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(Communicated by J. Pečarić)

Abstract. The main objective of this paper is to establish some conformable fractional estimates
of Hermite-Hadamard type integral inequalities via harmonic convex functions.

1. Introduction and preliminaries

A set C ⊂ R is said to be convex, if

(1−λ )u+ λv∈ C , ∀u,v ∈ C ,λ ∈ [0,1].

A function f : C → R is said to be convex, if

f ((1−λ )u+ λv) � (1−λ ) f (u)+ t f (v), ∀u,v ∈ C ,λ ∈ [0,1].

In recent years we have noticed that theory of convexity developed rapidly. Conse-
quently several new generalizations of convex functions have been proposed in the lit-
erature, for example, see [2].

Harmonic convex sets are defined as:

DEFINITION 1.1. ([17]) A set H ⊂ R+ \ {0} is said to be harmonic convex, if

uv
λu+(1−λ )v

∈ H ∀u,v ∈ H ,λ ∈ [0,1].

Recently Iscan [5] introduced the notion of harmonic convex functions.

DEFINITION 1.2. ([5]) A function f : H → R is said to be harmonic convex
function, if

f

(
uv

λu+(1−λ )v

)
� (1−λ ) f (u)+ λ f (v), ∀u,v ∈ K,λ ∈ [0,1].
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Using the inequality HM � AM , it is known that [5] that f : (0,∞)→R , f (u) = u ,
then f is a harmonic convex function. One of the main reason behind the development
of theory of convexity is its close linkage with theory of inequalities. Numerous in-
equalities have been obtained via convex functions, for example see [3, 4, 14]. The
famous result of Hermite and Hadamard for convex functions which provides us a nec-
essary and sufficient condition for a function to be convex is Hermite-Hadamard’s in-
equality. This inequality reads as follows:

THEOREM 1.1. Let f : I = [a,b] → R be a convex function, then

f

(
a+b

2

)
� 1

b−a

b∫
a

f (u)du � f (a)+ f (b)
2

.

Iscan [5] gave a new refinement of Hermite-Hadamard’s inequality via harmonic convex
functions.

THEOREM 1.2. ([5]) Let f : I = [a,b] ⊂ R \ {0} → R be a harmonic convex
function, then

f

(
2ab
a+b

)
� ab

b−a

b∫
a

f (u)du � f (a)+ f (b)
2

.

For some recent studies on harmonic convex functions and related inequalities,
see [9, 11, 12]. The great impact of fractional calculus in pure and applied sciences can
not be denied. Resultantly many researchers used the techniques of fractional calculus
intensively to get the new refinements of the previously known results. Motivated by
this Sarikaya et al. [13] were the first to gave a new extension of Hermite-Hadamard’s
inequality. Then Iscan et al. [6] obtained the fractional version of Hermite-Hadamard’s
inequality via harmonic convex functions. In [8] authors have given a new well-behaved
fractional derivative called as conformable fractional derivative. In [1] author has de-
fined the left and right conformable fractional integrals of order α > 0. Very recently
Set et al. [15] have given a new generalization of Hermite-Hadamard’s inequality via
conformable fractional integrals. For some more details and studies on inequalities via
conformable fractional integrals, see [15, 16].

The motivation of this article is to obtain some conformable fractional estimates of
Hermite-Hadamard type inequalities via harmonic convex functions. Before we move
towards the main results of this article let us have a brief review of the previously known
concepts and results. These preliminaries will be helpful in obtaining the main results.

The following preliminary concepts and results will be helpful in obtaining our
main results.

The well-known Gamma and Beta functions are defined respectively as:

Γ(α) =
∫ ∞

0
e−λ λ α−1dλ ,
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B(a,b) =
1∫

0

λ a−1(1−λ )b−1dλ =
Γ(a)Γ(b)
Γ(a+b)

, a,b > 0.

The incomplete Beta function is defined as:

Bu(a,b) =
u∫

0

λ a−1(1−λ )b−1dλ , u ∈ [0,1].

Note that for u = 1 the incomplete Beta functions reduce to classical Beta function.
The integral form of the hypergeometric function is given as

2F1(u,v;c;z) =
1

B(v,c− v)

∫ 1

0
λ v−1(1−λ )c−v−1(1− zλ )−udλ

for |z| < 1, ℜ(c) > ℜ(v) > 0. For more information, see [7].
Riemann-Liouville integrals are defined as follows:

DEFINITION 1.3. ([10]) Let f ∈ L1[a,b] . Then Riemann-Liouville integrals Jα
a+ f

and Jα
b− f of order α > 0 with a � 0 are defined by

Jα
a+ f (u) =

1
Γ(α)

u∫
a

(u−λ )α−1 f (λ )dλ , u > a,

and

Jα
b− f (u) =

1
Γ(α)

b∫
u

(λ −u)α−1 f (λ )dλ , u < b,

Abdeljawad [1] has given the definition of left and right conformable fractional
integrals of any order α > 0 as:

DEFINITION 1.4. ([1]) Let α ∈ (n,n+1] and β = α −n . Then the left and right
conformable fractional integrals starting at a of order α as defined by

Ja
α f (λ ) =

1
n!

λ∫
a

(λ −u)n(u−a)β−1 f (u)du,

and

Jb
α f (λ ) =

1
n!

b∫
λ

(u−λ )n(b−u)β−1 f (u)du.

Note that if α = n+1 then β = 1 where n = 0,1,2, . . . .
Also

B(a,b) = Bλ (a,b)+B1−λ(a,b).

Bu(a+1,b) =
aBu(a,b)− ( 1

2)
a+b

a+b
;

Bu(a,b+1) =
bBu(a,b)− ( 1

2)
a+b

a+b
.
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2. Results and discussions

In this section, we derive our main results.

THEOREM 2.1. Let f : I = [a,b]⊂R\{0}→ R be a harmonic convex function
such that f ∈ L1[a,b] , then

f

(
2ab
a+b

)
� 2Γ(α −n)

Γ(α +1)

(
ab

b−a

)α [
J

1
a

α
(
f ◦ g

)(1
b

)
+ J

1
b
α
(
f ◦ g

)(1
a

)]
� f (a)+ f (b)

2
.

Proof. Since it is known that f is harmonic convex function, then, for u,v∈ [a,b] ,
we have

f

(
2uv
u+ v

)
� f (u)+ f (v)

2
.

Let u = ab
λa+(1−λ )b and v = ab

(1−λ )a+λb , then

2 f

(
2ab
a+b

)
� f

(
ab

λa+(1−λ )b

)
+ f

(
ab

(1−λ )a+ λb

)
.

Multiplying both sides of above inequality with 1
n!λ

n(1−λ )α−n−1 and then integrating
it with respect to λ on [0,1] , we have

2
n!

f

(
2ab
a+b

) 1∫
0

λ n(1−λ )α−n−1dλ

� 1
n!

1∫
0

λ n(1−λ )α−n−1 f

(
ab

λa+(1−λ )b

)
dλ

+
1
n!

1∫
0

λ n(1−λ )α−n−1 f

(
ab

(1−λ )a+ λb

)
dλ

= I1 + I2. (2.1)

Now using the change of variable technique, we have

I1 =
1
n!

1∫
0

λ n(1−λ )α−n−1 f

(
ab

λa+(1−λ )b

)
dλ =

(
ab

b−a

)α
J

1
b

α
(
f ◦ g

)(1
a

)
,

(2.2)

where g(u) = 1
u .

Also

I2 =
1
n!

1∫
0

λ n(1−λ )α−n−1 f

(
ab

(1−λ )a+ λb

)
dλ =

(
ab

b−a

)α
J

1
a

α
(
f ◦ g

)(1
b

)
,

(2.3)
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where g(u) = 1
u .

Utilizing (2.2) and (2.3) in (2.1), we get

2Γ(α −n)
Γ(α +1)

f

(
2ab
a+b

)
�

(
ab

b−a

)α [
J

1
a

α
(
f ◦ g

)(1
b

)
+ J

1
b
α
(
f ◦ g

)(1
a

)]
. (2.4)

Now we prove the other side of the inequality. Since it is known that f is harmonic
convex function, then

f

(
ab

λa+(1−λ )b

)
+ f

(
ab

(1−λ )a+ λb

)
� f (a)+ f (b).

Multiplying both sides of above inequality with 1
n!λ

n(1−λ )α−n−1 and then integrating
it with respect to λ on [0,1] , we have(

ab
b−a

)α [
J

1
a

α
(
f ◦ g

)(1
b

)
+ J

1
b
α
(
f ◦ g

)(1
a

)]
� { f (a)+ f (b)} Γ(α −n)

Γ(α +1)
. (2.5)

On summation of inequalities (2.4) and (2.5) and suitable rearrangement completes the
proof. �

We now derive a new conformable fractional integral identity which will be helpful
in obtaining our next results.

LEMMA 2.1. Let f : I = [a,b] ⊂ R \ {0} → R be a differentiable function on
I ◦ . If f ′ ∈ L[a,b] , then, the following equality holds:

Δ f (a,b;α;B;J)

=
ab(b−a)

2

1∫
0

{
Bλ (n+1,α −n)−B1−λ(n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ ,

where

Δ f (a,b;α;B;J)

= B(n+1,α −n)
(

f (a)+ f (b)
2

)
− n!

2

(
ab

b−a

)α [
J

1
b

α ( f ◦ g)
(1

a

)
+ J

1
a
α ( f ◦ g)

(1
b

)]
,

and Aλ = λa+(1−λ )b.

Proof. Let

I =
1∫

0

{
Bλ (n+1,α −n)−B1−λ(n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

=
1∫

0

{
Bλ (n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ −

1∫
0

{
B1−λ (n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

= I1− I2. (2.6)
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Now

1∫
0

{
Bλ (n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

=
1∫

0

1

A2
λ

⎛
⎝ λ∫

0

un(1−u)α−n−1du

⎞
⎠ f ′

(
ab
Aλ

)
dλ

=
1

ab(b−a)
B(n+1,α −n) f (b)− 1

ab(b−a)

1∫
0

λ n(1−λ )α−n−1 f

(
ab
Aλ

)
dλ

=
1

ab(b−a)
B(n+1,α −n) f (b)− n!

ab(b−a)

(
ab

b−a

)α
J

1
b
α ( f ◦ g)

(1
a

)
. (2.7)

Also

1∫
0

{
B1−λ (n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

=
1∫

0

1

A2
λ

⎛
⎝ 1−λ∫

0

un(1−u)α−n−1du

⎞
⎠ f ′

(
ab
Aλ

)
dλ

= − 1
ab(b−a)

B(n+1,α −n) f (a)+
1

ab(b−a)

1∫
0

(1−λ )nλ α−n−1 f

(
ab
Aλ

)
dλ

= − 1
ab(b−a)

B(n+1,α −n) f (a)+
n!

ab(b−a)

(
ab

b−a

)α
J

1
a
α ( f ◦ g)

(1
b

)
. (2.8)

On summation of inequalities (2.6), (2.7) and (2.8) and then multiplying by ab(b−a)
2

completes the proof. �

Now with the help of Lemma 2.1, we derive our coming results.

THEOREM 2.2. Let f : I = [a,b] ⊂ R\ {0}→ R be a differentiable function on
I ◦ such that f ′ ∈ L[a,b] . If | f ′|q where q � 1 is harmonic convex function, then

∣∣Δ f (a,b;α;B;J)
∣∣ � ab(b−a)

2
ψ1− 1

q
(
ψ1| f ′(a)|q + ψ2| f ′(b)|q) 1

q ,

where

ψ := B(n+1,α −n+1)−B(n+2,α−n),

ψ1 :=
b−2

2 2F1

(
2,1;3;1− a

b

)
,
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ψ2 :=
b−2

2 2F1

(
2,2;3;1− a

b

)
,

Bλ (a,b) is incomplete Beta functions respectively and α ∈ (n,n + 1] , where n ∈
0,1,2 . . . .

Proof. Using Lemma 2.1, property of modulus, Holder’s inequality and the fact
that | f ′|q is harmonic convex function, we have∣∣Δ f (a,b;α;B;J)

∣∣
=

∣∣∣∣∣∣
ab(b−a)

2

1∫
0

{
Bλ (n+1,α −n)−B1−λ(n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

∣∣∣∣∣∣
� ab(b−a)

2

⎛
⎝ 1∫

0

{Bλ (n+1,α −n)−B1−λ(n+1,α −n)}dλ

⎞
⎠

1− 1
q

×
⎛
⎝ 1∫

0

1

A2
λ

∣∣∣∣ f ′
(

ab
Aλ

)∣∣∣∣
q

dλ

⎞
⎠

1
q

� ab(b−a)
2

(B(n+1,α −n+1)−B(n+2,α−n))1−
1
q

×
⎛
⎝ 1∫

0

1

A2
λ

[
(1−λ )| f ′(a)|q + λ | f ′(b)|q

]
dλ

⎞
⎠

1
q

=
ab(b−a)

2
(B(n+1,α −n+1)−B(n+2,α−n))1−

1
q
(
ψ1| f ′(a)|q + ψ2| f ′(b)|q) 1

q ,

where

ψ1 :=
1∫

0

1−λ
A2

λ
dλ =

b−2

2 2F1

(
2,1;3;1− a

b

)
,

and

ψ2 :=
1∫

0

λ
A2

λ
dλ =

b−2

2 2F1

(
2,2;3;1− a

b

)
.

This completes the proof. �

THEOREM 2.3. et f : I = [a,b] ⊂ R \ {0} → R be a differentiable function on
I ◦ such that f ′ ∈ L[a,b] . If | f ′|q where q � 1 is harmonic convex function, then

∣∣Δ f (a,b;α;B;J)
∣∣ � ab(b−a)

2
φ1− 1

q
{
(φ1−φ2)| f ′(a)|q +(φ3−φ4)| f ′(b)|q} 1

q ,
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where

φ :=
1
b2 2F1

(
2,1;2;1− a

b

)
,

φ1 =
1
2
B(n+1,α −n+2),

φ2 =
1
2
B(α −n,n+1)− 1

2
B(α −n,n+3),

φ3 =
1
2
B(n+1,α −n)− 1

2
B(n+3,α −n),

φ4 =
1
2
B(α −n+2,n+1),

Bλ (a,b) is incomplete Beta functions respectively and α ∈ (n,n + 1] , where n ∈
0,1,2 . . . .

Proof. Using Lemma 2.1, property of modulus, Holder’s inequality and the fact
that | f ′|q is harmonic convex function, we have∣∣Δ f (a,b;α;B;J)

∣∣
=

∣∣∣∣∣∣
ab(b−a)

2

1∫
0

{
Bλ (n+1,α −n)−B1−λ(n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

∣∣∣∣∣∣
� ab(b−a)

2

⎛
⎝ 1∫

0

1

A2
λ

dλ

⎞
⎠

1− 1
q

×
⎛
⎝ 1∫

0

{Bλ (n+1,α −n)−B1−λ(n+1,α −n)}
∣∣∣∣ f ′

(
ab
Aλ

)∣∣∣∣
q

dλ

⎞
⎠

1
q

� ab(b−a)
2

(
1
b2 2F1

(
2,1;2;1− a

b

))1− 1
q

×
⎛
⎝ 1∫

0

{Bλ (n+1,α −n)−B1−λ(n+1,α −n)}
[
(1−λ )| f ′(a)|q + λ | f ′(b)|q

]
dλ

⎞
⎠

1
q

=
ab(b−a)

2

(
1
b2 2F1

(
2,1;2;1− a

b

))1− 1
q {

(φ1 −φ2)| f ′(a)|q +(φ3−φ4)| f ′(b)|q} 1
q ,

where

φ1 :=
1∫

0

(1−λ )Bλ (n+1,α −n)dλ =
1
2
B(n+1,α −n+2),

φ2 :=
1∫

0

(1−λ )B1−λ (n+1,α −n)dλ =
1
2
B(α −n,n+1)− 1

2
B(α −n,n+3),
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φ3 =
1∫

0

λBλ (n+1,α −n)dλ =
1
2
B(n+1,α −n)− 1

2
B(n+3,α −n),

and

φ4 =
1∫

0

λB1−λ (n+1,α −n)dλ =
1
2
B(α −n+2,n+1).

This completes the proof. �

THEOREM 2.4. et f : I = [a,b] ⊂ R \ {0} → R be a differentiable function on
I ◦ such that f ′ ∈ L[a,b] . If | f ′|q where q � 1 is harmonic convex function, then

∣∣Δ f (a,b;α;B;J)
∣∣ � ab(b−a)

2
θ

1
p
(
θ1| f ′(a)|q + θ2| f ′(b)|q) 1

q ,

where

θ := 2

1
2∫

0

⎛
⎝ 1−t∫

t

xn(1− x)α−n−1dx

⎞
⎠

p

,

θ1 :=
b−2q

2 2F1

(
2q,1;3;1− a

b

)
,

θ2 :=
b−2q

2 2F1

(
2q,2;3;1− a

b

)
.

Bλ (a,b) is incomplete Beta functions respectively and α ∈ (n,n + 1] , where n ∈
0,1,2 . . . .

Proof. Using Lemma 2.1, property of modulus, Holder’s inequality and the fact
that | f ′|q is harmonic convex function, we have∣∣Δ f (a,b;α;B;J)

∣∣
=

∣∣∣∣∣∣
ab(b−a)

2

1∫
0

{
Bλ (n+1,α −n)−B1−λ(n+1,α −n)

A2
λ

}
f ′

(
ab
Aλ

)
dλ

∣∣∣∣∣∣
� ab(b−a)

2

⎛
⎝ 1∫

0

|Bλ (n+1,α −n)−B1−λ(n+1,α −n)|p dλ

⎞
⎠

1
p

×
⎛
⎝ 1∫

0

1

A2q
λ

∣∣∣∣ f ′
(

ab
Aλ

)∣∣∣∣
q

dλ

⎞
⎠

1
q
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� ab(b−a)
2

⎡
⎢⎣2

1
2∫

0

⎛
⎝ 1−t∫

t

xn(1−x)α−n−1dx

⎞
⎠

p
⎤
⎥⎦

1
p⎛
⎝ 1∫

0

1

A2q
λ

[
(1−λ )| f ′(a)|q+λ | f ′(b)|q

]
dλ

⎞
⎠

1
q

=
ab(b−a)

2

⎡
⎢⎣2

1
2∫

0

⎛
⎝ 1−t∫

t

xn(1− x)α−n−1dx

⎞
⎠

p
⎤
⎥⎦

1
p (

θ1| f ′(a)|q + θ2| f ′(b)|q) 1
q ,

where

θ1 :=
1∫

0

1−λ
A2q

λ

dλ =
b−2q

2 2F1

(
2q,1;3;1− a

b

)
,

and

θ2 :=
1∫

0

λ
A2q

λ

dλ =
b−2q

2 2F1

(
2q,2;3;1− a

b

)
.

This completes the proof. �

Conclusion. We have derived new Hermite-Hadamard type inequalities via har-
monic convex functions involving conformable fractional integrals. A new conformable
fractional integral identity is also obtained. It is expected that ideas and techniques of
this article may attract interested readers.
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