also need to prove

kn 1

>, (X — EXud (%] < b—))

k=1

Y cnP<

nen|

>8> < oo forall € > 0. (5.1

Because bl — 0 as n — oo, there exists a M* > 0 such that bi < ETT)
For fixed n > 1, denote for 1 < k,, < n that

.§+1 forall n > M*.

1 1 1 1 1
Yok = —b—nl<Xnk < - bn> +Xnk1(\Xnk| E> + b_nI(Xnk > E>7
U= — 1<x < )
nk — bn nk bn
1 1
ok = 51 (X > ).
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Zu =X 1<i<\x |<L>
nk — Ank bn nk \4(§+1) .

Itis easily checked that { Y,y —EY, 1 <k <kp,n>1}, {Uy—EUp, 1 <k<kyyn>1}
and {V — EVy, 1 <k < kp,n > 1} are all arrays of rowwise END random variables
by Lemma 2.1 (i). Hence,

B (e meitaci)-o)
- 3 (8 (e < 1)< Dt )
+n§Vlcn :;l( EXnkI<\Xnk| %)) > €, ﬂ{\Xnk| (§+1)}>

X

I
M” B

=

~
=
\/

< Zc,,P<

neN;

o~

)
+ Z cuP

P (Xt (%] < ﬁ) — EXoel (Xl < bi)) > s)

£ L+ 1. (5.2)

T
L

From condition (i), we obtain that

oo kn
g g ('X"">47(58+1)><°°' (5.3)

For I, noting that it is finite when n < M*, so we only need to consider the case
n > M*. Itis easily checked that

Y P (% (Xnk1<|Xnk\ < ﬁ) _EX"kI<‘X”k| S bl_n>> ~ 8)

neNy ,n>M* k=1
kn £ K )
< Y P Y (Yu—EYy) > 2t S ol | D (~Un+EUy) > 7
neNy ,n>M* k=1 neNy .n>M* k=1
k)'l k)'l 8
+ D P X (VT EVig) > 4 Y el Y Zu>g
nENl,n>M* k=1 neNy ,n>M* k=1
S h+L+5+1 5.4
ObVIOHSIY’ ‘Ynk _EYnk‘ h_ and Ynzk = (‘Xnk| > )+X3k (‘Xnk‘ ) Applylng

4(no+1)bn
i

Lemma 2.2 with t = , we have by Markov’s inequality and condition (iii) that
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for n € Ny and n > M*,

P (S, —Ey € <M € N By By
: (Yo — nk)>m < Mexp 7 +E€”k§,1 (Yox —EYyr)

e 2 auk
< Mexps ——t+ —ebn Z EY;;
4 2 A
< MGXP{—(TIO + l)bn + O(I)bn} < MGXP{—Tloan
which together with condition (iv) yields that

I < 2 Mcyexp{—nobn} < oo. (5.5)

neNy,n>M*

For 14, note that |U, — EUyy| < h% Applying Lemma 2.2 again with ¢ = M

we have by Markov’s inequality that for n € N; and n > M*,

bl

k k
n 8 e n
P (2(_Unk+EUnk) > Z) <e 'Eexp {f z(_Unk“"EUnk)}
k=1 k=1

2

k

€ = 2 &

< Mexp{—zt + Eebn EE(—Unk+EUnk)2}
k=1

2 k
e - L1 1
< Mexp{—zt—i-aebn ]glﬁPOXnk\ > E>}

< Mexp{—(Mo+1)b,+o0(1)b,} < Mexp{—nobn},

which together with condition (iv) again yields that

Iy < 2 Meypexp{—nobn} < oo (5.6)
neNy ,n>M*

Similar to the proof of Iy < oo, we can get I5 < oo.
Finally, we will prove I < oo. It follows by the subadditivity of probablity and the
definition of END that for n € N;,

k
u 1 £ £
P Xl | — < | Xuk| € ——= —
(];1 nk <bn <| nk‘ 4(§+1)> >4>

1
<P <at least | & +1]"s X,x have the property X, > b_)
n

1 1
ol U e b )

l§j|<~-~<jl5+u <kn
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£+1) b [$+1]

< 3w (o > o) <m (3P (il ;)

15 ’“5*” k=1 k=1

ki s

1
<m 3 P(1%ul>5) ) -

k=1
which together with condition (if) yields that

£
k< Y Me, 2P<|X,,k\>—) < oo, (5.7)
neNy ,n>M*

From the statement above, we have

kn

1
Y el (Y (X EXul (1 < - ) ) > € ) < (5.8)
neN; k=1 bn

Noting that {—X,,1 < k < kp,n > 1} is also an array of rowwise END random vari-
ables, we have by (5.9) that

k;

n 1
S ap (S (—Xnk+EXnk1<\Xnk| < —)) Se | < oo (5.9)
nenN; k=1 bn

By (5.8) and (5.9), we can get (5.1) immediately. This completes the proof of the
lemma. [
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