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MEAN CENTRAL DISTANCE—CENTRAL DISTANCE INEQUALITIES

JiA JIN WEN, SHAN HE WU, JUN YUAN AND TIAN YONG HAN

(Communicated by L. Yang)

Abstract. By means of the analysis, convex geometry, computer and majorization theories, in
the centered 2-surround system S) {P,T, I}, we establish the following mean central distance—
central distance inequalities:
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where T = 2.49342812654089..., and 7/2 is the unique real root of the following equation:
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We also demonstrate the applications of our results, and obtain the N —mean central distance —
central distance inequality and the mean central distance—central distance—limit inequality.

1. Introduction

We begin by recalling some of the basic concepts as follows [1, 2, 3, 4].
Lety:1— R? be a continuous function, where I C R is an interval, and let the
image
= {¥(1) e R?|y(t) = x()i+y(1)j, 1 €1}

of ¥ be a smooth curve, that is, the derivatives x'(¢) and y'(¢) are continuous, and the
derivative of the vector ¥(r) satisfies the condition

Y(O) =X @Oi+Y )i #0= YOl = /W OP + ()] >0, Vel

here
02(0,0),i2(1,0), j2(0,1), R2 (—o0,00), R 2R x R.

Mathematics subject classification (2010): 26D15, 26E60, 51K05, 52A40.

Keywords and phrases: Isoperimetric inequality, p-mean, surround system, mean central distance,
Schur-convex function.

Corresponding author: Jun Yuan.

@ﬂﬁ"EN’ Zagreb 1131

Paper IMI-11-84


http://dx.doi.org/10.7153/jmi-2017-11-84

1132 J.J. WEN, S. H. WU, J. YUAN AND T. Y. HAN

Then the length |T'| of the curve T exists and

o< [IYOld = [P+ 0Pa <,

and 0 < [T < oo if 0 < |I] < oo, where |I| is the measure of the interval /.
In this paper, we assume that T" is a smooth and convex Jordan closed curve in R?
[1,2,3,4]. Then

= {y(t) e R¥|y(t) = x(t)i+y(t)j, t € R} and y(t) = y(t +|T|), V1 € R,

that is, y(¢) is a periodic function with the period |T'|, where the parameter ¢ is the
natural parameter, that is,

0<l<WhﬂﬂhﬂﬂﬂéZWVBWW+wwww=hwER

We denote by D(T") the convex region enclosed by the Jordan closed curve I" and, we
also define

~2y(ta—1), A2 y(1a) and Ay 2 y(ta+1), 14 €R. (1)

If [ is a fixed real number and 0 < [ < |I'| /2, then we say that the plane point set

2 (M A_AA, C D(T') C R?
Aell

is an [ -central region of the curve I, where the angular region
ACAAL 2 {(1=2)7(ta) + AY(D)|0 < A <o, tg+1 <t <ty—I+]|T|}.

Let the ! -central region D(T,7) be non-empty and the fixed point P € D(I",1). We
say that the set
V{PT.1} = {PT .1}

is a centered 2-surround system or centered 2-satellite system, P is a center and
A,A; €T are two satellites of the system.

For the centered 2-surround system S {P I',1}, we may think of the point P as
the center of the earth, I" as the orbit of two satellites A,A . In order to avoid hitting,
the satellites A,A+ must move by same curve velocity, that is,

2 iy e (0.5)

is invariable. This is the significance of the centered 2-surround system S>) {P,T, 7} in
the theory of satellite.

For centered 2-surround system S(2 {P TI',1}, we let P’ denote the projection of
the point P in the line AA, , and we say that the distance

rp = Distance(P,AA;) = |P' - P||
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from the point P to line AA is a central distance of the system, and the positive real

number
N 1
TP T M — P
[A+ —All Jmepa.)

is a mean central distance of the system, which is the mean of the distance between the
point P and the point M in the straight line segment [AA.], see Figure 1.

Figure 1: The graph of the centered 2-surround system S (2>{P7 I/},

Let f:T — (0,c0) be a continuous function [5, 6] defined on the smooth Jordan
closed curve I'. Then the functional

(1% l/p
=N fp) ) p6R7p7éO
el & 4 LT
—_— 1 p—
exp mf[%ogf ; p=0

is called the p-mean (or p-power mean) of the function f [7, 8, 9, 10, 11, 12], where
$r is the curve integral and,

1
Mr(f) 2 M () Wjﬁm&ﬁ wWhmﬂfﬁmﬁ

are the mean and the geometric mean of the function f, respectively.

The theory of satellite is important in space science. In [1, 2, 3, 4, 13], the authors
systematically studied the theory of satellite and obtained some useful results.

In the convex geometry, a well-known isoperimetric inequality can be expressed
as: If I" is a smooth Jordan closed curve, then we have

P

AreaD(T") < P

2)
where AreaD(T") denote the area of the region D(I"). Equality in (2) holds if and only
if T is a circle.

In the convex geometry, a large number of isoperimetric inequalities similar to (2)
had been obtained [1, 2, 3, 4, 14, 15, 16].
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In this paper, by means of the theory of majorization [17], we will study the sharp
lower bounds of Gr(7p)/Gr(rp) and M[z] (rp)/ Mr(rp) and establish two new isoperi-
metric inequalities in the centered surround system S {P,T,1}.

Our main results are as follows.

THEOREM 1.1. (Mean central distance—central distance inequality)
Let S@ {P I',1} be a centered 2 -surround system. Then we have the following isoperi-
metric inequality:

Gr(?p) 1 Ir Ir < I lﬂ?):|
> — |sec — +cot—log [ tan — + sec 3)
Gr(rp) ~ 2 ST S R U T

Equality in (3) holds if and only if T is a circle and P is the center of the circle.

THEOREM 1.2. (Mean central distance—central distance inequality)
Let S? {PT,1} be a centered 2-surround system. If

AeTl =0< LAPA, < 7=12.49342812654089...,

where T/2 is the unique real root of the equation:

d2[sece+cot9;g%(tan6+sec 0)] _0.6¢ <ng>7 @
then we have the following isoperimetric inequality:
M[FZ] (7r) > ! sec l— + cot l— log (tan l— + sec l_n)} 5)
Mr(rp) =~ T T T T

Equality in (5) holds if and only if T is a circle and P is the center of the circle.

In Section 5, we will demonstrate the applications of Theorems 1.1 and 1.2.
We remark here that, the relevant calculations in this paper are dependent on the
Mathematica software since these calculations are very complex.

2. Preliminaries

In order to prove Theorems 1.1 and 1.2, we need to establish several identities and
inequalities involving the centered 2-surround system as follows.

LEMMA 2.1. (See Lemma 4 in [4]) Let S? {P,T',I} be a centered 2-surround
system. Then we have the following identity:

ﬂ{ JA_PA, =2Ir. ©)
T
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LEMMA 2.2. (Hadmard inequality [18]) Let the function ¢ : [a,b] — R be a
continuous convex function. Then we have

G B

2

LEMMA 2.3. Let o, € (—5%,5) and o+ B € (0,7). Then we have

tanff /> 1dx 1
fftanoc X7+ >tana;—B / x2+COt2 azﬁdx (8)
0

tan o + tan f3

Equality in (8) holds if and only if a0 = .

Proof. This proof is based on the theory of majorization [17, 19, 20]. Let
o JMine VI H 1dx

tanattanf

F(a,B) =

Then

and E 2 {(o, B) |, B e( ”), a+Be(0,m).

2°2

F(a,ﬁ):F(ﬁ,a),V(a,ﬁ)eE. )

Let x = —¢. Then we have

Flo ) — Lma VAT H 1 g O F Td(1)

tan o + tan f3 tan o + tan 3
eV [ VO L
tan o + tan 3 tan o + tan 3
ftd&gp VaZ + ldx
- t F(ﬁ7a)
anf} +tano

That is, (9) holds.

Now we prove that the symmetric function F (¢, f3) is a Schur-convex function
[17, 19] on the symmetric convex set E. By the theory of majorization, we just need to
prove that

(0-p) (G0~ 55 ) 0. ¥ap) < (10)
Indeed, since
dt;;a =sec’ a, % =sec’ 3,
and
(o, B) € E = vtan? ¢ + 1 = sec o with y/tan?  + 1 = secf3,
we have

tan

tan 3
805/ V/x2 + 1dx = sec’ aand— VX2 + 1dx = sec® B.

tano d B —tano
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Hence
IF 9 e VA F ldx
doo  Jda tano +tanf
B (tanc +tan B) £ iagga\/x2+1dx—%(tana—i—tanﬁ) @b AT F ldx

(tan o 4 tan B
_ (tano+tanf) sec3 o —sec? o [P /A2 1dx
(tan o + tan B)* ’
that is,
8_F: (tan o + tan B) sec® o — sec aft‘l?ana\/x dx (11
o (tan o + tan )
Similarly, from (9), we have
8_F (tan o +tan B) sec® B —sec2[3fafana Vx2+ dx (12)

Jp (tan ot + tan B)*
Set tanot = u, tanf8 = v. Then, by (11), (12) and

sec?o=tan’a+1=u’+1, sec’B=tan’B+1=v>+1, u4+v>0,

we get

oF _oF

90 9B
~ (sec? o —sec’ B) (tan o + tan B) — (sec o — sec” ) B) [P /A2 1dx
a (tano + tan B)?

3 3
2y e (tanacanB) — [, VAT Tdy

= (sec” @ —sec” B)

(tan o + tan ﬂ)
tan? o — tan? sec? o + sec? sec o sec tan 3
= B [ + B+ ﬁ(anOH—tanﬁ / Vx dx}

(tan o + tan fB)? sec o +sec 3 tana

tan o —tan B [sec? o + sec? B + sec orsec B tan
= tan o + tan V2 +1dx
tana—i—tanﬁ{ sec ot + sec 3 ( tanp) /tanoc e
u—v |2 +v2+2+ /(2 + 1)( +1 /
= u+v) VX2 + 1dx
u+v Vi + 1412+ —u
(=) WV 424/ + D)2+ [0, va?+ Tdy
= \UuUu-—-v 5
NG ey wtv
that is,

(=B (g~ 55 ) = (@~ B)u=GGy) (13)
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where
Gluv) & P+ 424+ D)2+ [, v+ Tdy
T Vig+ 1+ V02 1 1 utv
e (@~ B)sin(o— p)
o —f)sin(o —
— —v) = >0, Ve, E
(@ B)u—v) = o (c.B) €
inequality (13) is equivalent to the inequality
G(u,v) 20, Vu,v €R, u+v>0. (14)
Let
¢:R—R, o(x)=Vx2+1. (15)
Then

do x d?e 1
P _ as- - oo
i el T N e

Hence the function ¢ is a continuous convex function on R. By Lemma 2.2, we have

Loffvlde oireb) L(arievarn).  as)

u+v 2

By (16), we get

Gluw) = P+ +2+/(@+ D)2+ 1) [, Va2 + Ldx
’ VIZ+ 14+ +1 u+v
WAV +2+ /(2 +1)(2+1) 1
> ——(\/u2+1+\/v2+1>
Vid+14+vv2+1 2
w242
2(Vu? +1+Vv2+1)

> 0.

Hence (13) and (14) are proved.
Since the symmetric function F (o, ) is a Schur-convex function on the symmet-

ric convex set £, and
o+B a+ ﬂ)

wp) - (455

by the definition of the Schur-convex function [17, 19], we have

o+

[dn—
F(u,v)}F(OH_ﬁ,OH—B) a+[3/ \/)c2 1dx
2tan

2 2 tan &5E

o+p

tan -
- oc+13 / 1dx
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tuna+ﬁ 2
o+p 2 o+ , 0+ oa+p
—tanT/O \/()ccotT) + cot Td xcotT
o 1 o
= tan +ﬁ/\/t2+c0t2ﬁdt
2 0 2

That is, inequality (8) is proved. This ends the proof of Lemma 2.3. [

We remark here that, in [19], the authors extended the theory of majorization and
established the theory of weak monotonic function, and they show that a Schur-convex
function is a weak increasing function under the proper hypotheses, that is, they ob-
tained the following result: Let Q C R}, be a symmetrical and convex domain, and
let f:Q — R be a homogeneous with degree y > 0, symmetrical and differentiable
function. If f: Q — R is a Schur-convex function and f(e) > 0, then f: Q — R isa
weak increasing function.

LEMMA 2.4. Let SP{P,T',1} be centered 2-surround system. Then

1
+/ \/ 1%+ cot? #da (17)
0

Equality in (17) holds if and only if P is the midpoint of line segment [AA.].

7p = rptan

Proof. Let

A . A . A . A . A . .
AZxp0, Ay Sxp,0, M2 xi, x4 <x<xa,, P=rpj, PP £ 0i+0j,

and let N N
o2 /APP' = —arctan-2, B 2 /A, PP’ = arctan “2*
rp rp
Then
4APA+:a+B,xA:—rptana, xA+:rptan[3, (18)
T
ape(-3.3). a+Bem), (19)
e [
M—P||=\/x2+r2, |Ay —A|| =x4, — =+ 0 20
| | = /x> +1p, AL — Al = xa, —xa, 7p Pp——c (20)
See Figure 1.
Notice that
1 1 XA,
Fp = HP—M||:7/ 2+ r3dx
1A+ — Al Jjaa4) Ay —X r
1 rptanf3 rptanf3
:7/ x2+rde——/ x2 + radx
XA, — XA J—rptana (tanor +tanfB) J—rptana

rp rptanf3

B )
_ + ld tan dx

tana +tanB J_rpuna rp rp " tana + tanﬁ / tan &
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that is,

tan 3 /—2 Tdx
Fp = f tangg VX . Q1)
Ctana+tanf

By (21) and Lemma 2.3, we get
Tp=rp——m————— ta&ga Ldx ptan o+p /1 x2 + cot? ﬂdx
2 0 2

tanOH—tanﬁ 2

1 /APA
* / \/ 1%+ cot? Tert
0

That is, inequality (17) is proved.
Based on the above proof, we know that equality in (17) holds if and only if P’ is
the midpoint of line segment [AA|. The proof of Lemma 2.4 is completed. [J

= rptan

LEMMA 2.5. (Jensen’s inequality, see [21, 22]) Let E C R™ be a bounded and
closed region (or curve), and let the functions f : E — Rand ¢ : f(E) — R be Riemann
integrable, where f(E) is an interval. If ¢ : f(E) — R is a convex function, then we
have the following Jensen’ inequality:

Jp o) - (fEf) ’
o) =
A well-known Jensen’s inequality [21, 22, 23, 24, 20] can be stated as:
1 & 1 & A A
f(AW) =f<n > ) <5 2 Sl £AGW) 23)
j=1 j=1

where f:1— R is a convex function, and x; € I, j = 1,2,...,n. Inequality (23) is
reversed if f: I — R is a concave function.

We remark here that, in [22], the authors generalized the inequalities (22) and (23)
by means of the theory of majorization, and obtained the following result: Let two
functions f: [a,b] — (0,0) and g : [a,b] — (0,) satisfy the condition

s {551} < ime, {5 -

t€(a,b)
If f"(¢r) >0, Vt € [a,b], then for any x € [a,b]", we have the following J-P-S-F type
inequalities:

fz+1 n(x) < fi,n(x)

: A(f(x)
g(A(x)) ng 20 gin(x) (24)

where .
fin) &= Y f(@),lgkgn,ngl

1)
k 1<ipj < <ig<n
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This inequalities are reversed if f”(t) <0, Vz € [a,b]. Further, let E C R" be a bounded
closed domain, where the measure |[E| =1, and let ¢ : E — [a,b] be a Riemann in-
tegrable function. If f”(z) > 0, Vt € [a,b], then we have the following Jensen-type

inequality:
f(0) _ Jpf(6) 05
§(Jg®) ~ Jesg(9)
which is also an extension of inequality (22). Inequality (25) is reversed if f”(¢) <
0, Vt € [a,D].

Figure 2: The graph of the function () where 6 € (0,%).

Figure 3: The graph of the function ZZT“Z’ where 6 € (0,%].
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i3 1.4

. . 2
Figure 4: The graph of the function ZT“Z’ where 6 € [F,5).

Figure 5: The graph of the function x(6) where 6 € (0,%)

3. Proof of Theorem 1.1

Proof. We first prove inequality (3). Since [4]

1 1
/ V124 cot? 6dt = 3 [csc 6 +cot® O log (tan 6 + sec6)] ,
0

(26)
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Figure 6: The graph of the function djfi(ee) where 0 € (07 %) .

we have

1 1
tan 9/ V12 +cot? 0dt = 3 [sec O + cot O log(tan 6 + sech)]. 7
0

Consider the following auxiliary function
1
o: (O, g) — R, ®(8) = log { 3 [sec 8 + cotBlog(tan 6 + secO)]} . (28)

By means of the command D[ ] of the Mathematica software, we get

2
en2 ,
[— csc? Blog (sec O +tan 6) + sec O tan O + cotf(see 9+sec9mn6):|

dzCO sec O+tan
oz [cot O log (sec O + tan 0) + sec 0]
o(0)
cotOlog(secH +tanf) +sech’
where

@(0) £ 2cotBcsc? Olog (sec O +tan ) 4 sec’ O 4 sec O tan” O
2csc? O (sec? 6 +secOtan@)  cotB (sec? O + sec O tan 9)2

sec 6 + tan 6 (sec@—i—tan@)2
N cot 6 (sec 0 + 2sec? O tan 6 + sec 6 tan” 0)
secO +tan @ '

By means of the command Plot[ ], we know that the graph of the function w(6) is
depicted in Figures 2, and the graph of the function d*® /d6? is depicted in Figures 3
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and 4, and by means of the commands Solve[ | and Limit[ ], we know that the equation
d?w/d6? = 0 has no any real root in the interval (0,7/2) and

d2w>1 dzm—l>0
a62 ~etvder 3

So the o is a convex function with respect to the variable 6 € (0,7/2).
By Lemma 2.4, (27) and (28), we get

log £ > log (t MPAJF / \/ 22 +eor A4 +d ) (ZAPA+> .29
rp

Since the function w is a convex function, according to (28), (29) and Lemma 2.5, we

e mhe (55 2o (m A7) o ()

log{ [sec ln +cot —; ln log (tan I +sec — I )} }
T T T Tl

that is,

exp(ﬁj&rlogﬁa) 1 1 [
exp (ﬁ frlogrp> -

Hence inequality (3) is proved. The proof of Theorem 1.1 is completed.

I It It I

se c—+c0t—log (tan—+sec—>] (30)
T T T T

4. Proof of Theorem 1.2

Proof. Consider a new auxiliary function:

-2
X (0,%) — R, x(0)= {%[sec@—l—cot@log(tan@—i—sec@)}} . 31)

By means of the command D[ ] of the Mathematica software, we get

2 ,
—csc? 0log(sec +tan Q) +secHtan 6 + cot0(sec? bsecOtan6) ]

sec O+tan 0

8
dx(6) [
do [cot 8 log (sec O + tan §) + sec 0] ’

and by means of the command FindMinimum[ ], we get

min d%—w) = d%—w)) = —1.2737520635993627 .. .,
0<o<m/2 | dO o J4_q,
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where 6y = 1.246714063270445 ..., which is also the unique real root of equation
(4), and the strictly decreasing interval of dy(0)/d6 is (0,6y], which is also strictly
concave interval of the function y(0).

By means of the command Plot[ ] of the Mathematica software, we know that
the graph of the function x(6) is depicted in Figure 5, and the graph of the function
dx(6)/d0 is depicted in Figure 6.

Since
4APA+

AcTlT=0<APA. <T=0< —— = 0y,

l\JIH

according to (28), (31), Cauchy inequality [2]

1 1 1
i <y = 2w 2
|r\?€fxg \/|r?§f I e

Lemmas 2.1, 2.4 and 2.5, we get
rp) & — f{r
Mr (rp) m P
1 [ ZAPA, (! ] ZAPA, \
< 2 o AT
< ] fi:rp (tan 5 / 1%+ cot 5 dr
LAPA
‘r| ]!rp X +
< j{_z f{ <4APA+>
] Il 2
R P L% ZAPA L
My (”P)\/|r r"( 2
2 - 1 %AAPAJF
<M =
F("P)\/X<|r T 2
= M2 (7p) 7{ ZAPA,
: 2T
: 2|
= M7 ()2 (l—n>
Tl

-1
a2 - 1 Im Im Im I
= My~ (7p) {5 [secf—kcotﬁlog tanﬁ—i—secm .

That is, inequality (5) holds.
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Based on the above proof, we know that equality in (5) holds if and only if T" is a
circle and P is the center of the circle. This completes the proof of Theorem 1.2

2.0
5. Applications

Let S? {PT,1;} be a centered 2-surround system, where j = 1,2,.
Then we say the set

N, N>=3.
H{PII} 2 {PT.1}
is a centered N -surround system and P is a center of the system, where

N
12 (I1,h,...,Iy) ERY 0 < [ <| | JVjii1<j<N, Y 1=
If we define

j=1

J
Aj:’)/<tA+ Zlk>7j:l727'”vN7
k=1

then we say that the points Al,As,..., Ay are N satellites of the system [4].
Suppose that S {P I',1} is a centered N -surround system. Then we define
r/) 2 Distance(P,A;_1A;) and 7’ & !
P = JAj-14;) and 7
where 1 <j <N, N > 3.

||M - P||7
HA Aj l” MG[A/ lAj]
Theorem 1.1 implies the following result

THEOREM 5.1. (N-mean central distance—central distance inequality)
Let S@ {P T,l} be a centered N -surround system. Then we have the following in-
equality:

Gr( IJV 1}”1(17])>

1
> = > {secN+c0t
\/HJ er

| (t
 log (tan

T
~ 32
+ sec N) } (32)
Equality in (32) holds if and only if T is a circle, P is the center of the circle and
r
L=0bL=- :zN:|N_‘ (33)

Proof. According to Theorem 1.1, we have

Gr®)) _1[ Lz lin

O 2 SeC ~— +cot - J

Gr(ry) IF\

T

lim
10g<tan +sec —- )],j:1,2,...,N,
T T
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that is,
_(j) .
Gr(rf.)> >0 (’—”) L j=1,2,....N, (34)
Gr(ry) T

where the function o is defined by (28).
Since the function ® is a convex function, according to (34) and the Jensen’s
inequality (23), we have

o (V)| s

G[‘(?E)J)) 1 X leE
log = — log ~l>—No|
( /H, 1VP ) N = Gr(rl(!)) N3 T

\V,

e
VN
2| -
M=
=]
N———

Il

e
/N
=zl
N—

=1lo l[secz—kcotzlo (tan£+sec£>]
B Pl R AR i A G VR A N

That is, inequality (32) holds.

Based on the above proof, we know that equality in (32) holds if and only if T" is
acircle, P is the center of the circle and equations (33) hold. This completes the proof
of Theorem 5.1. [

Theorem 1.2 implies the following result.
THEOREM 5.2. (Mean central distance—central distance—limit inequality)

Let S {P T',1} be a centered 2-surround system. then we have the following isoperi-
metric inequality:

M () = Mr(rp) _ 7 , AreaD(I)

lim

35
=0 2 (35)

here we assume that the above limit exists.

Proof. Since
0<[[A} —Al<I, VAET,

we have
}iné /APA, = 0.

Consequently, there exists a § > 0 such that
0< ZAPAL <1, V1€(0,0),

where 7 is defined by Theorem 1.2.
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Since T" is a smooth curve, so, for any point A € T, there exists a line AT, such

that AT is tangent to I" at the point A. Let p £ Distance(P,AT). Then p is a support
function of the curve I', and we have [25]

1 jf p = AreaD(T") with limrp = p. (36)
2 T [—0

By means of the command Limit[ ] of the Mathematica software, we get

%[sec 0 +cotOlog(tan6 +secO)] —1 1 37)
e-»o 62 T 6
Set 1
I ( T ) N
0= Sl= 0.
T T
According to Theorem 1.2, (36) and (37), when / € (0,8), we have
M[Fz](Fp) —Mr(rp) 1[sec 6 +cotOlog(tan 6 + sech)] —
and
2]+ 1
. Mp (7p) —Mr(rp) > TimMp(rp) 2 [sec O + cotOlog(tan O + secH)] —
10 2 1—0 2
1
_ hmMr(rp) hm 7\ L[sec 8+ cot O log(tan +sech)]—
1—0 T 0?
1
Mr(lim o) Tim 2 [sec 6+ cot O log(tan O+sech)]—
—0 " 6-0 02

_‘( )nfp
. (%) 1  2Aread(r)

2 AreaD(T)
= — X —
3 T

(3
()

That is, inequality (35) holds. The proof of Theorem 5.2 is completed. [

We remark here that, by (35), we know that: for any € > 0O, there exists a real
6 > 0 such that

(2] = 2
M —-M AreaD(T"
0<l<&=—L (rP>l2 r(r) > % X %3()—8. (38)
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6. Conclusions

In this paper, we first establish several identities and inequalities involving the
centered 2-surround system. Next, we prove two isoperimetric inequalities, which are
called the mean central distance—central distance inequalities. Finally, we demon-
strate the applications of our results, and obtain the N—mean central distance—central
distance inequality and mean central distance—central distance—limit inequality. The
proofs of our results are perfect coordination of the mathematical proof techniques and
computer.

One of the theoretical significance of this paper is to use the computer to deal with
some complex inequality problems, and another is to establish the geometric theory on
satellite motion. Large pieces of functional analysis, convex geometry, computer and
inequality theories are used in this paper, especially the theory of majorization.
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