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A MORE ACCURATE MULTIDIMENSIONAL HARDY-HILBERT TYPE
INEQUALITY WITH A GENERAL HOMOGENEOUS KERNEL

BICHENG YANG AND QIANG CHEN

(Communicated by M. Krni¢)

Abstract. In this paper, by the use of the weight coefficients, the transfer formula, Hermite-
Hadamard’s inequality and the technique of real analysis, a more accurate multidimensional
Hardy-Hilbert-type inequality with a general homogeneous kernel and a best possible constant
factor is given, which is an extension of some published results. Moreover, the equivalent forms,
the operator expressions and some particular examples are considered.

1. Introduction

fp>1, 5+0=1, anby 20, a={anly_ €17, b={by};_ €19, |lal|, =
1
(Xp_yah)? >0, ||b]|g > 0, then we have the following well known Hardy-Hilbert’s

inequality
T
b 1
mEly,E m+n Sln(ﬂ:/p)HaHpH Hl]7 ( )

and the following more accurate Hardy-Hilbert’s inequality with the same best possible
constant factor (cf. [1], Theorem 315, Theorem 323):

I

m=1n=

sin n/p

m+n Sm(n/p)l\ allp[[b]lg; )

Inequalities (1) and (2) are important in analysis and its applications (cf. [1], [2], [3]).
Assuming that {u,,}>_, and {v,}7_, are positive sequences, such that

m n
Un= > MUi;Va= D, 0j (mneN={1,2,...}),
i=1 j=1
we have the following Hardy-Hilbert-type inequality (cf. [1], Theorem 321):
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For u;=v; =1 (i,j € N), inequality (3) reduces to (1).
In 2015, by using the transfer formula, Yang [4] gave the following multidimen-
sional Hilbert-type inequality: For iy, jo € N, o, 3 > 0,

1

io o . .
<2|x(k)|0‘> (x:(x(l),...,x(”’)) € RY),
k=1

[l o -

1
Jo B ) )
(2 |y(")|ﬁ> (v=0W,...,y0)) e RO),
k=1

0< A <ip, 0< A2 < Jo, 7L1+/12=7L, am, b, >0, we have

[I¥llp -

amb
22 Im\|’1+|\n|\l .
< KPR Sl } Sl b] , @
where, ¥, = ;i0=1"' my=1> 2n = ;’;}Ozl .2, —1» the series in the right hand side

L1
of (4) are positive values, and the best possible constant factor K" K is indicated by

ki | ) | ) |«
b LB lr<%’> BIT(%)] Asin(ZH)’

Forigy=jo=A=a=B=1, A = q A = 57 inequality (4) reduces to (1). Some
other results on this type of inequalities and multiple inequalities were provided by
[51-[25].

Recently, by using the weight coefficients, Yang [26] gave an extension of (3) as
follows: For n >0, 0< A <1,0< A <1, Li+A4 =4, am,b, >0,

amby,
2 2 @I i

m=1n=1
1 1
1 Al AQ o U’g(l—ll)—lag’ P o Vy?(l_)LZ)_lbz q
< HB(ﬁ’F> zng };T ) )

where, the constant factor —B(JTL,l ’}72) is the best possible (the series in the right hand
side of (5) are positive values). Another results on Hardy-Hilbert-type inequalities and
Hilbert-type inequalities were given by [27]-[37].

In this paper, by the use of the weight coefficients, the transfer formula, Hermite-
Hadamard’s inequality and the technique of real analysis, a more accurate multidi-
mensional Hardy-Hilbert’s inequality with a general homogeneous kernel and a best
possible constant factor is given, which is an extension of (4) and (5). Moreover, the
equivalent forms, the operator expressions and some particular examples are consid-
ered.
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2. Some lemmas

it >0, 0< i <ip® k=1, i=1,...m), 0" >0, 0< <

%vj(-l) (I=1,...,jo; j=1,...,n), then we set
U =Y u®, 0P = uP—md k=1,..i),

Vn(l) = 2 vj('l)v ~n(l) = Vn(l) - 57(11) (l = 17"'7j0)a

Jj=1
Up = (UD U8, F = (13, )
lN]m = (ﬁr&l) ~1£1i0)) :Um_ﬁm
= = @l o)
Vo= (W, V) =V, — 5, (m.neN). (6)

We also set functions () =iy, 1 € (m—Lm+ 1] (meN); v() =0, 1€

(n—%,n—i—%] (neN), and

U(x) = /:uk(t)dt (k=1,....i0),

y
M) = [, u0d (=1 o), 9
U()C) = (Ul(x),...,U,-O(x)),
V) = 0 Vi) (v 3). ®)

It follows that
m m+% 1
Udm) = [t = [ pelerde - Spld
2 2

~ 1
gU;&k)gUk(m—FE) (kzl,...,io;mEN),

<
S
n

~ 1
W <vi(ntz) =1 joneN),

and for x € (m— 3,m+3), Ul(x) = m(x) = u,&k) (k=1,...,ip; meN); for y €

(1= Jn ). V0 =0 = v (I =1.....jos neN).

LEMMA 1. (cf. [31]) Suppose that g(t) (> 0) is strictly decreasing and strictly
convexin (%,oo), satisfying [1 g(t)dt € Ry. We have the following Hermite-Hadamard’s
2

inequality

n+1 n+%
| s <gn < [ g0 neN), ©

2



116 B. YANG AND Q. CHEN

and then

/loog(t)dt < Y gln) < loog(t)dt. (10
n=1 2

LEMMA 2. Ifip €N, a,M >0, ¥(u) is a non-negative measurable function in
(0,1], and

io L\ O
DM:: {x:(XI,...,XiO)ERJF,U_Z(%) gl}a (11)

i=1

then we have the following transfer formula (cf. [5]):

Ml()l"l()l
// il dxi - -dxy = ——2%~ /‘P “ldu. (12)
Dy i: OC’OF

VQI

LEMMA 3. For ip, jo €N, a,B,e >0, u,(,,k) > u,gﬁl (meN; k=1,...,i),

U,El) > U,EQI (neN; I=1,...,ip), c= minlgigimlgjgjo{ufi),vl(j)}(> 0), we have

. o Io(L)
1Tl T s < a1 o(1), (13)
% ’ ]c1;[1 gceit/oio—1T(10)
jo( 1
ZHV\I"‘“SI'[‘U;Y‘)< JW — +0(1) (= 07). (14)
k=1 ect j, Bfo—ll"(%’)

Proof. For M > ci(l)/ “ we set

N
0, O0<u < T
‘.Il(u) = 1 C l() < < 1
Maeyorer e S

By (12), it follows that

/ dix = lim/ / 20‘( - dxy---dx;
{XGR xisc) HXHZO+£ - M—soo Dy “ 1° 0]

i Mzorzo(é / 10 1 "

= m ——%2

MLoc 101"(160) l()/Ma (Mul/a)l()+8
ro(g)

eceit/“oio—1T(10)
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Then by (10) and the above result, in view of Ui(m) < ﬁ,&k), we find

io
- . .
0 < X Ol TLm’
{meN0 m; >2} =l
< —
{mEN’0m>2}‘/{X6R mi—y Sx,'<m,-+2}|‘ HO‘ H”m
) Jr 106 ﬂoqIW
{meN’0m>2} {x€RYm;— 5 <<+
) io
g, 10N T s
v=U(x)

ig—¢€ —ip—¢€
= v dv < / ) v dv
Jcw gy Ml o M
rlo(a)

ecgig/aaio—ll"(’g) '

ip—€

1)\ .
For ip =1, 0 < X, cNio -1} 11Ul Hk 1,um < (,ul( )) € < ooy for ip > 2,

we set

PO ) )
Hi= Y (0" Tl =1,....i0).
k=1

{meN0;m;=1}

Without lose of generality, we estimate H;, as follows:

Hy < % umld Enum
{mENiO;miO:I}
_ e,
= H i0—1 77 (i0) o1 & (io-+e)
meNo~1 [zizl Ui (m) (5“1 )a]a 0
< [ O T (1)
menio-1 ) (R ami=d <simi 3} (807 U () + (S 9] el
ip—1
— ”flo)/ — [Ty ”k(( )) : dx
RO Nz g} (307 U (x) + (3 ) o]l te)
v=U(x) (io)/ 1
= M . - . ——dv.
b oo el e ()
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By (12), we find

ip—1
wo 1

Ly 1
a)/ . du
D0 Mok (i) ord

. ) Mio—lr‘io—l(
Hiy S MELO)A/IIIEL oio— 1F(

t M‘_xu
(b0 1 ro-'(l) /1 e d
= (%)14-8(”1( ))e oo~ 1r(lal) 0 (t+1)$(i0+£)
1 1 .
_ 1 Tio— l(a)l B<lo_l7l+£><°°,
(%)lJrs(ul( >)s o1 (L) o o

namely, H;, = O;,(1). Then we have
=~ |—ip—& o (k) =~ |—ip—& o (k) i
SN0l TTew’ < X 1Onlla® T’ + X B
m k=1 {meN0;m;>2} k=1 =1
ro(g)

~
ecti g/aalo 11"

20 ) (e —0T),

and then (13) follows. In the same way, we have ( 14). U

DEEINITION 1. If 0 < o, < 1, A1, € R, L1+ A, = A, ky (x,y) is a positive
continuous homogeneous function in R27 satisfying ky (vx,vy) = vk (x,y) > 0,
d d
—ky(x,y) <0, —=—ky(x,y) <0,
55k (%) R 2 (x,y)

32 2
2k (ny) >0, EEl kp(x,y) >0 (vx,y>0),

and .
) :/ ko (e, 1)~ du € RS,
0

then we define two weight coefficients w(A;,n) and W (A,,m) as follows:

o
. - (Vallg oo 4y
w(i,n) == 3 kg ([|Unllos |Vl lp) —=—— [Tt (15)
0—A1 LA
m [Unlle ™ i=1
~ = 10ulls % )
W(Az,m) := Ek/l(HUmHa,HVnHﬁ)WHUn . (16)
n nllg —

NOTE 1. With regards to the assumptions of Definition 1, (i) for A; < ip, A2 < Jo,
we still can find that

2 (tergs ). 2 (b)) <0
8822 <kz(x )’)x,-olf/xl ) ;22 <kz(x y)yj()ib) >0 (ry>0).
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G If (=1)'rD () >0 (t>0;i=0,1,2), b>0, 0 < a < 1, then we have

Cn((b+x)%) = W (b)) (b-42) 8124 <0,
(b4 x)%) = (b x))(b-p)-2202
(1= ) (b+x)T) (b 42722
(o — DI ((b+x%)3)(b+x%)5 x*2

— W'((b+x%)5)(b4x%) 5 23202
+h(a— DR ((b+x%)7)(b+x") 7 2x% 2 >0 (x> 0).

Hence, by the assumptions and (9), for m; — % < xj < mj+ % (i=1,...,i0; meN),
we have ]'[k lum = Hk | Mx(x) and

K (11U (m)llocs [ 1Val Ig) 10 (m) 62~ ’°Hum

< . U)o, |V, Ux)|[a "
Skt 1oty Ul Tl U Hu

LEMMA 4. With regards to the assumptions of Definition I, then (i) we have

W()Ll,l’l) < Kﬁ(ll) (for?Ll Sio;l’lENjO), (17)
W(Aa,m) < Kg(A1) (for Az < jo; m € Ni0), (18)
where,
Io(1) Tio(1)
Kz(A) = Pl (M), Ku(A) = 2 k(A); 19
B (A1) BT(p) (A1), Ko (A1) oo IT(®) (A1) 19

(ii) for u,gf) > ur(nkll (m € N), v,(ll) > Ny
L,...,i0, I=1,...,jo), we have

0 < Ka(M)(1 — 0, (n)) <w(Ai,n) (for Ay <io; n € N, (20)

where, for b := maX1<k<i0{.ul(k)} (>0),

1 i Wl
6;.(n) ::m/ ’ ky (£, )M~ dr € (0,1). (21)

Proof. (i) Since ||l7m\|a > ||U(m)||q, by (10), (12) and Note 1(ii), for A; < ip, it
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follows that

o
_ . Vallg" o )
widn) = Sk (0l |Vallg) = [T 10
m HUmH k=1
~ H H o ()
< zmuwmma,anu,ni” —" 1
K (10 )las Vil 1) Vol ﬁ (x)d
< /,. AUl [Vl [ g) ———B— T pre(x)dx
. J{xeR i — L <xi<mi+ 1Y o U (x )Hlo M
=~ A
-/ TSI Al § (1
{XGR+ i>3
V= U() A A
/ (¥l Tl VI3 Vil 7
. |
) Vi g g
—  lim z 2, |[Val [ )M%1~ ’°[Z< )T |Vl [Py
M—ee 1 P aM P
Mtorzo L i
_ lim 7(1/ kl Mul/oc HVHﬁ)M}LI o, (A1—io /aH‘/leug L
M—oo o] ao
MioT o l io
= gim ! / K (M ||V [) (M /)M =0 |V 228
M—co O{‘OF IEO
t:MEl/a 1"10 1
[|Vall -
P M) /k (t, )M dr = I (g )ka (A )—Ka(l1)~
oo 1T (%) oo 1T(%2)

Hence, we have (17). In the same way, A, < jo, we have (18).

(ii) Since for m; <x; < m;+ % , ,u,&k) > ,u,qull = ,LL(k)(x—F %), for m,-—|—% <xp<mi+
1, u,(nk) =u®(x+ %), by (10) and in the same way, for b = maXlgkgio{[Jfk)} (>0),

M < g, we have

A1 —iop

i > S ([0 (e )| 1] [0 (e 5)]
g g'/{ERiB:miémeiH}kl (HU<X+ %)
Il T+ 3

= fopta (oG5l G5,

~ o 1
2/ e (e [Val )11 ™ [Val [ dv.
[hv‘x’)lo

io
k
Hvuﬁznu,&’
=1

A1 =iy

ATl | (v 5)

o

A= lo

|V|\;Huk(x+ )ax
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For M > bi(l)/a, we set

0, 0<u<?’lo
W(u) = _ o o
K (M, [T, ) (M /=i [T 2, i <1,

By (12), it follows that

ad M—io 15 1A
. Ky (11 o, || Vi x| Vil 122 dx
[ IS ATSTRI AT

X
_ lim/ / SN gy dix
Mesoo Dus (l-: ! 0

MioT( 1 1 i
= lim 7‘1)/ ko (Mu | HVHﬁ)(Mua) - ’OHVH 2ue L du
M—c0 lor‘(g) b%iy/ M

1/o
p=Mu T 1
Wallg Io(1)

B ko (2, 1)tM 1t
oo~ 1T (% )/bié/“/m )

Hence, in view of (21), we have
l—‘io 1 oo
w(i,n) > ) Lo, o e DA = Ko () (1 - 6, (1),
ouo—ll"(g) big!/||Vallg

and then (20) follows. [l

NOTE 2. If there exist constants @ > 0 and 0 > —A,, satisfying lim,_ o+ % =

a, then, there exists a constant M > 0, such that (t D<m (re (O,bi(l)/a/|H71|\ﬁ])7

and
Ve 1/ AM+6
0 < 8y(n)< u /bo /HV"HB;MM—ldt ! biy :
k(A1) (A1 + 6)k(Ar) HVH,;

namely, ; (1) = O<W> (5> —A1).

3. Main results

Setting functions

_ 77 jplio—AL)—io ‘

& —'(U e T (m € N°),
[T 1”"1

_ [V ][40~ .

Y(n) = (n e N,

(T2, viye-!
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and the following normed spaces
Lo = {a = {an}:llall, & {%&)(mﬂam\l’}z’lz < oo},
L= {b = {bu}: 110l 5 = {;q’(n)lbn\q}é < oo} :
o= {e= (el o = (S# P} <,

we have

THEOREM 1. With regards to the assumptions of Definition 1, if p > 1, % —|—$ =1,

M <o, A2 < jo, then for aym,b, 20, a = {an} € lp~, b={b,} € lq.q,,
[|b] ‘qﬁ' > 0, we have the following equivalent inequalities

~ ~ 1 1
1:= 3 Yk ([1Unllo [1Vallg)ambn < Kg (A1)Kg (A1) llall , g116], -

P

_ ~ )4
po |y T [zkuwmwvnm)am]

A
- HV HJo PA2

< K 0KE()llall, g

P ) H rcd) ]
M)KE (A @y | KM
KY (M)Kg (M) = [ﬁjo F(%—O) Bio—1T (1) (1)

where,

'@ﬁp—

Proof. By Holder’s inequality with weight (cf. [38]), we have

ig 1

_ - U (H vn );
= S5l | Bl M1
n om HVnHﬁ ! (Hk:l”m )q

jo=

g2

1Bnlla? o)

by

<= =

1 —~ . .
~ io—A1)—i 3 (Jo—22)—
< lEW(k ||Un Hp(o " oa%]p 2 (A1,n _HVH%/O A
m (I, oL n (T2 1U" )
Then by (17) and (18), we have (22). We set
Hl lv" 7 V4 P Jo
W %kA(HUmHmHVnHﬁ)am , neNo

all, 5.

1

(22)

(23)

(24)
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Then we have J = ||b| |Z%’1 Since the right hand side of (23) is finite, it follows that
J < oo If J=0, then (23) is trivially valid; if J > 0, then by (22), we have

1 1
IBlI g = 97 =1 < Kf ()KE (Al all, 51101l

1 1
-1 p 7
Iel175 =7 < K ()KE (Al 3
namely, (23) follows. On the other hand, assuming that (23) is valid, by Holder’s
inequality (cf. [38]), we have

i v 11Uo/P)—22
(Hljglvn(l))l/p ~ = HVnHﬁ
I:Z poa— ZkA(HUmHmHVnHﬁ)am - by | <J|[bl, -

—X [ R4

P HVnH;{O/m 2 ™ (Hljilvr(l))l/p q

(25)

Then by (23), we have (22), which is equivalent to (23). [

THEOREM 2. With regards to the assumptions of Theorem 1, if /,L,(nk) > u,qul | (me

N), U,El) > U,EQI (n €N), v =y = o (k=1,...,00, I =1,...,jo), there exist

constants a > 0 and & > —Ay, satisfying lim,_,o+ k*[(g’l) = a, then the constant factor
1 1

Kg (A)KE (A1) in (22) and (23) is the best possible.

Proof. For € >0, 11:AI—§(< io),zzzlz—i-%,weset

@ = {@m}an =[Ol M T ) (m € NO),

io
k=1

= T S othe—e 1. () '
b= {bu}bu =Vl [y T 0 (n € N).
=1

Then by (13) and (14), we obtain

Hf/n‘ |II§(J'0*/12)*J'0’EZ i

||Un|
)
&~ (Hk0=1 ur(nk))pfl

. 1 .
5 e T 0 ) S e i ()
ZHUmHa H.um ZHVnHﬁ HU"
m k=1 n =1

1 )

1 [o(L ? rJo(L) _ a
— %4‘80(1) /B 'ﬁ - +£0(l) .
& C£i0 a‘O_lr(%) ngo ﬁjo—lr‘(%))

\lall, 11811, 6 =

>

U H17(1'0—7L1)—l'021~£171 %
v ot

1
q

N
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By (20) and (21), we find

T::Z Zkl(HﬁmHa»HVnHﬁ)am Zn

n m

7 V|| Jo—€ - )
= S|Vl T s
n =1

V

Jo
7 (e T 0
Ka() ¥, [ 1-0 W 171" TTvh

n

jo( L
A ) +0(1)— 04(1)

If there exists a constant K < K ; (M)K, (M) such that (22) is valid when replac-

ing Ké’ (M)Ka" (A1) by K, then we have el < 8K\|5\|p75|\5|\q75, namely,

]"jo(l) ~
p cE o' Blo~ F(F)
io( 1 ’ rjo(l) %
To(= r 4 N
csiy/ o T () piIT(R)

For € — 0, since k(A — %) — k(A1) (cf. [3]), we find

To(p)  To(k(A) _ [ To(@)
BATIT(R) @I T [T

—_ 1
~
| —— |
>
2
|2
- =
L
=T
N
—_ 1
=)

1 1 1 1
and then Ké’ (M)Kg (M) <K. Hence, K = Ké’ (M)Kg (A1) is the best possible constant
factor of (22). The constant factor in (23) is still the best possible. Otherwise, we would
reach a contradiction by (25) that the constant factor in (22) is not the best possible. [

4. Operator expressions and examples

With regards to the assumptions of Theorem 2, in view of

Hk 11),, ~ ~ p-l io
m > k. (|Unllos |[Vall g ) tm , neN
H an m
1
¢ = {Cn}7\|c|\p§‘1—p ﬁ(xl)Kq(/ll)HaH & <

we can set the following definition:
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DEFINITION 2. Define a multidimensional Hardy-Hilbert-type operator T : lp_é —
as follows: For any a € lp &> there exists a unique representation Ta = c €
satisfying

l
l

PP
PP

Ta(n) := 3 ki (|Unllac: |Val [ )am (n € N). (26)

For b € lq §» we define the following formal inner product of Ta and b as follows:

(Ta,b) = Ekz Tl |Vl | g )t | . (27)

n

Then by Theorem 1, we have the following equivalent inequalities:

1
(Ta,b) < K” (AM)Kg (A1)l lall, 51211, @ (28)
1
|Tall, gi-» <K”(M) Kg (A1)llall, &- (29)
It follows that 7' is bounded with
ITall,g1p 1 1
[|IT|]:= sup ———< Kﬁ (M)Kg (M) 30)

a(£0)el 5 llall, &

1
Since by Theorem 2, the constant factor é’ (M)Kg : (A1) in (29) is the best possible, we
have

5" &)
BoIr(p) | oo

o (})
Ji

HTH—K"(M) (M) [ )rk(kl). (31)

EXAMPLE 1. Setting &, (x,y) = )ﬁ (0< A <1), wecan find
d d
—k 0, —k 0
5,k () <0, 2 1(x,y) <0,
82 82
2k (ny) >0, 92k ky(x,y) >0 (x,y>0),
andfor 0 <Ay <1 (<ip), 0< A <1 (<o),

oo A1—1 1 1 2

u 1 T
k(A :/—d:—/ FTlav— — T cR,.
(A1) 0 ut+1 "= 0 v—i—lv Y ksin(’%l)e +

We set 6 =0(> —A;) and a = 1, in view of (31), we have

o) 177 ) 1w
171l = j Jo ip—17( o Ay
Bio— F(F) olo—1T(2) /lsm(T)




126

B. YANG AND Q CHEN
EXAMPLE 2
ple 2.2.2)

. Setting k; (x,y) = i;m(i/yvx) (0 <A < 1), we can find (cf. [3], Exam-

d d
akﬂ,(xay) < Oa a_yk)l,('xay) < 07
2 2

d
x 2k)L(x y) > 0 a zkl('x y) >0 (x7y>0)a
andfor 0 < A <1 (<ip), 0< A <1 (< jo)

A2 Jo v—1
We set 6§ =0(> —A;) and a = 1, in view of (31), we have

]“jo(%) 5 rio(é) i - 2
||TH = in—1 Jo in—1 io . A !
Bo F(F) oo~ 1(2) Asin(=1)

EXAMPLE 3. Setting &, (x,y) =

2
< 1 1 /=1 A
= [ e [

A sin(®4)

(x+y (A > 0), then we find

0 0
akl(xay) < 0’ a_ykl(xay) < 07
2

0 2
ER 2k;L(x y) >0,

&—yzkl ()C,y) >0 ()C,y > 0)7
and for 0 < A; <ip, 0 < Ay < Jjo,

o Ml
A :/ O du=B(A,J) €R,.
( 1) 0 (u+1)l u ( 1 2) +
We set § =0(> —A;) and a =1, in view of (31), we have

B ]“jo(%) 5 rio( ) i
171l = lﬁm—lr(%)] lam lr(g) Bhi22)-

REMARK 1. For ﬁi(k) =0 (k=1,..
Jj=1,...,n), setting

Ligri=1,...,m), ) = o
U 1”0 A)—

)i
HV”%(JO 2)=Jo
(Hk 1Mm )

— P (meNb peNb),
(HJO )q 1

(22) and (23) reduce the following equivalent 1nequa11t1es with the same best possible
1 1
constant factor Kﬁ” (M)Kg (M)

1
2 Yk (|[Unllecs [[Vallg)ambn < Kg (M)K" (A0)llallp ol [Dllg,

1
H vn )4 P 1
{; |V:|;150 Ay |:§,kl(|Um|a7 |Vn|ﬁ)am:| } é’(ll) ()L,I)Ha

(32)

po  (33)
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Hence, (22) and (23) are more accurate extensions of (32) and (33).

In particular, for kj (x,y) = ,L+ T (0< Al io, 0< Ay < jo), Wi= V=1 (i,j €
N), (32) reduces to (4); for ky (x,y) = W 0<n<L,0<A<l=1i,0<
A < 1=jp), (32) reduces to (5).
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