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OPTIMAL INEQUALITIES INVOLVING POWER-EXPONENTIAL
MEAN, ARITHMETIC MEAN AND GEOMETRIC MEAN

ZHEN-HANG YANG AND JINGFENG TIAN

(Communicated by E. Neuman)

Abstract. For a,b >0 with a # b, the power-exponential mean is defined by

Z=Z(a,b) =exp <%> = Vabe' !

where ¢ =1In/a/b. In this paper, we prove the double inequality

70 +Gr\'P 744G\
(F3%) <a<(557)

holds for a,b >0, a # b with the best constants p =2/3 and ¢ =1, where A = (a+b) /2,
G = Vab. We also establish the sharp bounds for e®™ as follows:

s tanht

1< —
2cosht — 1
tanht

< 1.055,
L e <1
V2 2(cosht)2/3 -1

for t > 0. These improve some known results.

1. Introduction and main results
Let p,qg € R and a,b € R := (0,0). The Gini means [4] are defined as

al + bP 1/(p—q) _
m if p#q,
Gpﬂ(avb) =

a’lna+bPInb oo 4.D
Pl = P=q.

The basic properties of Gini means, as well as their comparison theorems, monotonicity,
and log-convexity can be found in [3, 4, 8, 12, 18, 19, 20].
As special cases of Gini means G, 4(a,b), we see that
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(i) A(a,b) =G (a,b) = (a+b)/2 is the arithmetic mean;

(ii) G(a,b) =Gog(a,b)= Vab is the geometric mean;

(iii) Z(a,b) = Gy 1 (a,b) = a®/(@+P)pb/(@+?) is the power-exponential mean;

(iv) Ap(a,b) = G (a,b) is the power mean of order p.

We remark that the power-exponential mean is also called “symmetric geometric
mean” ([15]), “special Gini mean” ([14]) and “weighted geometric mean” ([13]). In this
paper, we adopt the term “power-exponential mean” to name the mean Z(a,b) (see e.g.
[21], [22],). Although Z(a,b) is a weighted geometric mean with weights a/ (a+b)
and b/ (a+b), it is not widely known. So we hope to establish some new inequalities
for this mean.

Sandor [10, (30)] showed that for a,b > 0 with a # b

A< \[1(a,p?) < Z(a,b), (1.2)

where
by 1/(b—a)
I(a,b):e_1 (7) ,ifa# b and I(a,a)=a (1.3)
a
is the identric (exponential) mean of a and b. Yang [18] proved that
G?*(a,b
Vab < 1(a,b) < 72 (\/E, \/13> <Iab)exp(l— DO 7 ()
L2 (a,b)
hold for a,b > 0 with a # b, where
Lah) = —2"% ifatb and L(a,a) =a (1.5)
" Inb—1Ina’ e ’

is the logarithmic mean of a and b. Using comparison theorem of Pdles’s [9] it is
obtained that

Z(a,b) > Ay (a,b), (1.6)
and its companion inequality
Z(a,b) < V24, (a,b) (1.7)

is due to Neuman and Sandor [5, Theorem 4]. Yang [19, (5.15)], [22] showed that

Z(a7b)+G(a7b).

Z(a,b)G(a,b) <A(a,b) < 7 (1.8)
In [17, (4.16)], Yang also presented a double inequality
Z(a,b 3
1 < (a,b) <2 ~1.1036. (1.9)

2A(a,b) — G(a,b) e

More inequalities for mean Z can be found in [13, 14, 15, 19, 21, 22, 17].
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An identity related to means Z and [

1 (az,bz)

Zla,b) = I(a,b)

is due to Sandor in [1 1] (see also [21]). Another one among means Z, L, A and G

A(a,b)—G(a,b)

7% (va,Vb) = G (a,b)exp L(a,b)

(1.10)
was obtained by Neuman and Sdndor [6]. (see also [21]).

The main aim of this paper is to present the sharp bounds for arithmetic mean A
in terms of power-exponential mean Z and geometric mean G, that is, to determine the

best p such that
ZP 4GP\ P
A>< —; ) (1.11)

and its reverse hold for all a,b > 0 with a # b.
Our main results are contained in the following theorems.

THEOREM 1. Let a,b >0 with a # b.
(i) When p > 2, the double inequality

P p_ p\ 1/p p e\ VP
(W) <A< (Z JZFG ) (1.12)

holds with the best weights 1/2 and

_J277ifp>0,
ﬁp—{ 1 ifp<o (1.13)
(ii) When p < 2/3, the double inequality
zZr+Gr\ /P Y
( 5 ) <A< (BpzP + (1—B,)G")YP (1.14)

holds with the best weights 1/2 and B, where the lower and upper bounds in the case
of p =0 are defined by their limits as p — 0.
(iii) When 2/3 < p < 2, the double inequality

(2P +(1—7,) G <A < (8,2° +(1—6,)G)'/P (1.15)
holds, where &, = max ¢ (/3.2 (2_1,2_1’) and 7y, are the best constants, and here

~ (coshrg)? —1
= ePfotanhzy _ 1’
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to is the unique solution of the equation

d (cosht)? —1

dt erttanht _ =0
on (0,e0).
In particular, taking p = 1, we have
Z+G
nz+(1-m)GLa< 2 (1.16)

where v ~ 0.46814 and 1/2 are the best.

THEOREM 2. Let a,b > 0 with a # b. Then the double inequality

PGP\ /P a1 a\ /4
(Z ;G ) <A< <Z _|2_G ) (1.17)

holds with the best constants p=2/3 and g = 1.

Let M (x,y) be ahomogeneous mean of positive arguments x and y. Then M (x,y)
can be expressed as

M (x,y) = \/xyM (¢',e”"),

where 7 = (1/2)In(x/y).
By symmetry, we assume that b > a > 0. Then 7 = (1/2)1n(a/b) > 0. Therefore
we have

Z(a,b) = Vabe' ™ A(a,b) = Vabcosht, G(a,b)=1. (1.18)
Thus Theorems 1 and 2 can be restated in the form of hyperbolic functions.
THEOREM 3. Let t > 0. (i) When p > 2, the double inequality

pt tanh? I/p 1 pt tanh? 1 I/
(ﬁpe F1- ﬁp) < coshr < ( gerh 4 2 (1.19)

holds with the best weights 1/2 and B, given in (1.13).

(ii) When p < 2/3, the double inequality (1.19) is reversed, where the lower and
upper bounds in the case of p =0 are defined by their limits as p — 0.

(iii) When 2/3 < p < 2, the double inequality

1/ 1/
(et + (1-,)) " < coshe < (Serr it +1-6,) ", (1.20)

where 8, = Max,c(2/32) (2’1,2’1’) and 7y, are the best constants, and here

~ (coshrg)? —1
= ePfotanhzy _ 1’
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to is the unique solution of the equation

d (cosht)? —1

dt epttanht _ | 0
on (0,e0).
In particular, taking p = 1, we have
1 1
y1e' @M 4 (1 —9) < coshr < Ee“*‘“‘”JrE, (1.21)
where v ~ 0.46814 and 1/2 are the best.
THEOREM 4. Let t > 0. Then the double inequality
1 ¢ tanht 1 1/ 1 t tanht 1 /e
—eltn - h —ed'tan = 1.22
<2e +2) <cost<<2e +2> (1.22)

holds with the best constants p=2/3 and g = 1.

2. Proofs of main results
To prove our main results, we need the following lemmas.

LEMMA 1. ([7, Proposition 1.2, Corollary 1.3], [1, Theorem 2]) For —ee < a <b
< oo, let f and g be differentiable functions on the interval (a,b). Assume also that
the derivative g' is nonzero and does not change sign on (a,b). Suppose that f(a™) =
gla™)y=0or f(b")=g(b™)=0.1If f'/g is increasing (decreasing) on (a,b) then so
is f/g.

LEMMA 2. ([16, Theorem 8]) Let —oo < a < b < o. Suppose that (i) f and g are
differentiable functions on (a,b); (ii) & # 0 on (a,b); (iii) f(a™) = g(a™) =0, (iv)
thereis a ¢ € (a,b) suchthat f'/g is increasing (decreasing) on (a,c) and decreasing
(increasing) on (c,b). Then

(1) when sgng'sgnHy o (™) > (<)0, f/g is increasing (decreasing) on (a,b),
where Hy o = (f'/8") g — [

(2) when sgng'sgnHy o (b~) < (>)0, there is a unique number x, € (a,b) such
that /g is increasing (decreasing) on (a,x,) and decreasing (increasing) on (x,,b).

LEMMA 3. ([2]) Let a, and b, (n=0,1,2,...) be real numbers and let the power
series A(t) =Y, ant" and B(t) =Y, byt" be convergent for |t| < R. If b, >0 for
n=0,1,2,..., and a, /b, is strictly increasing (or decreasing) for n =0,1,2,..., then
the function t — A(t) /B(t) is strictly increasing (or decreasing) on (0,R).

LEMMA 4. Let h be the function defined on (0,c0) by

ht) = tcosh?t +¢sinh?¢ — coshz sinh# cosht
- t + coshz sinht tsinht’

Then h(t) is increasing from (0,00) onto (2/3,2).

2.1
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Proof. Write

A(r) = (r cosh?z +¢sinh?7 — cosh? sinh?) cosht,
B(t) = (t+coshtsinhr)¢sinhz.

Using “product into sum” formulas for hyperbolic functions leads to

4A (t) = 2tcoshr — sinhz — sinh 37 + 2¢ cosh 3¢,
4B (t) = 41 sinhz — r coshr +t cosh3z.

Expanding in power series gives

4A (t) = 2t coshr — sinhz — sinh 37 + 27 cosh 3¢
oo t2n 1 oo t2n71 oo 32n71t2n71 oo 32n72t2n71

- 2 2n—2)! 21(2n—1)!_ R 2N )]

n=1

n=1

n l
S (4n—5)3"""244n—3 , R I
2 2n—1)! = X e

n=2
and

4B(t) = 41?sinht — rcoshr +tcosh3r.
oo t2n71 oo t2n71 oo 32n72t2n71

:42 + (2n—3)! _2 (2n—2)!+n§’1 (2n—2)!

< 37+ 8n— 92n . -1
i z bt
= (2n—2)!
From Lemma 3, to prove # is increasing, it suffices to prove

ap (4n—5)3""2 +4n -3

b, (2n—1)(3224+8n—9)

is increasing for n > 2. A direct computation leads to

g1 an _ (n=1)3"4+dn+1 (4n—5)3""244n-3
buy1 by (2n+1)(32+8n—1) (2n—1)(3%""2+8n—9)
2uy,

 (2n—-1)(2n+1)(32+8n—1)(32"24+8n—9)’

where
uy =31 +2(8n—1)(4n—5)(4n—3)3*" 2 — (320> — 16n - 3).
Clearly, 3**~1 > 37 = 2187 and 3*"~2 > 1 for n > 2, so we get

> 2187 +2(8n—1)(4n—5) (4n—3) — (32n° — 16n - 3)
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Hence, a,/b, is increasing for n € N with n > 2, and therefore, the function

t— A(t)/B(t) = h(t) is increasing on (0,e0).
Simple calculation gives

lim h(r) = % and limh(r) =

t—0+ f—o0
which proves this lemma. [
Now we are in a position to prove Theorems 3 and 4.

Proof of Theorem 3. For t > 0, we define

p_
f(;):Mifp;éOandf(t)zln(cosht) itp=0,
epttanht_l
g(t) = ———if p#0and g(r) =rtanhr if p=0.
p
Then n? 1 I h
SA0) _ (cosht)T =1 ie g ana £(1) _ In(eosht) ;e

g(t)  eprtanhr g(t)  ttanht

Differentiation gives

f'(r)  cosh”tly sinht
g 1) epttanht ¢ 4 ginhycosht’
(f’ (t)>/ ~cosh” 't tsinht

40 epttanht ¢ 4 ginhtcosht

where £ (¢) is defined by (2.1).

(p—h()),

2.2)

2.3)

(2.4)

2.5)

(i) When p > 2, by Lemma 4 we see that (f'/g')’ < 0. It is deduced from Lemma

1 that f/g is decreasing on (0,e), and therefore, we have

IO f0) (eosh 1 L f()

Po=lm ey )~ e =1 <0

This together with the facts that

o = lim & 1,
—0+ g () 2
277 if p >0,
t
ﬁp:nm&: 1 ifp=0,
—==g(t) 1 ifp<0

implies the double inequality (1.19).

(2.6)

(ii) When p <2/3, similarly, f/g is increasing on (0, ). This leads to the reverse

of (1.19).
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(iii) When 2/3 < p <2, by Lemma 4 we see that t — p —h(t) := j(t) is decreas-
ing on (0,e0) but j(07)=p—2/3>0 and j(c) = p—2 < 0, which implies that there
isat € (O,oo) such that j(r) >0 for 7 € (0,7;) and j(r) <O for ¢ € (t1,°0). This in
conjunction with (2.5) indicates that (f’/g’) is decreasing on (0,7;) and increasing on

(l1,°°) .
It is easy to check that f(07) =g (0%) =0, g’ () = pcosh”~!¢sinhz > 0 and
(@)
Hye () = lim (L0 70
i cosh?*1¢ sinh? ePr@anht 1 (cosht)? — 1
e\ ePttanh? g4 sinhycosht p p
coshr \” t
~ im [ 1- (e’“‘“h’> + sinhzcosh! ¢ _ =277 >0,
pi—e coshtsmht +1 p

where the last equality holds due to

cosht 1+e % ( t ) 1 ,
= exp( — — —ast— oo
et tanh? 2 P\ ™ ¢ coshr 2 ’
t cosht t
- 5 = = 5=~ — 0ast — oo
sinhzcosh' Pt  sinhf cosh” 7t

Then by Lemma 2 we see that there is a 7y € (0,o0) such that f/g is decreasing on
(0,70) and increasing on (#y,0). Thus we conclude that

fl) S _ )
s
(

) . 1
Y = ) ) <,£I(§l+ﬁ_§f0rt€(0’t0)’
T = E ; —3 }L@oﬁ—ﬁp:2_pfort6(to7oo).
So for ¢ € (0,00), it holds that

(coshr)? —1 L\
T < epitanhs _ | < per(g%iz) 5’2 - 5177
which proves (1.20).
In particular, if p =1, then &, = max,¢(2/32) (271,277) = 1/2. Numeric com-
putation yields 7y ~ 1. 6223026 and so

coshrg— 1
eto tanhzy _ 1

7= ~ 0.46814.

Thus we complete the proof. [

Proof of Theorem 4. (i) Necessity. The first inequality of (1.22) is equivalent to
f(t)/g@) >1/2 or g(t) —2f(¢r) <0, where f(z) and g(z) are defined by (2.2) and
(2.3), respectively. If g(z) —2f(r) < 0 holds for 7 > 0, then there must be

fim £ =2/() <0. 2.7)

1—0t 4
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Expanding in power series yields

g()—2f (1) = @mmm+1_z@mmy)=1<p—%)#+00ﬁ,
p 4 3

which together with (2.7) gives p < 2/3.

Sufficiency. It has been proved in part (ii) of Theorem 3.

(ii) Necessity. It follows from lim;_... [f (¢) /g (t)] < 1/2, which by the limit rela-
tion (2.6) gives 279 < 1/2, thatis, g > 1.

Sufficiency. The increasing property of power mean in its parameter in combina-
tion with the second inequality of (1.21) gives the sufficiency.

This completes the proof. [l

3. Further results and remarks

REMARK 1. Lemma 4 reveals a double inequality

2 - tcosh?z +¢sinh?¢ — coshz sinhz cosh? <2 3.1)
3 t + coshtsinht tsinht '

for t > 0. Note that

coshr sinh 2¢
sinht = cosh2r—1’

1
cosh?z + sinh?7 = cosh 2t, coshtsinhz = 3 sinh 2¢,

and with 2r — ¢, inequalities (3.1) can be rewritten as

1 _ coshz — 802 Ginp 1 -
3 1+ S";ﬁ t cosht—1 ’

By the relations given in (1.18) and

L(a,h) = a—>b _\/—smht

Ina —1Inb
the above double inequality is equivalent to
1 A-L L

T Aa-L L
3SGrLA_G ="

or
A—L <A—G <3A—L
G+L L G+L

This together with (1.10) gives
A—L< Zip, A-G A—L

a-F N St
G+~ "G L “°GyL

that is,
A—L A—L
G Z Gexp’ [ =—=
ep<G+L>< 1/2 < e”’<G+L)’

where Z, , = Z? (\/E, \/E) .
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REMARK 2. In the double inequality (1.19), the right hand side is obviously in-
creasing in p on R. Also, we claim that the left one is decreasing in p on (0,e). For
this end, it suffices to show that the function U defined on (0,0)* by

1
U(p,x) = In (ﬁpel”mh’ f1- ﬁ,,) "o in 2P 41-277)  (32)

1
= —In2+—1In(eM 427 -1)
p

is decreasing in p on (0,e), where x =t tanhz.
Differentiations give

aU 1 xeP*+2PIn2 1
_:_u__zln(ewq_zp_l)
dp per+2r—1 p

d [(JU (2P —1)eP* 2P1n2
—_— B — = X — .
ox \ dp (ePr+2r —1)* 2P —1
Itis easy to see that x+— dU /dp is increasing for x > (2”1n2) / (2 — 1) and decreasing

for 0 < x < (2PIn2) /(27 —1). So, to show that JU/dp < 0 for p > 0, it suffices to
check that

lim 8_U =0 and lima—U:O.
x—0t dp x—e dp

In fact, a simple calculation yields lim,_,o+ dU/dp =0. And

8U 2P1n2 xeP* 1

EAA x) S (14 QP —1)e

p&p ePx 20— 1 (epx_|_2p_1 x) D n (1+( Je M)
271n2 X(2P— 1)

1
_ _ (14 (2P —1)e ) -0
ery 420 —1 el 420 —1 p n(1+( Je ) —

as x — oo. Then we obtain limy_.. dU /dp =0
From (3.2), employing L"Hospital rule yields

In (el +27 — 1 PY 4 2P In2
lim U(p.x) = —In2+4 lim E2 2D o xe 4202 o
p—0* p—0* P p0+ el 2P — 1
Similarly, we have
In (eP* +27 1 PY 4 2P In2
lim U (p,x) = —In2+ lim n(e’”+ ) — lim X% +27In )
p—oo p—roo p p—roo epx + 2r — 1

o e PIn2+ (x—1In2)
=1li
poee 14 (26 ) — e P¥

= max (x —In2,0).

Thus, taking p = 2, in part (i) and p =2/3, 1/2, 0T in part (ii) of Theorem 3
we get the following corollary.
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COROLLARY 1. Let t > 0. Then the following inequalities hold:

1 ttanht 1 2t tanh? 3 1/2 1 2t tanht 1 172 ttanht
_ ttan 1 _ an = h - an _ an
max(ze ,)<<4e +4) <cost<<2e +2> <e ,

2 3/2
V/ et tanht - (%\/ettanht_F%) < (% <ettanht>2/3+%> < coshr

1 ttanhz 2/3 2/3 32 1 tanh 2 ttanhz
<§ (e ) +29° —1 <§<\/e”‘“’—|—\/§—1> <e .

REMARK 3. By the relations (1.18), two inequalities in the above corollary are
equivalent to two ones for means:

z 7224362\ 224+ '"?
max(E,G><<+T) <A<< ; ) <Z,

2 3/2
2/3 2/3
VZG < (@) < (&) <A

2
(Y 2/3 23\ _ 1 2
<3 (ZP+(2P-1)@P) T <5 (VZ+ (V2-1)VG) <z
We now give the sharp lower and upper bounds for the ratio f;/f>, where
fi(t) =w(cosht)’ +1—w, (w>0)
f2(t) = exp(pttanhz).
Differentiation yields
fi(t) = pw(coshr)”~ ' sinhz,

coshtsinht +¢

7 (1) = pexp(pttanht
40) = pexp priany) LI

then we have

1) cosh” ¢ sinh? )

=w =w ,
(1) epttanht ¢ 4 ginhtcosht g @)

(fl’(t))’:w<f’(f>>’:_cosh”1’ SN (b)),

fr(1) g @) eprtanht ¢ 4 sinht cosht

where f(¢), g(¢) and h(¢) are defined by (2.2), (2.3) and (2.1), respectively. We have
shown in the proof of Theorem 3 that

<Oforz € (0,00) ifp>2,
AN ) [ <0forre(0,1)
<f2/(t)> {>0f0rt6(t1,°o)
>0forr€(0,00) if0<p<3.

if 2 <p<2,
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It is easy to verify that
fi ’:f_z’<f_f . ) By
(%) =7 A=

H.I/‘hfz = (?) s

which in combination with the facts that £, (¢), f; () > 0 lead us to

Hy, 1,

iy 1\
sgn| = | =sgnH and sgnH, , =sgn
g (f2> g flva g f1 fz g <f2>

Also, we have

Hy, (1) = 2 Et;fz )~ ()
cosh?Tl¢ sinhz

pttanh?

_ P
W epranht 1 1 ginhz coshr (w(coshr)” +1—w)

w=2

tcosh?’t 2 ast—0,
:—wﬁ—l—kwe —o ifp>2a51—>oo
1+ coshz sinhz w—lifp<?2 .
Then the ratio f1/f> has the following monotonicity pattern:
P w sgntly, o | Hppy | Hp (0) | Hpypy () | sgnHp g | fi/fa
(2,00) | (0,2] | — \ <0 —oo - N\
(3,2) | (2,0) | =+ NS+ + + 2+ ava
(3:2) | (1,7 | -+ N <0 - — NS
(32) | (0,1] | —+ NS | - <0 - N
(0,3] | [2) | + /=0 + + /
(0.3 | (0.1] |+ /|- <0 - \o
where “?” denotes sgnHy, , and the monotonicity of fi/f> are indeterminate, respec-
tively.
From the above table and the limits
P _
11mfl() :limw(cosht) +1 w:L
i—0 f>(t) -0 exp(pttanht)
t he)? +1—
limfl( ) = w(coshr)” + s =w27? for p >0,
1—0 fo(t) 1=~ exp(pttanhr)

we immediately obtain the results as follows.
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THEOREM 5. Let p,w > 0. Then for (p,w) € (0,2/3] x [2,e0), the double in-
equality

— = (w(cosh)” +1— W)l /P < et (4 (coshr)? + 1 —w)'/P
w

holds for t > 0 with the best constants 2/w'/? and 1. It is reversed for (p,w) € Ej,
where

Ey = [2,00) x (0,2]U (%2) x (0,1]u(0,§} % (0,1].

In particular, taking (p,w) = (2/3,2), (2,2), (p,1), we have

% (2 (coshr)?/3 — 1)3/2 < anht o (2 (cosht)?/? — 1)3/2, (3.3)
V/cosh (21) < ' < /2, /cosh (21), (3.4)
coshr < @M < 2coshr. (3.5)

REMARK 4. Inequalities (3.3), (3.4) and (3.5) can be equivalently rewritten in the
form of means as follows:

3/2 3/2
\/% <2A2/3 - G2/3> ?z< <2A2/3 - G2/3> 2 (3.6)
Ay < Z< \/EAQ, (3.7
A< Z<2A, (3.8)

where the lower and upper bounds are sharp. The inequalities (3.6) seem to be a new
comer, while (3.7) are due to [9] and [5, Theorem 4].

THEOREM 6. (i) If (p,w) € [2,00) X (2,00), then the double inequality

<

w w(cosht)’ +1—w 1
Ls) < —,
exp (pt tanht) Apw

min < 7

or equivalently,
2
ApW (w(cosht)? +1—w)'/? < exp (rtanhr) < max (1, W) (w(cosht)? +1—w)'"/?
w
holds for t > 0, where

exp (pto tanhz)
Apw = P ’
w(coshtg)? +1—w

(3.9)

and here 1t is the unique solution of the equation

tcosh?t

Hppt)=w—l-w—— o =
fifa () =w wz—|—coshtsinht
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on (0,e0).
(i) If (p,w) € (2/3,2) x (1,2]U(0,2/3] x (1,2), then the double inequality

2
min (L W) (w(cosht)? + 1 —w)'/? < exp (ttanht) < l;/f (w(cosht)? + 1 —w)"/?
w

holds for t > 0, where A, ,, is defined by (3.9).

Letting (p,w) = (1,2) in Theorem 6 and solving the equation

tcosh” ¢
Hpy gy (1) = w1 —w—o =0
o t+coshrsinhz |\ 5
for ¢, we find 7y ~ 1.87897594, and so
exp (#p tanhtp)
Mp=——""—"~1.0543.
1.2 2coshfyg— 1
Thus we have the following interesting Corollary.
COROLLARY 2. The double inequality

exp (¢ tanhr)

— < 3.10

2coshr —1 <Mz ( )

holds for t > 0 with the best constants 1 and A, 5 ~ 1.0543.

REMARK 5. The double inequality (3.10) is equivalent to the following inequali-

ties for means: 7

< 2A—-G
Clearly, this double inequality is an improvement of (1.9).

1 < 1172 =~ 1.0543.
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