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(Communicated by P. Jain)

Abstract. In this paper, we use generalized majorization theorem and give the generalizations
of Jensen’s and Jensen-Steffensen’s inequalities. We present the generalization of converse of
Jensen’s inequality. We give bounds for the identities related to the generalization of Jensen’s
inequality by using Cebysev functionals. We also give Griiss and Ostrowski types inequalities
for these functionals. We present mean value theorems and n-exponential convexity which
leads to exponential convexity and log-convexity for these functionals. We give some families
of functions which enable us to construct a large families of functions that are exponentially
convex and also give classes of means.

1. Introduction and preliminaries

One of the most important inequality in Mathematics and Statistics is the Jensen
inequality (see [19, p. 43]).

THEOREM 1. Let I be an interval in R and f: 1 — R be a convex function. Let

n=2, x=(xy,...,x,) €I" and w= (wy,...,w,) be a positive n-tuple. Then
f ! iw-x- < ! iw-f(x-) (1)
Wni:l A \Wnizl i 1)y
where
k
We=Ywi, k=1,...n (2)
i=1
If f is strictly convex, then inequality (1) is strict unless x; = «++ = x.

The condition “w is a positive n-tuple” can be replaced by “w is a non-negative
n-tuple and W, > 0”. Note that the Jensen inequality (1) can be used as an alternative
definition of convexity.

It is reasonable to ask whether the condition “w is a non-negative n-tuple” can be
relaxed at the expense of restricting X more severely. An answer to this question was
given by Steffensen [21] (see also [19, p. 57]).
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THEOREM 2. Let I be an interval in R and f : 1 — R be a convex function. If

X = (x1,...,%,) €I" is a monotonic n-tuple and w = (wy,...,wy) a real n-tuple such
that

0SW, <W,, k=1,....n—1, W,>0, (3)

is satisfied, where Wy are as in (2), then (1) holds. If f is strictly convex, then in-
equality (1) is strict unless x; = -+ = x,.

Inequality (1) under conditions from Theorem 2 is called the Jensen-Steffensen
inequality.

Now we give some basic introduction to majorization:

There is a certain intuitive appeal to the vague notion that the components of m-
tuple x are less spread out, or more nearly equal, than are the components of m-tuple
y. The notion arises in a variety of contexts, and it can be made precise in a number
of ways. But in remarkably many cases, the appropriate statement is that X majorizes y
means that the sum of k largest entries of y does not exceed the sum of k largest entries
of x forall k=1,2,...,m— 1 with equality for k =m and we write as y < x. A math-
ematical origin of majorization is illustrated by the work of Schur [20] on Hadamard’s
determinant inequality. Many mathematical characterization problems are known to
have solutions that involve majorization. A complete and superb reference on the sub-
ject are the books [10], [17]. The comprehensive survey by Ando [9] provides alter-
native derivations, generalizations and a different viewpoint. The following theorem
known as the majorization theorem and its convenient proof is given by Marshall and
Olkin in [17].

THEOREM 3. Let X = (x1,...,Xn) and y = (y1,...,ym) be two m-tuples such that

Xi, yi € |a,b], for i=1,2,...,m. Then for any continuous convex function f :[a,b] — R
the inequality

holds if and only if y < X.

The following theorem can be regarded as the generalization of Theorem 3, known
as weighted majorization theorem and is proved by Fuchs in [13].

THEOREM 4. Let x = (x1,...,Xy) and y = (y1,...,ym) be two decreasing real

m-tuples with x;,y; € |a,b], for i=1,2,...,m. Let W= (wy,...,wp,) be real m-tuple
such that
! !
Zwiyi<2w,-xif0r [=1,2,....m—1 (@Y)
i=1 i=1
and

> wiyi = Y, wixi. )
i1 i1
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Then for every continuous convex function f : [a,b] — R, we have
m m
Dowif (i) < X wif (xi).
i=1 i=1

The following theorem is a consequence of Theorem 4.

THEOREM 5. Let x,y : [a,b] — [a, B] be decreasing and w : [a,b] — R be con-
tinuous functions. If

/av w(t)y(t)dt < /av w(t)x(t)dt forevery v € [a,b], (6)

and
b

/ ") (e dr = / w(t)x(1) dt )

a

hold, then for every continuous convex function f: [a, ] — R, we have

b b
[ s o)ar < [wie) £ o) dn (8)

In our main results we will use generalized result for n-convex function, therefore
here we recall the definition of n-convexity (see for example [19]).

DEFINITION 1. The divided difference of order n, n € N, of the function
f:]a,b] — R at mutually different points xq,x1,...,x, € [a,b] is defined recursively by

i f] = f(x), i=0,....n

[X0, -+ 2Xns f] = (X1, x5 f] —_[x07...,xn,1;f] ‘
Xn — X0

The value [xo,...,x,; f] is independent of the order of the points xo, .. . ,Xy.

This definition may be extended to include the case in which some or all the points
coincide. Assuming that fU~1(x) exists, we define

o FU=D(x)
[x,...,x,f] = W
Jj-times

DEFINITION 2. A function f : [a,b] — R is n-convex, n > 0, if for all choices of
(n+1) distinct points x; € [a,b], i =0,...,n, the inequality

[)C()7X17... 7-xn;f} 2 O

holds.
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THEOREM 6. [19, p. 16] Let f : [o, ] — R be a function such that f") exists,
then f is n-convex if and only if f® >0.

From Definition 2, it follows that 2-convex functions are just convex functions.
Furthermore, 1-convex functions are increasing functions and 0-convex functions are
nonnegative functions. To complete this section we give some generalized majorization
theorems from [7], which we will use in our main results.

The following generalized Montgomery identity via Taylor’s formula given in [6,
8].

PROPOSITION 1. Let n €N, f:I— R be such that f("_l) is absolutely contin-
uous, I C R an open interval, a,b € I and a < b. Then the following identity holds

B | b n_2 f(k+1) (a) (x_a)k+2 n=2 f(k+l) (b) (x_b)k+2
f(x)—m/a f(’>dt+,gg)k!(k+2) b—a Sk (k+2) b-a

1 b
+m/ﬂ T, (x7s)f(n) (s)ds, )
where .
—,S)E;j)u) +3== (x—s)" ' a<s<x,
T, (x,s) = (10)
—,(,)(C;j)a) +3L (x—s)""' x<s<b.
n—2
In case n =1 the sum Y, ... is empty, so the identity (9) reduces to the well-
k=0

known Montgomery identity

109 =5 [0 as [P o)as

where P (x,s) is the Peano kernel, defined by
P(x,s) =
The following generalizations of majorization theorem by Montgomery identity
are given in [7].

THEOREM 7. ([7]) Suppose all the assumptions of Proposition 1 hold. Addition-
ally, suppose that x;, y; € [a,b] and w; €R for i=1,2,...,m. Then

i wif (yi) — i wif (x:)
i=1 i=1

n—2

= b i P k;(kl_|_2) Zwi [f(k+l)(g){(yi _a)k+2 —(x; —a)k+2}
k=0"" i=1
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o f(k+l)(b){(yl_ _ b)k+2 _ (xi _ b)k+2}‘|

b | m
1 )1/a lEWi(Tn(Yi,S)—Tn(xi,s))] 1 (s)ds, an

+ JR—
(n—1 =
where T,(.,s) is as defined in Proposition 1.

COROLLARY 1. ([7]) Suppose all the assumptions of Theorem 7 hold. Addition-
ally, suppose that X = (x1,...Xm), Y= (V1,--.Ym) € [a,b]™ are two decreasing m-tuples
and W= (wy,...,wp) € R™ which satisfy conditions (4) and (5). If f is 2n-convex
function then the following inequality holds:

ﬁi wif (i) — i wif (x:)

N 1 2n27‘2 1 iwi f(kJrl)(a){(yi _a)k+2 — (x; _a)k+2}
b—a = kl(k+2) &
—f<'<+1><b>{<yi — B (- b)"”}] : (12

Moreover, if £ (a) >0 and (—1)/fU)(b) >0 for j=1,...,2n—1, then

M=

Dowif (i) = X wif (x).
i=1

1

THEOREM 8. ([7]) Let x,y: [, B] — R be two functions and w : [ot, ] — R be
continuous function. Let f:1 — R be such that f""~Y is absolutely continuous for
some n € N, I CR an open interval, a,b € I, a < b, then we have the following
identity:

B B
[ w0 s~ [ wo i)

R~ B (
- b—agg)k!(kJr 2)/05 w(t) [f k“)(a){(Y(t) —a)*t? - (x(t)—a)"“}
- f“‘*”(b){@(r) — ) — (x(r) - b>k+2}] dt
B
+ﬁ/ab (/a W(f)(Tn(y(l%S)—Tn(X(t),s))dt> U (s)ds, (13)

where T,(.,s) is as defined in Proposition 1.
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COROLLARY 2. ([7]) Suppose all the assumptions of Theorem 8 hold. Addition-
ally, suppose that x and y are decreasing functions which satisfy conditions (6) and
(7). If f is 2n-convex function then the following inequality holds:

B B
| wor o) = [ w0

1 2n—2 1

B
% ba & WD) f o lf“‘*”(a){(y(t) — )2~ (x(r) —a>k+2}

_ flern) { (y(t) — b)F% — (x(r) — b)k”H dt. (14)

Moreover, if f9)(a) >0 and (—1)7fU)(b) >0 for j=1,...,2n—1, then

B B
[ wr6@)dn > [ po)ar

o o

For some more recent results, related to generalizations and refinements of ma-
jorization theorem, see [1]—[5], [7, 14] and some of the references in them.

In this paper we utilize generalized majorization theorem and establish generaliza-
tion of Jensen’s and Jensen-Steffensen’s inequalities for the class of 2n-convex func-
tions. We also discuss the generalization of converse of Jensen’s inequality. We use in-
equalities for Cebygev functional to obtain bounds for the identities related to the gener-
alization of Jensen’s inequalities. We present mean value theorems and n-exponential
convexity for the functional obtained from the generalized Jensen’s and Jensen-Ste-
ffensen’s inequalities which leads to exponential convexity and log-convexity for these
functionals. Finally, we discuss the results for particular families of functions.

2. Generalization of Jensen’s inequality

First we give generalization of Jensen’s inequality associated with Montgomery
identity.

THEOREM 9. Let n €N, f:1— R be such that f*"1) is absolutely continuous,
I C R an open interval, a,b €1, a <b. Let X = X1y, Xm) € [a,b]™ be m-tuple and
m

w = (wWq,...wy) be positive m-tuple, W,, = 2 w; and X = 7 S wix;.
i=1 i=1

(i) If x is decreasing m-tuple and f : la,b] — R is 2n-convex function, then we

have
| 2n=2 iwi(xi_a)kn
TR SR ST P i
ml 1 k=0 "
g (i b)k+2
—f(kﬂ)(b)(i:lw— _()—C—b)k+2)], (15)
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(ii) If the inequality (15) holds and the function F defined by

2n—2 f(k+1) (a) (.— a)k+2 2n—2 f(k+1) (b) (.— b)k+2

F()= — 16
) kg(‘)k!(lH—Z) b—a = kK (k+2) b—a ' (16)
is convex, then the right hand side of (15) is non-negative and

l m
X) < wo Zwif(xi)~ (7)

mi=1

Proof.

(i) Let k be the largest number from {1,...,m} such that x; > X, then as x is

decreasing m-tuple so we have x; > X for [ = 1,2,...,k and x; < X for [ =
k+1,k+2,....,m

Now as x; > X for [ =1,2,...,k, so we have

1 [
N owix <Y wixi for [=1,2,... k. (18)
i=1 i=1

Similarly as x; <X for [ =k+1,k+2,...,m, so we have
J j
Y wixi< Y wik for j=k+1,k+2,....m
i=k+1 i=k+1
Hence

m

J J
Z WiX; = i WiXx; — i WiX; = Z WX — Z WX Z (19)
i=1 i=1 =

i=j+1 i=j+1
for j=kk+1,....m

Using (18) and (19) we get that

—

!
Z Z wix;, forall [=1,2,...,m—1

and obviously
m m
2 wWix = 2 WiX;.
i=1 i=1

Since the conditions (4) and (5) are satisfied. Therefore using Corollary 1 for
y=(x1,...,%n) and x = (¥,...,X), we get (15).

(ii)) We may write the right hand side of (15) as

1 & _
W_mZ;WiF(xi) —F(X).
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Since F is convex so by Jensen’s inequality, we have

1

— Ny wiF(x;) X) > 0.
‘/‘/’n;l 1 =

Hence (17) holds. [

In the following theorem we give integral version of Theorem 9.

THEOREM 10. Let n€N, f:[a,b] — R be such that f**=) is absolutely contin-

uous, x : [a, B] — R be continuous function such that x([o, B]) C [a,b], A :[er,f] — R
B
be increasing, bounded function with A(a) # A(B) and X = %.

(i) If x is decreasing function and f : [a,b] — R is 2n-convex function, then we have

JESa)are)
Paw ! o
S S8 () =) 2dA ()
> b—ua 2 k'(k+2) karl ( ){ fﬁdﬁ,() _(X—a)k+2}
(k+1) fa( x(t) —b)*2dA (1) —(r— p)t2
- D }] o)

(ii) If the inequality (20) holds and the function F defined as in (16) is convex, then
the right hand side of (20) is non-negative and

J£ £(x(0) () on

fx) < B an)

Proof.

(i) Let 9 be the largest number in [a, B] such that x(1p) > X. But x is decreasing
function so we have

x(y) =% forall y € [or, 1] and x(y) <X forall y € [y, B].

Case 1. Ifx(y) =X forall y € [a,w], then we may write
x(t) 2% forallz € [a,y],7 € [0, W]

As A is increasing so by integrating both sides with respect to A over [a, Y], we
get

Y Y
/ XA () = /a XA (1), 7€ [0 7). 22)

o
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Case 2. TIfx(y) <X forall y € [y, ], then we may write

x(t) <x forallz € [y,B],7 € [w,B]

But A is increasing so by integrating both sides with respect to A over [y, 8], we
get

/y ¥ 0dr0) < / P an o).

Y
Therefore we have

5 5
/a M)A () = /a X(1)dA () — / (DA ()

Y
B B Y
> XdA(t) — | XdA(t)= | XdA
>/ad(z) /y (1) /ad(t)
i.e.
Y Y
| xari) > [“zarw), ve Bl 23)

From (22) and (23) we have
Y Y
[ +0ar(e) > [ zar(). ye le.p.
o o
Also the equality
B B
/ X(D)dA (1) = / ¥d(1) holds.
o o

Since the conditions (6) and (7) are satisfied, therefore using Corollary 2 for
y(r) =x(t) and x(¢) =X, we get the inequality (20).

(ii)) We may write the right hand side of (20) as

JEF(x(r)dr(r)

—F(x).
5 dA()
Since F is convex so by Jensen’s inequality, we have

B F(x(1))d (1)

Pare 020

Hence (21) holds. [

REMARK 1. If we take x(t) =¢, A(¢) =1, in the inequality (20), then we obtain
generalization of Hermite-Hadamard inequality.
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3. Generalization of Jensen-Steffensen’s inequality

THEOREM 11. Let n € N, f:[a,b] — R be such that f?*=V) is absolutely con-
tinuous, X = (x1,...,%n) € [a,b]" be decreasing m-tuple. Let w = (wy,...,wy) be

k
real m-tuple such that 0 < Wy, <W,, (k=1,2,...,m), W,, >0 where Wy = Y, w; and
1 ” i=1
W

(i) Then for any 2n-convex function f : [a,b] — R, the inequality (15 ) holds.

(ii) If the inequality (15) holds and the function F defined as in (16) is convex, then
the right hand side of (15) is non-negative and (17) holds.

Proof. (i) Let k be the largest number {1,2,...,m} such that x; > X then x; > X
for [ =1,...,k, and we have

-1

Ew,x, Wix; = Y (xi —xip )W > 0
= i=1

and so we obtain
i

D wix = Wix < Wix; < 2 (24)
i=1 i=1

—

Also for I =k+1,...,m we have x;| <X, therefore

m
W VVI 2 WiXi = z Xi— l_xi>(Wm_vVi—l)>0~

i=l+1 i=l+1
Hence, we conclude that
2 wiX = (W, — W)X > (W, — W))x, 2 Wix;. (25)
i=l+1 i=l+1

From (24) and (25), we get
! !
Zw,-x < Zx,-w,- forall [=1,2,...m—1.
i= i=1

Obviously the equality

holds. Since the conditions (4) and (5) are satisfied, therefore using Corollary | for
y = (x1,...x) and x = (X,...,X), we get (15).
(ii) The proof is similar to the proof of Theorem 9(ii). [
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THEOREM 12. Let n € N, f:[a,b] — R be such that f?"=V) is absolutely con-
tinuous, x : [a, B] — R be continuous decreasing function such that x([ct, 8]) C [a,b],
A o, B] — R is either continuous or of bounded variation with A (o) < A(t) < A(B)

_ [Extwarw
forallt € [a, B] and X = Tar)

(i) Then for any 2n-convex function f, the inequality (20) holds.

(ii) If the inequality (20) holds and the function F defined as in (16) is convex, then
the right hand side of (20) is non-negative and (21) holds.

Proof. (i) Let y be the largest number in [c, 3] such that x(y) > X. But x is
decreasing function so we have

x(y) =% forall y € [or, 1] and x(y) <X forall y € [y, B].
(a) Ifx(y) >x forall y € [o, ], then we may write
x(t) = x forallz € [o,7],7 € [, 0]

Therefore we have

Y Y
7 [Car <x [ dnw), velonl (26)

But

/a " M()dA (1) - x(y) /a TaA) = - /a yf(z)( /O: d?L(x))dt >0, (27)

From (26) and (27), we get
2 [l < [[x0ar ). ve o) (28)

(b) Ifx(y) <x forall y € [p,B], then we may write

x(t) < forallz € [y, B], v € [0, B],

f/yﬁdl(t) >x(y)/yﬁd7t(t). (29)
/da / (1A (1) = /ﬁx’(t)</tﬁdk(x))dt>0. (30)

From (29) and (30), we get

therefore we have

But

B 5
x/ dl(t))/ (1)dA(1) forall ¥ € [30, B]. 31)
Y Y
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From (28) and (31), we get

x/aﬁd/l(t) > /fx(t)d/l(t).
f/fd?t(t) :/aﬁx(t)dl(t),

obviously holds for all y € [, B]. Since the conditions (6) and (7) are satisfied,
therefore using Corollary 2 for y(r) = x(¢) and x(¢t) = X, we get (20).

The equality

(i1) The proof is similar to the proof of Theorem 10 (ii). [J

4. Generalization of converse of Jensen’s inequality

THEOREM 13. Let n € N, f:[a,b] — R be such that f*"=Y is absolutely con-
tinuous. Let x = (x1,...,x,) be real r-tuple with x; € [m M] [a,b],i=1,2,..

,
w = (wy,...w,) be positive r-tuple, W, = Y. w; and X = W Z WiX;.
i=1 "i=1

(i) Then for any 2n-convex function f : [a,b] — R, the following inequality holds
CXom M—x 12?2
=52 X ey

W
x m M —X
[ k+1 M m(M_a)k+2+ (m a)k+2 Zwi(xi _a)k+2}

M—m Wri:1
flietn) XM p M-x by — _p)ki2
)(b) M—m( ) Y U Zsz
(32)

(ii) If the inequality (32 ) holds and the function F defined as in (16) is convex, then

1 & —m M—Xx
7 3] < S M) + ).

=

Proof. (i) Putting m =2, x; =M, xo =m, wy = 37— and wy = A% in (15),
we have

Xi—m M — x; 1 2 1
o) < M—mf(M) + M—mf(m) b—a ,Zg) kl(k+2)
@] S - S - 0 (- 02

—f(kH)(b){Z_:i(M— b2 4 F(m— b)? — (x;— b)k+2}] - (33)
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Multiplying (33) with w;, dividing by W, and taking the summation from i =1 to r,
we get (32).

(i1) Using similar arguments as in the proof of Theorem 9(ii), we get the required
result. [

REMARK 2. In Theorem 13, assume that xp, Y, wix; € [m,M] with xo # Y, wix;
- -

i=1 1=

.
and (x,-—xo)( > w,-x,-—x,-) >0,i=1,2,...,r. If xog <X, wix;, then by taking m = x
i=1

and M = Y w;x;, in inequality (32) we obtain the generalization of Giaccardi inequal-
i=1

-

ity. Similarly if xo > Y_, wix;, then by taking M = xo and m = ¥, w;x;, in inequality
i=1

(32) we obtain the generalization of Giaccardi inequality.

Moreover, if we take m = xy = 0 in the generalized Giaccardi inequality we obtain
generalization of Jensen-Petrovi¢’s inequality.

The integral version of the above theorem can be stated as:

THEOREM 14. Let n € N, f: [a,b] — R be such that f*"=Y is absolutely con-
tinuous, x : [, B] — R be continuous function such that x([o.,B]) C [m,M] C [a,b],

B
A : o, B] — R increasing, bounded function with A(ot) # A(B) and X = %.

(i) Then for any 2n-convex function f : [a,b] — R, the following inequality holds

I8 Fx@)dA) _ ®—m M-% 1 w2
JPara) <M—mf(M)+M—mf(m)_b—akg;)k!(lﬂ—z)
ey [ Tom gy e, MoX [P0l —a) )
x[f N A e o }
X—m -3 B (x(1) — p)k+2
ke ) {mw— s M pper Jal <r>£ db/l)(:) dA (1) }] |

(34)

(ii) If the inequality (34 ) holds and the function F defined as in (16) is convex, then

J& S (x(0))dA() _ =
JEane M-

m M—x
M)+

f(m).
COROLLARY 3. Letn €N, x= (x1,...,X,) be real r-tuple with x; € [m,M|, w=

r r
(W1,...w;) be positive r-tuple, W, = Y, w; and X = W% Y wix;. Then for 2n-convex
i=1 i=1
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Sunction f : [m,M] — R, the following inequality holds

1 2n—2

x 1
mf(m)_M—m Z k!

& kl(k+2)
% f(k+l)(m){x m(M k+2

7 w2

- ] S a0 - S —M)k“}] .
ri=1

Proof. Use the inequality (32) fora=m and b=M. O

REMARK 3. Similarly we can give integral version of Corollary 3

5. Bounds for identities related to the generalization of Jensen’s inequality

For two Lebesgue integrable functions ¢,y : [a,b] — R, we consider CebySev
functional

16w = 5 [ ot [“owar [y

(35)
The following results can be found in [12]

THEOREM 15. Let ¢ :

[a,b] = R be a Lebesgue integrable function and

[a,b] — R be an absolutely continuous function with (.—a)(b—.)[y']> € L[a,b]. Then
the inequality

L !
10w l< STl ( [ (6 ae-veie) oo
holds. The constant % in (36) is the best possible

THEOREM 16. Suppose that ¢ :

[a,b] — R is absolutely continuous with ¢' €
[a,b] and y : [a,b] — R is monotonic nondecreasing on [a,b|. Then the inequality

[ T(¢,y) < 20— )||¢ IIoo/a (x—a)(b—x)dy(x)

holds. The constant % in (37) is the best possible
Let w= (wh

(37)

wm) and x = (x, € la,b], wi €R
,X= 2 wix; € [a,b], Wy, # 0 and the function T,, be defined as in (10)
we denote

1

W_EWZ xn

.,Xm) be m-tuples with x;
i=1,.

T,(%,s), s € [a,b]. (38)
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Let x : [o, B] — [a,b] be continuous function and A : [, ] — R be as in Theorem 10

B
or in Theorem 12 and let x = % , we denote
Jo t

'B N
Ags) = LT ((tz’) A 1 s), s € a.b] (39)

ff?t t)dt

From Cebysev functional we may write

bia/ab(sz(S)ds_ (bia/ab(S(S)ds)z,
2

bia/ubﬁ(s)ds— (bia/ubA(s)ds) .

Now, we are in the position to state the main results of this section:

T(5,8) =

T(A,A) =

THEOREM 17. Let n € N, f: [a,b] — R be such that f is absolutely con-
tinuous with (—a)(b— )[f("H)} € Lla,b]. Let x; € [a,b], w; € R, i=1,2,....m

W, = 2 wi #0 and X = 2 wix; € [a,b]. Let the functions T,, T and & be as
deﬁned zn (10), (35) and (38) respectzvely Then we have

n

22 { "“)(a){Wiméwi(xi—a)k”—(?c—a)k“}

1
=
_f k+1 { ZWI Xi k+2 _ ()_C— b)k+2}]
f D) —f<"—l (a

_szf Xi)— =

1/ p.
L P / 8(s)ds+ H,(f:a,b),
(40
where the remainder H)(f;a,b) satisfies the estimation
1
b 2
|H, (f;a,b) ;\ ! (b air(s, 5)/ (s—a)(b—s)[f" D (s))?ds ) .
“1\ 2 .
Proof. Using Theorem 7 for y; — x; and x; — X, we get
_wax — Lni’z 1 fk+l Zw xi— k+2 (x_a)k+2
W & b—a & k! (k+2) o

FlD( { Ewl xi— b2 ()_C_b)kJrz}]

—_— $) £ (s)ds.
+(n_1)!/a 56" () @n
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Now if we apply Theorem 15 for ¢ — 6 and ¢ — f (") we obtain

o [ s (G [Tawa) (51 [ o)

1
g_
V2

Therefore we have

O AR

vb—a

b (n=1)(p) — £ln=V)(g) rb
7(11—11)!/(, 5(s>f(”)(s)ds=f (nfbf)!(i_a)( )/a 8(s)ds+H,(f;a,b).  (42)

From (41) and (42), we obtain (40). [

The integral version of the above theorem can be stated as follows:

THEOREM 18. Let n €N, f:[a,b] — R be such that f\") is absolutely continu-
ous with (.—a)(b— )[f('”l)}2 € Lla,b]. Let x: [0, B] — [a,D] be continuous function
such that x([oc B]) C[a,b], A :[c,B] — R be as defined in Theorem 10 or Theorem 12
and X = /"‘ () Alt) . Let the functions T,, T and A\ be defined in (10), (35) and (39)

0
respectivelya Then we have

RI60A0)
Faw 0
n—2 B
:biazk! k1+2) f(k+l)(a){fﬁdll(t)/a (x(t)—a)k+2d?t(t)—()_c—a)k+2}
k+2
_ g ){M (}ﬂd;f( )duo _(x_b)m}}
(n—1) _ f(n 1 a

+f (nibz)!(i_@ LA(s)ds+H3(f;a7b)7 (43)

where the remainder H2(f;a,b) satisfies the estimation

b—a
2

¥

THEOREM 19. Let n € N, f: [a,b] — R be such that f™ is absolutely contin-
uous with fU"*1) >0 on [a,b] and let the functions T and & be defined in (35) and

|HY(f;a,b)| < ﬁ( T(8, 5)/h( —a)(b—s5)[f"D(s)]%ds

In the next theorem we obtain Griiss type inequality.
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(38) respectively. Then we have the representation (40) and the remainder H,% (fsa,b)
satisfies

1
(n—1)!

18 |22 [F Do)+, (@) = [ (b)— 2 <a>]] :

2
(44)

|2} (f:a,b)| <

Proof. The proof is similar to the proof of Theorem 7 in [7]. [

The integral version of the above theorem can be given as:

THEOREM 20. Let n €N, f:[a,b] — R be such that f\") is absolutely continu-
ous with f (1) > 0 on [a,b] and let the functions T and /\ be defined as in (36) and
(39) respectively. Then we have the representation (43) and the remainder H,% (fsa,b)
satisfies

1 b—a _ _ _ -
|H2(f;a,b)| < T A e {T[f(n D ()47 ()] = [ (0) "D a)]|.

Here, the symbol L,[a,b] (1 < p < eo) denotes the space of p-power integrable
functions on the interval [a,b] equipped with the norm

1
b P
I f = (/ £(0) ”dt) forall f € L,a,b),
a
and space of essentially bounded functions on [a,b], denoted by L..[a,b], with the norm

1/ [lee= ess sup |£(2)].

t€la,b]

We present the Ostrowsky type inequalities related to the generalized of Jensen’s
inequality.

THEOREM 21. Let n €N, f:[a,b] — R be such that f""*~V) is absolutely contin-
uous and f" € L,[a,b], x = (x1,...,%n) € [a,b]", W= (wi,...,wn) be real m-tuple,

m m
Wyn=Yw #0 and x = WL >, wix; € [a,b]. Let (p,q) be a pair of conjugate expo-
i=1 " i=1

nents, that is, 1 < p,q < oo, ;1_7+$ = 1. Then we have

1 o B 1 n—2 1
W_mizzlwif(xi)_f(x)_m Z k'(k—FZ)

k=0

§ wi(xi—a)<+?
f(k+1)(a){ll i —()_C—a)k+2}

m

z Wi(xi _ b)k+2

_ pen ) { - ()_C_b)m}l ‘

Y wilu(xi,.)
Win

1

< —=5; 17

S (-1 ~ )

(45)
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The constant on the right of (45) is sharp for 1 < p < e and the best possible for
p=1.

Proof. The arguments of the proof is similar to the proof of Theorem9in [7]. O

The integral version of the above theorem given as follows

THEOREM 22. Let n € N, f:[a,b] — R be such that f"~Y) is absolutely con-
tinuous and f") € Lyla,b]. Let x: [a,B] — R be continuous function such that

x([a, B]) C [a,b], A :[o,B] — R be as defined in Theorem 10 or Theorem 12 and
[ XA

X= Bare) Let (p,q) be a pair of conjugate exponents, that is, 1 < p,q < oo,
L+ =1. Then we have
gt o St
X{wa%ﬁwgﬁm?mm4}mﬂﬁ
_f@wa{waogzﬁz?mv>_@_byﬁ}]
@mwpﬁﬁg%f“—mmq (@6)

The constant on the right of (46) is sharp for 1 < p < oo and the best possible for p = 1.

6. Mean value theorems and rn-exponentail convexity

Motivated by the inequalities (15), (20), (32) and (34) we define the functionals
Y1(f), Y2(f), Y3(f) and Y4a(f) respectively by

() = S wif () — £
Wy &

1 2n—2 1 1 m
— (k+1) Ay — N2 K2
b—a ,EO a2 | (a){Wmi:lel(xl )"~ (x-a) }

m

_f(kJrl)(b){WL Ewi(xi _ b)k+2 _ ()_C— b)k+2}] . 47)
m =]
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_ e f)aae)
YZ(f)_ gdl(t) f()
L% U [y [ RGO -t aae) s
b—az’k!(k+2) 7 ”{ JBan() b }
(k+1) fa(() )k+2d/l(f)_x_ k+2
- D }] @)
NP Xom oo M-X 1251
1) = G Tl ) = 3 M) = S o)+ 5= 3, s

y lf(kﬂ)(a){ X—m (M — )+ + M—x (m—a)+? - Wliwi(xi_a)ku}

(49)
Y (f) _ fgf(X(f))dl(t) _ X—mf(M)_ M_ff(m)—i_ 1 2nz—‘2 1
alf) = Ban) M—m M—m b—a & Kkr2)
(k+1) X—m _g)kt2 M—Xx )2 fa( x(t)—a)*2dA (1)
X lf ST T )

Tom e MAT s JE () ~b) A
M—m ") Ban) }]
(50)

THEOREM 23. Let f : [a,b] — R be such that f € C?"[a,b]. If the inequalities
(15), (20) and the reverse inequalities in (32) and (34) hold, then there exist & € [a,b]
for k€ {1,2,3,4} such that

Tk(f) 2n (ék)Tk(fO) k6{1727374}7 (51)

where fy(x) = én)!.
Proof. The proof is similar to the proof of Theorem 11 in [7]. O

THEOREM 24. Let f,g:[a,b] — R be suchthat f,g € C?"|a,b]. If the inequality
(15) and (20) and the reverse inequality (32) and (34) hold, then there exist & € [a,b]
for k€ {1,2,3,4} such that
() _ £
Ti(g)  gC(&)

provided that the denominators are non-zero.
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Proof. The proof is similar to the proof of Theorem 12 in [7]. O

. (2n) .
REMARK 4. Ifthe inverse of Z(Tn) exists, then from the above mean value theorem
we can give the generalized means,

= (£2) (30) <020

Now, we recall definitions and facts about exponentially convex functions.(see for
example [15, 16, 18]):

DEFINITION 3. A function f : I — R is n-exponentially convex in the Jensen

sense on [ if
< Xi+X;j
mef( ’2 ") >0
i,j=1

holds for all choices p; e R and x; €1, i=1,...,n.

REMARK 5. From Definition 3 it follows that 1-exponentially convex functions
in the Jensen sense are exactly nonnegative functions. Also, n-exponentially convex
functions in the Jensen sense are k-exponentially convex in the Jensen sense for every
keN, k<n.

DEFINITION 4. A function f: I — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

DEFINITION 5. A function f:I — R is exponentially convex if it is n-exponen-
tially convex in the Jensen sense and continuous.

PROPOSITION 2. If f: I — R is an exponentially convex, then the matrix

(5

is positive semi-definite. Particularly,

det [f (%ﬂ =0
ij=1

holds forall ke N and x; €1, i=1,... k.
DEFINITION 6. A function f: 1 — (0,c0) is said to be log-convex if

FU=2)s+Ae) < f(s) ()
holds for all s,r €1, A € ]0,1].
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DEFINITION 7. A function f : I — (0,e) is said to be log-convex in the Jensen
sense if

£(55) < Vi)
holds for all x,y € I.

REMARK 6. If a function is continuous and log-convex in the Jensen sense then
it is also log-convex. We can also easily see that for positive functions exponential
convexity implies log-convexity (consider the Definition 3 for n =2).

REMARK 7. A function f : 1 — (0,c0) is log-convex in Jensens sense if and only
if the inequality
Hn+n

vif(nn) +2V1V2f< ) +V3f(1) =0

holds for each t1,#, € I and v,v, € R. It follows that a positive function is log-convex
in the J-sense if and only if it is 2-exponentially convex in the J-sense. Also, using
basic convexity theory it follows that a positive function is log-convex if and only if it
is 2-exponentially convex

THEOREM 25. Let Hy ={f, :t €1}, where I aninterval in R, be a family of func-
tions defined on |a,b] such that the function t — fi[z0,21,...,221] is n-exponentially
convex in the Jensen sense on I for any 21+ 1 mutually distinct points zo,z21,-..,221 €
[a,b]. Let Yi(f) be the linear functionals for k € {1,2,3,4} as defined in (47), (48),
(49) and (50). Then the following statements are valid:

(i) The function t — Y (f;) is n-exponentially convex in the Jensen sense on I.
(ii) If the function t — Y (f;) is continuous on I, then it is n-exponentially convex on
I
Proof. The proof is similar to the proof of Theorem 13 in [7]. [

As a consequence of the above theorem we give the following corollaries.

COROLLARY 4. Let Hy = {f, :t € I}, where I an interval in R, be a family of
functions defined on the interval [a,b] such that the function t — fi[20,21,-..,221] is
exponentially convex in the Jensen sense on I for any (21 + 1) mutually distinct points
20521, ---,221 € |a,b]. Let Yi(fy) be linear functionals for k € {1,2,3,4} as defined in
(47), (48), (49) and (50). Then the following statements are valid:

(i) The function t — Yi(f;) is exponentially convex in the Jensen sense on 1.

ii) If the function t — Yi(f;) is continuous on I, then it is exponentially convex on
4 y
1.

Proof. The proof follows directly from Theorem 25 by using the definition of
exponential convexity. [
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COROLLARY 5. Let Hy = {f, :t € I}, where I an interval in R, be a fam-
ily of functions defined on |a,b] such that the function t — f;|z0,21,...,22] is 2-
exponentially convex in the Jensen sense on 1 for any 21 + 1 mutually distinct points
205215 - -+ 5221 € a,b]. Let Xy be linear functionals for k € {1,2,3,4} as definedin (47),
(48), (49) and (50). Then the following statements are valid:

(i) If the function t — Yi(f;) is continuous on I, then it is 2-exponentially con-
vex on I. If t — Yi(f;) is additionally positive, then it is also log-convex on I.
Furthermore, for every choice r,s,t € I, such that r < s <t, it holds

e (f)l ™ < () ™ ()]

(ii) If the function t — Yy(f;) is positive and differentiable on I, then for all r,s,u,v €
I such that r <u, s <v, we have

.ur,s (Yk7H3) < ”M,V (Tk7H3) 5 (52)
where 1
Yi(fr) \ 75
(ﬁm) : r#s,
Hyrs (Tk»HS) = d (53)
ex W(Yk(fr)) _
P » T=S

Proof. The arguments of the proof is similar to the proof of Corollary 6 in [7]. [

REMARK 8. Note that the results from Theorem 25, Corollary 4 and Corollary 5
still hold when any two(all) points zo, ...,z € [a,b] coincide for a family of differ-
entiable (2] times differentiable) functions f; such that the function r — f; [zo, . . ., 22]
is an n-exponentially convex, exponentially convex and 2 -exponentially convex in the

Jensen sense, respectively.

7. Examples

Throughout this section we denote

1 & 1 &
Ap= — Zwi(-xi _ a)k+2 _ (X—a)k+27Bk - sz(x _ b)k+2 (x b)k+2
Wn 3 Wn 3
Xx—m k2, M—X 2 1 x k2
Ck—M_m(M—a) —|—M_m(m—a) —Wr;wi(x,-—a) ,
X—m M—x 1
D, — M_ b2 b2 _ J(xi — b)<F2.
k M—m( ) M—m(m Zw

where x;, w;, X are as defined in Theorem 9.
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EXAMPLE 1. Let us consider a family of functions

Q={fi:R-R:reR}

defined by
G, 1#0,
filx) = { fo
W 3 t —_— .
Since ‘f;nzj,:’ (x) = €* > 0, the function f; is 2n-convex on R for every ¢ € R and
t— ‘f;;f’ (x) is exponentially convex by definition. Using analogous arguing as in the

proof of Theorem 25 we also have that t — f;[zo,...,22,] is exponentially convex (and
so exponentially convex in the Jensen sense). Now, using Corollary 4 we conclude that
t —Yi(fi), k€ {1,2,3,4} are exponentially convex in the Jensen sense. It is easy to
verify that these mappings are continuous so they are exponentially convex. For this
family of functions, ;4 (Y%, Q1), from (53), k =1, becomes

Hsg(Y1,€21) = (Eg{;;) o s qFs,

1
5=q

m _
. . WL,,, ‘21 wiesx,' L Kl
i=
.uS,q(Yth): (;) m ~ ) s#q7s7q7é0
Wim '21 wiedti — e — Ky
i
| m o _
W ‘21 wix; et —xe* — K3 o
i=
”S,S(TI»QI):GXP Lo B R s#0.
W Y wietti —es¥ — K
"i=1
1< n+l  =2ntl
~<hn
| W > WiX; —X — Ky
i=1
Ho,0(Y'1,€21) = exp il . ’
W_m '21 w,xl- .Xn KS
=

where
l 2n—2 Sk+1 -
Kl = easAk —ebSBk] y
b—a & ki(k+2) L
1 2n—2 qk+1 -
K, = e’”fAk—ehqu} ,
b—a & k(k+2) L
1 2n—2 Sk - "
K= Kk 1) Ag = (bs+ K-+ 1By
3 b—aga k+2) _(as—i— + 1) Ay — (bs+k+ 1)e* By
1 2222020 —1)...(2n—k)
Ky — { 2n—ky, _ p2n—kp }7
Th—a A K (k+2) @k k
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1 2222n(2n—1)...(2n—k)

K =
> b—ago K (k+2)

a2n7k71Ak _ b2n7klek )

Similarly we can give i q(Yx, ) for k=2,3,4.
Now, using (52) py,q(Yk,€2) is monotonic function in parameters s and g. Using
Corollary 5 and Theorem 24 it follows that:

Ms,q(Tk,Ql) = lnus’q(Y’k,Qm k= 1,2,3,4

satisfy
aSMv,q(Y/ﬂQl)<b7 k:1a2a3a4'

This shows that M, (Y%, Q) is a mean for k =1,2,3,4.

EXAMPLE 2. Let
QZ = {gl : (07°°) - (0’00) re (O7°°)}

be a family of functions defined by

Since ‘fl 5L (x) =17 is the Laplace transform of a non-negative function (see [22]) it is
exponentially convex. Obviously g; is 2n-convex function for every ¢ > 0.

For this family of functions, p, (Y'1,Q5), from (53), becomes

1
- =7
2ws Yi— gV — L,

lnq 2n W Pt
Hsg (Y1,€2) = ns - , SF QG
W 'Z wig i —q =Ly
Xs"_‘_l—— Zwlxs Nl 1, )
n
.us,.\'(YlaQZ) = €xXp m L —— |9 7é L.
WL Wis ™% — s ¥ — L slns
"i=1
WL g 2n+1 _ @l _
1 "
.uhl(YlaQQ) =exp| — m , §= 1
2n+1 WLm 2 Wixizn _x2n —Ls
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1 2n—2 (_lnq)kJrl
L= [ —ap, ’hB},
2 b_ago K(k+2) 1 079 P

1 %2 (—hs)f
b—a & kl(k+2)

1 2222n(2n—1)...(2n—k)

L4:b—a Z

L [(alns—k—1)s*“*1Ak—(b1ns—k—1){”*134,

[aZn—kAk _ b2n—kBk] ’

Pt kl(k+2)
1 2222n(2n—1)...(2n—k)
Le— [ n—k—ly _ p2n—k-lp }
) ki(k+2) . ¢ ¢

Similarly we can give U q(Y%,Q,) for k=2,3,4.
Now, using (52) it is monotonic function in parameters s and g. Using Corollary

5 and Theorem 24 it follows that:

M (Y, Q) = Inp o (Yr, ), k=1,2,3,4

satisfy

a SMv,q(Y/mQZ) < b7 k= 1727374'

This shows that M (Yk,€2) is a mean for k = 1,2,3,4. Because of the inequality

(52)

, this mean is also monotonic.
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